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Cdc em hoc sink than inch! 

"Phan loai vd phuang phap giai Hinh hoc 11" la mot trong nliung cuon tliubc bo 
sach "Phan loai va phuang phap giai theo chuyeit de: Idji 10, 11,12", do nlidin tdc 
gid chuyen todn THPTbien soan. 

V&i each vie! khoa hoc va sitth dong, cuon sach sc giup ban doc tiep can v&i itibn todn 
mot each tie nhien, khong dp life. Ban doc trd nen tie tin va ndng dong him, him rb ban 
chat, biet each phan tlch de tun ra trong tain ciia van de va biet-giai thicli, lap luqn cho 
tieng bdi todn. Sic da dang cua lie thong bdi tap va t'mh liubhg giup ban doe hum hung 
tini khi giai todn. 

Tdc gid clui trong bien soan nhimg can hoi mb, noi dung co ban bam sat sach gido khoa 
va cdii triic dethi dqi hoc, dong then phan bdi tap thdnli cdc dang todn co Ibi giai chi tied. Hien 
nay, dethi dqi hoc khong khd, to hop cua nhieu van de'don gian, nhimg china nhieu can hoi 
mb nen khong ndin cluic ly thuyei se lung tiing trong vice tint Ibi giai bdi todn. Vbi mot 
bdi todn, khong nen thba man ngay vbi mot Ibi giai miiih vica tint dupe md plidi co gang tint 
nhieu each giai nhat cho bdi todn do. 

Khi giai mot bdi todn, thay vi dung thbi gian deluc loi tri tilth, thi ta can phai suy nglii 
phan tich detim ra plueong phap giai quyei bdi todn do. Mon Todn dbi hoi plidi kien nhan 
vd ben bi ngay tie nhimg bdi tap don gian nhat, nhimg kick thirc co ban nhat. Vi chinh 
nhimg kick thirc co ban m&i giup ban doe hieit dupe nhimg kick thirc ndng cao sail nay. 

Ludwig Van Beethoven dd timg noi: “ dot nude co the lam mini tang dd, khong phdi vi 
giot mrbe co sire manh, md do nmre clidy lien tuc ngay deni. Chi co sir phan dau khong met 
nidi mbi deni Iqi tai ndng. Do dd ta co thekhang dinh, khong nh’ich timg birbe thi khong bao 
gib cd the’di xa ngdn dam 

Mac dii tdc gid dd ddnh nhieu tain huyel cho cubit sach, song sir sai sot la dieu khd trdnh 
khdi. Cluing tbi rat rnong nhdn dupe sir phan bien vd gbp y quy bdu ciia quy doe gid de 
nhimg Ian tai ban sau cubk sach dupe hoan tliien horn. 

Tac gia 

Nha sach Khatig Vipt xin tran trQng giai thieu tai Quy doc gid vd xin 
Idng nghe moi y kien dong gop, de cuon sach ngay edng hay han, botch han. 
Thu xin gid ve: 

Cty TNHH Mpt Thanh Vien - Djeh Vy Van Hoa Khang Vi$t 

71, Dinh Tien Hoang, P. Dakao, Quan 1, TP. HCM 

Tel: (08) 39115694 - 39111969 - 39111968 - 39105797 - Fax: (08) 39110880 

Hoac Email: khangvietbookstore@yahoo.com.vn 
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PHEP BIEN HINH ' 


A. TOM TAT GIAO KHOA. 

1. Djnh nghla. 

Quy t^c dat tirong irng moi diem M cua mat ph5ng voi mQt diem xac djnh 
duy nhat M' cua mat phang do dirge goi la phep bien hinh trong mat 
phang. 

Ta ki hieu phep bien hinh la F va viet F(M) = M' hay M' = F(M), khi do 
M’ dirge goi la anh cua diem M qua phep bien hinh F . 

Neu H la mot hinh nao do thi hinh H'= |M'IM’= F(M),M € Hj dirge ggi 

la anh cua hinh H qua phep bien hinh F, ta viet H' = F(H). 

Vay H' = F(H)o(VMeHoM' = F(M)eH'| 

Phep bien hinh bien moi diem M cua mat phimg thanh chinh no dirge goi la 
phep dong nhat. 

Phep tinh tien 

A. TOM TAT GIAO KHOA. 

1. Djnh nghia. 

Trong mat phing cho vecto v. Phep bien hinh bien moi diem M thanh 
diem M' sao cho MM' = v dirge ggi la phep tilth tien theo vecto v. 

Phep tinh tien theo vecto v dirge ki higu la T . 


v r 


Vay thi T (M) = M' <=> MM* = v 
Nhan xet: T (M) = M 

2. Bieu thirc tga do cua phep tinh tien. 

Trong mat phang Oxy cho diem M(x;y) va v = (a;b). 


M 


M' 


Jx'-x = a 


x = x + a 


Goi M'(x';y') = T (M)oMM’ = vo{" " “<=>s J/v " ' “ (*) 

[y'-y = b [y' = y + b V ' 

He (*) dugc goi la bieu thirc tga do ciia T : . 


i / 


3. Tinh chat ciia phep tinh tien. 

• Bao toan khoang each gifra hai diem bat ki 

• Bien mot duong thang thanh dirong thang song song hoac trung voi duong 
thang da cho. 


3 
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Bien doan thang thanh doan thang b^ng no. * 

Bien mot tarn giac thanh tam giac bang tam giac da cho. 
Bien mot duong tron thanh duong tron co cung ban ki'nh. 


B. LUYEN KI NANG GIAI CAC DANG BAI TAP. 

Bai toan 01: XAC DINH ANH CUA MOT HINH QUA PHEP TINH TIEN. 
Phuang phap: 

Sir dung djnh nghla va cac tinh chat hoac bieu thuc toa do cua phep tjnh tien. 

cAc VI DU 

Vi du 1. Cho tam giac ABC, dung anh cua tam giac ABC qua phep tjnh tien 

mm mm, i ■ ■ 

theo vec to BC . 


TacoT ,(B) = C. 


w \ • • y • 

Loi giai 



De tim anh cua diem A ta dung hinh 
binh hanh ABCD . Do AD = BC nen 
T KC (A) = D < goi E la diem doi xiing 

t I l'il 

voi B qua C, khi do CE = BC 
Suy ra T |(c (C) = E. Vay anh cua tam giac ABC la tam giac DCE . 

Vi du 2. Trong mat phang toa do Oxy , cho v = (-2;3). Hay tim anh cua cac 
diem A(l;-l),B(4;3) qua phep tjnh tien theo vecto v. 

I I • V • 

Lai giai 

» 

a* x = x + a 

Ap dung bieu thuc toa do cua phep tjnh tien 

ly' = y + b , 


Goi A'(x';y') = T (a)=^| X _ 1 + ( 


x' = —1 


y' = -1 + 3 


<=> 


y'=2 


A'(-l;2) 


Tirong tu ta co anh cua B la diem B'(2;6). 


Vi du 3. Trong mat phang toa do Oxy , cho v = (l;-3)va duong thcing d co 

phuong trinh 2x - 3y + 5 = 0 . Viet phuong trinh duong th3ng d' la anh cua 
d qua phep tinh tien T . 

' . \ 

Loi giai 

Cdclt 1. Sir dung bieu thuc toa do cua phep tjnh tien. 
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Lay diem M(x;y) tuy y thupc d, ta co 2x-3y + 5 = 0 (*) 


Goi M’(x';y') = T (M) 


x' = x + l 


y' = y-3 


<=> 


X 

y 


x'-l 
y'+ 3 


Thay vao (*) ta dupe phuong trinh 2(x'-l)-3(y'+3) + 5-0<=>2x'-3y'-6 = 0. 


Vay anh cua d la duong thang d':2x-3y-6 = 0. 

Cach 2. Sir dung tinh chat cua phep tinh tien 

Do d’ = T : (d) nen d' song song hoac triing voi d, vi vay phuong trinh 

duong thSng d' co dang 2x - 3y + c = 0 .(**) 


Lay diem e d . Khi do M — T : (M) —( 1 + 1;1 3) (0, 2). 


Do M’ed'=>2.0-3.(-2) + c = 0oc = -6 


Vay anh cua d la duong thang d': 2x - 3y - 6 = 0. 

Cach 3. De viet phuong trinh d' ta lay hai diem phan biet M,N thuoc d, tim 
toa dQ cac anh M',N’ tirong ung cua cluing qua T ; . Khi do d' di qua hai 


diem M ’ va N'. 


Cu the: Lay M(-l;l),N(2;3) thuoc d, khi do toa do cac anh tuong irng la 


M'(0;-2),N’(3;0). Do d' di qua hai diem M',N' nen ccS phuong trinh 


x -0 y + 2 


o 2x - 3v - 6 = 0. 


Vi du 4. Trong mat phang toa dp Oxy , cho duong tron (C) co phuong trinh 


x 2 + y 2 + 2x - 4y - 4 = 0. Tim anh cua (C) qua phep tjnh tien theo vecto 


=( 2 ;- 3 ). 


T * • • » • 

Loi giai 

Cach 1. Su dung bieu thuc tpa dp. 

Lay diem M(x;v) tuy v thuoc duong tron (C), ta co x 2 +y +2x-4y-4=0 (’") 


Goi M'(x';y’) = T (M) 


x' = x + 2 I x = x'-2 


jy' = y-3 ]y = y'+3 


Thay vao phuong trinh (*) ta dupe 


(x'-2) : +(y'+3) : +2(x , -2)-4(y'+3)-4 = 0ox' 2 +y' 2 -2x'+2y' 


-7 = 0 




Vay anh cua (C) la duong tron (C’): x' + y* - 2x + 2y-7 - 0 


Cach 2. Sir dung tinh chat cua phep tjnh tien 
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De thay (C) co tarn I(—1;2) va ban kinh r = 3. Gpi (C’) = T ((C)) va 
r(x';y’);r’ la tarn va ban kmh cua (C ). 

, [x' =-1+2 = 1 ,, . 

Taco ^ => I (1; _ 1) va r' = r = 3 nen phirong trinh cua dudng 


tron (C') la (x-l)"+(y + l)"=9. 


Bai toan 02: XAC DINH PHEP T|NH TIEN KHI BIET ANH VA TAO ANH. 
Phuang phap: 

Xac djnh phep tjnh tien tire la tim toa do cua v . De tim toa dp cua v ta co 

the gia su v = (a;b), su dung cac du kipn trong gia thiet cua bai toan de 

0 

thiet lap lie phuang trinh hai an a,b va giai hp tim a,b. 

CAC VI DV 

Vi du 1. Trong mat phang toa do Oxy,cho duong th3ng d:3x + y-9 = 0. Tim 

-♦ 

phep tjnh tieii theo vec to v co gia song song vdi Oy bien d thanh d' di 
qua diem A(l;l). 

Lai giai 

* • 
v co gia song song vdi Oy nen v = (0;k)(k^0) 


Lay M(x;y)ed => 3x + y-9 = 0 (*). Goi M'(x';y') = T (M)=>< X X 

v ly' = y + k 

thay vao (*) => 3x'+ y'- k -9 = 0 

Hay T : (d) = d':3x + y-k-9 = 0, ma d di qua A(l;l)=> k = -5. 

Vay v = (0;-5). 

Vi du 2. Trong mat phang toa do Oxy , cho dirong hai thang d : 2x - 3y + 3 = 0 
va d :2x-3y-5 = 0. Tim toa do v co phirong vuong goc voi d de 

T,(d) = d'. 

| ^ • • 9 • 

Lai giai 

% 

Dat v = (a;b), lay diem M(x;y) tiiy y thuoc d, ta co d :2x-3y+ 3 = 0 (*) 


Gpi su M'(x';y') = T (M).Ta co 

; vV ; (y’=y + b 

dupe phuang trinh 2x - 3y'- 2a + 3b + 3 = 0 . 


x=x + a I x = xa 

<=>■: , , , thay vaa ("') ta 

y = y - b 
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Tir gia thiet suy ra -2a + 3b + 3 - -5 <=> 2a 3b - 8. 

Vec ta phap tuyen cua duong tiling d la n = (2;-3) suy ra VTCP u 


= (3;2) 


# • • 

Do v -L u => v.u = 3a + 2b = 0 . 


Ta co he phuang trinh 


2a - 3b = -8 
3a + 2b = 0 


<=> i 


a = - 


b = 


16 

13 
24 

13 


Vay v = 


16 24 x 
_ • ______ 

13' 13 


V 


/ 


Bai toan 03: DUNG PHEP TINH TIEN DE GIAI CAC BAI TOAN Dl/NG HINH. 
Phuang phap: 

De dung mot diem M ta tim each xem no la anh cua mot diem da biet qua mpt 
phep tjnh tien, hoac xem M la giao diem cua hai dudng trong do mot dudng 
co djnh con mot dudng la anh cua mot dudng da biet qua phep tjnh tien. 

Luu y: Ta thuong dung ket qua: Neu T(N) = M va Ne(H)thi Me(H)trong 

do (H’) = T ((H)) va ket hop vdi M thupc hinh (K) (trong gia thiet) suy ra 

M e (H')n(K). 

CAC VI DU 

Vi du 1. Cho dudng trail tarn O, ban kmh R va hai diem phan bipt C,D nam 
ngoai (O). Hav dung day cung AB cua dudng tron (O) sao cho ABCD la 

hinh binh hanh. 

• \ • • 9 • 

Lot giai 

Phan tick: Gia sir da dung dupe day cung AB thoa man yeu cau bai toan 
Do ABCD la hinh binh hanh nen AB = DC n - C 

^T ct ,(A) = B. 

Nhirng A e (O) => B 6 (O’) = T jJC ((O)). 

Vay B vita thuoc (O) va (O’) nen B 
chinh la giao diem cua (O) va (O ). 

Cdch dung: 

Dung duong tron (O’) la anh cua dudng tron (O) qua T Jx: 

- Dung giao diem B cua (O) va (O’) 
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- Dung duong thSng qua B va song song voi CD cat (O) tai A 
Day cung AB la day eung thoa yeu cau bai toan. 

Chung mink r Tir each dung ta co TjA) = B=>AB = DC^ ABCD la hinh binh hanh. 

Bien hum: 

• • 

Neii CD > 2R thi bai toan vo nghiem 

- Neu CD = 2R thi co mot nghiem . 

Neii CD < 2R thi co hai nghiem. 


n 



Vi du 2. Clio tarn giac ABC. Dung duong thang d song song voi BC, cat hai 
canh AB, AC Ian lupttai M,N sao cho AM = CN 
Lai giai. 

Phan tich: Gia su da dung dupe duong 
thang d thoa man bai toan. Tu M dung 
duong thang song song voi AC cAt BC 
tai P, khi do MNCP la hinh binh hanh 
fi£n CN = PM. Lai co AM = CN suv ra 

J 

MP = MA, tu do ta co AP la phan giac 
trong cua goc A . 

Cdch dung: 

Dung phan giac trong AP cua gtSc A 

Dung duong thang di qua P song song voi AC dtt AB tai M 
- Dung anh N=T, m (C). 

Duong thang MN chinh la duong thang thoa yeu cau bai toan. 

Chung mink: Tu each dung ta co MNCP la hinh binh hanh suy ra MN // BC 

va CN = PM, ta co MAP= CAP = A PM => AMAP can tai M => AM = MP 
Vay AM = CN 

Bictt luan : Bai toan co mot nghiem hinh 

Vi du 3. Cho hai duong tron (O,) va (Oj ait nhau tai A,B. Dung duong 

•liang d di qua A ait cac duong tron tai cac diem tluV hai M,N sao cho 
MN = 21 cho trirdc. 


Cty TN1III MTV DVVH KItang Viet 


Lai giai 

Gia su da dung duoc duong thang d di qua 
A va cat cac duong tron (Oj^O^) tuong 

ung tai cac diem M,N sao cho MN = 21 . 


Ke 0,H 1 MN va 0,11 MN . 


1 


X (itT HO,( I ) = I,=>0 ' r = HI= ^ MN = l - 



Do tarn giac 10,0, vuong tai V nen 0,1' = Jopl -I 2 . 


Bai toan 04: SLT DyNG PHEP TINH TIEN DE GIAI CAC BAI TOAN TIM 
TAP HQP DIEM. 

Phuang phap: 

Neu T (M) = M va diem M di dong tren hinh (H) thi diem M' thuoc 


hinh (IT), trong do(l I ) la anh cua hinh (M) qua T . 


cAc VI DU 


Vi du 1. Cho hai diem phan biet B,C co djnh tren duong tron (O)tam O. 


Diem A di dong tren (O). Chung minh khi A di dong tren (O) thi true 


tarn cua tarn giac ABC di dong tren mot duong tron. 

t ^ • • * • 

Lai giai 

Goi H la true tarn cua tarn giac ABC va M la trung diem cua BC. Tia BO 

cat duong tron ngoai tiep tarn giac ABC tai D. Vi BCD = 90°, nen 
DC//All. Tuong tu AD//Cl I, do do ADCII la hinh binh hanh. Suv ra 


AM = DC = 20M khong doi 

^ Vl vay khi A di dong tren duong tron (O) thi H di dong 


tren duong tron (O') = T ;om ((O)). 


Vi du 2. Cho tarn giac ABC co dinh A co djnh, BAC = o khong doi va 
BC = v khong doi. Tim tap hop cac diem 13,C. 


f > • • t • 

Lai giai 

Goi O la tarn duong tron ngoai tiep tarn giac ABC, khi do theo djnh li sin 


ta co 


BC 


sina 


- 2R khong doi (do BC = v khong doi). 


A 
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^ t nen O di dong tren duong Iron tam A ban kinh 


Vay OA = R = 


2sin<x 


AO = 


BC 


2sin a 


. Ta ccS OB = OC = R khong doi va BOC = 2<x khong doi suy ra 


OBC = OCB = —-— khong doi. Mat khac BC co phuong khong doi 


nen OB,OC cung co phuong khong doi. 

Dat OB = v,,OC = v, khong doi, thi T (O) = B,T (O) = C . 




Vay tap hop diem B la duong tron 


A t ; 


BC 


\ 


/ 




2sin<x 


anh cua 




A,— 


BC 


\ 


v 


2sina 


qua T , 




/ 


va tap hop diem C la duong iron 


A,;— 


BC 


\ 


/ 




2simx 


anh cua 




A, 


BC 


\ 


2 sin a 


\ 


A 


qua T . 


CAC BAI TOAN LUYEN TAP 

1. Trong mat phang toa do Oxy,cho hai duong thang d:2x + 3y-2 = 0 ( 
d, :2x + 3y -5 = 0 va vec to v = (2;-l). 

a) Viet phuong trinh duong thang d la anh cua duong thang d qua T . 

b) Tim vec to u co gia vuong goc voi duong thang d de d, la anh cua d qua T ; . 

2. Trong mat phang toa do Oxy , cho duong hai thang d:3x-5y + 3 = 0 va 

d’: 3x -5y + 24 = 0 . Tim toa do v, bie't v = n/i 3 va T : (d) = d’. 

3. Trong mat piling toa do Oxy,cho duong tron (C):(x + l)' +(y-2) =9 va 

v = (-3;4). Tim anh cua (C) qua T . 

4. Cho duong tron (O)vdi duong kinh AB co dinh, mot duong kinh MN 

thay doi . Cac duong thang AM, AN cat tiep tuyen tai B tai P va Q. Tim 
quy tich true tam cac tam giac MPQ va NPQ. 

5. Cho tii giac ABCD noi tiep duong tron (0;R), trong do AD = R . Dung cac 

hinh binh hanlx DABM va DACN . Chung minh tam cua duong tron ngoai 
tiep tam giac DNM nam tren (0;R). 

6. Cho tam giac ABC co dinh co true tam H . Ve hinh thoi BCDE. Tu D va E 

ve cac duong vuong gdc voi AB va AC , cac duong thang nay cat nhau tai 
M . Tim tap hop ttiem M . 
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' » ^ % 

7. Cho hai duong thang d r d 2 cat nhau va A,B la hai diem khong thuoc hai 

duong thang do sao cho AB khong song song hoac trung voi d 1 (hay d,). 
Tim tren d, diem M va tren d : diem N sao cho ABMN la hinh binh 
hanh. 

8. Cho hai duong tron bang nhau (0,;R) va (0 2 ;R) cat nhau tai A,B. Mpt 
duong thang d vuong goc voi AB cat (O,) tai C,D va cat (O.)tai E,F sao 

cho CD va EF cung htrong. 

a) Chung minh CAE khong phu thuoc vao vj tri cua d . 

b) Tinh do dai CE theo R va AB = a. 


LOI GIAI - Ht/ONG DAN - DAP SO 

l.a) d’ song song hoac trung d nen phuong trinh co dang 2x + 3y + c = 0. 


Lay M(0; 1) e d => T (M) = M’(2;0); ma d’ di qua M’ nen c = -4. 
Vay d’: 2x + 3y - 4 = 0. 
b) Goi u (a;b). 

Do u co gia vuong goc voi d nen u.n t =0c=>3a-2b = 0 (l) 

Lay N(x;y)Ed=>2x + 3y-2 = 0 (^),goi N , (x , ;y) = T (N) 


x = a + x 


y = b + y 


, thay vao (^) ta duoc 2(x’-a) + 3(y'-b)-2 = 0 


<=> 2x'+ 3v'~ 2a - 3b - 2 = 0. 


Vay d, : 2x + 3y - 2a - 3b - 2 = 0 => -2a - 3b - 2 = -5 (2) 


Tu (l) & (2) suy ra 


•i 


3a - 2b = 0 
2a + 3b = 3 


o 


a = 


b = 


13 

9_ 

13 


u = 






6 9 
______ • _____ 

13'13 


\ 


/ 


2. Dat v = (a; b), lay diem M(x;y) tuy y thuoc d, ta co 3x - 3y + 3 = 0 (*) 


Goi 


x = x + a | x = x - a . x /Jfx . 

<=> < ii, thay vao ( ) ta 


i sir M'fx^y’) = T (M) .Ta co \ 

' ' v * ’ {y' = y + b 1 y = yb 

duoc phuong trinh 3(x'-a) - 5(y b) + 3 = 0 <=> 3x’- 5y3a + 5b + 3 = 0 
Hay d ’: 3x - 5y - 3a + 5b + 3 = 0 . 



































Phan locii va phuimg phrip giai I huh hoc 11 


Nen tii gia thiet ta c 6 -3a + 5b + 3 = 24, ke't hop voi v =sf\3 


~f- 21 

_ c7 _ 

1 a“ + b : = 13 


<=-> 


5b -21 


a = 


<=> < 


/ 


V 


5b -21 V 


<=> 


5b -21 


a = 


3 


+ b 2 =13 


3 <=> 

17b 2 - 105b 4 * 162 = 0 




b 
a 

b = 


< 


3 

4mm 

54 

77 

101 


a = - 


17 


Vay v = (-2;3) hone v = 




V 


54 101 


17 ' 


1 


/ 




/ 


3. DS: (C’):(x + 4) 2 +(y-b) 2 = 9. 


4. Do thav AQ la mot duong cao cua tarn 
giac MPQ, ko MI 1 PQ,I € PQ c3t AQ 
tai H thi H la true tarn cua tam giac 
MPQ. Ta co AO//MM va O la trung 
diem cua MN non AO la duong trung 
binh cua tam giac MNII suy ra 

Ml I = 20A = PA => T A (M) = H ma 
Me(0)(tru A,B) non quy tich diem 
H la anh cua duong tron (0)(bo hai 



diem A,B ) qua phep tjnh tien . 

Tuong tu quy tich true tam tam giac NPQ cung la anh cua duong tron 
(O) (bo hai diem A, B ) qua phep tjnh tien . 

5. Do DABM la hinh binh hanh non BM = AD => T (B) = M . 

Tuong tu DACN cung la hinh binh 
hanh nen T^ ; (C) = N . 

Vay T (AABC) = ADMN non bien 


I) 


tam O cua duong tron ngoai tiep tam 
giac ABC thanh tam O’ cua duong 
tron ngoai tiep tam giac DMN do do 

T ai ) (O) = CV => OO’ = AD 

=> OO' = AD = R, hay O'e (0;R). 



A 
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6. Tii’ giac BCDE la hinh thoi nen BC = DE. 

Do BH//ME va CB//DE nen 

MED = HBC (goc cci canli tuong ling 
song song). 

Tuong tu MDE = HCB 
Sl ,y ra AHBC = AMED 

DM = Cl I hay DM = Cl I 
=> T f j (D) = M ma BCDE la hinh thoi 

nen CD = BC 

=> D thuoc duong tron tam C ban kinh BC do do diem M thuoc duong 
tron tam H ban kinh BC anh cua duong tron tam C ban kinh BC qua T . 

7. Phan tich: Gia sir da dung dupe hai diem M,N Ian luot tren cac duong 
thang d,;d : saocho ABMN la hinh binh hanh. 

Khi do T )<a (M) = N, ma Med, non Ned, =T x (d,). 

Mat khac Ned, ^Ned.nd,'. 



Cdch dung: 

- Dung d, anh cua d, qua phep tjnh tien T 

- Dung giao diem N = d n n d ,'. 

- Dung duong thang qua N va song 
song voi AB cat d, tai M. 

Cac diem M,N la cac diem can dung. 

Chung minh: Tu each dung suy ra ABMN la hinh binh hanh 
Bien Itian: Do d, va d 2 cat nhau non d,' va d^ cung cat nhau *vi vay bai toan 
co mot nghiem hinh. 

8. a) Vi hai duong tron (O,) va (O,) co ban 
kinh bang nhau nen T> o -((O,)) =(0 2 ). 




Goi A' = T oo .(A) thi A' co dinh, khi 

I • 

d4 E = T „,o,( C ) n£>n V< CA ) = EA ' 

^CAf/EA' suy ra CAE = AEA' = ABA’ 

khong doi. Vay CAE khong phu thuoc 
vao vj tri cua d . 

b)DoCEA’A la hinh binh hanh non CE = AA' = V BA' 2 - AB 2 = V4R 2 - a 2 . 
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Phan loai va phi rang phdp $idi Hinh hoc 2 2 


Phep doi xung true 


A. TOM TAT GIAO KHOA. 

1. Dinh nghia: 

Cho duang thang d . Phep bien hinh 
bien moi diem M thuoc d thanh chinh 
no, bien moi diem M khong thuoc d 
thanh diem 


M 


M' 


M’sao cho d la dirafig trung true cua doan MM’ dirge ggi la phep doi 
xiing qua duang thang d, hay con goi la phep doi xung true d . 

Phep doi xung truq co true la duang thang d duoc kf hieu la D d . Nhu vay 

r- 

D tl (M) - M* <=> IM = -IM* vai I ila hinh chieu vuong goc cua M tren d . 

Meu = (H) thi d dupe goi la true doi xung cua hinh (H) . 


2. Bieu thuc tpa dp cua phep doi ximgtoic: 

Trong mat phl|pg Oxy„ vai moi diem M(x;y), goi M'(x';y') =D d (*Mi). 


Neu chon di latrue Ox, thi 


Neu chpn d la tryc Oy , thi 


x = x 


y =-y 


X = —X 


y =y 


3. Tinh chat phep doi xung true: 

• Bao toan khoang each giua hai diem bat ki. 

• Bien mpt duang thang thanh duang thing. 

• Bien mpt doan thing thanh doan thing bing doan da cho. 

• Bien mpt tam giac thanh tarn giac bing tam giac da cho. 

• Bien duang tron thanh duang tron co cung ban kinh. 


B. LUYEN KI NANG GIAI CAC DANG BAI TAP. 

Bai toan 01: XAC DINH ANH CUA MQT HINH QUA DOI Xl/NG TRyC. 
Phirotig phap: 

De xac djnh anh (H') cua hinh (H) qua phep doi xung true ta co the dung 

m<Jt trong cac each sau: 

• Dung djnh nghia phep doi xung true 
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• Dung bieu thuc tpa do cua phep doi xung true ma true doi xung la cac true 
tpa do. 

• Dung bieu thuc vec to cua phep do! xung true. 

CAC VI DU 

Vi dy I- Trong mat phing Oxy, cho diem M(l;5), duang thing 

• J 

d:x + 2y + 4 = 0 va dudng tron (C): x 2 + y" + 2x - 4y - 4 = 0 . 

a) Tim anh cua M,d va (C)qua phep doi xung tryc Ox. 

b) Tim anh cua M qua phep doi xung qua dudng thang d . 

Lai giai 

a) G<?i M',d',(C') theo thu tu la anh cua M,d,(C) qua D ox ,khi do M'(l;-5). 

- Titn anh cua d . 

Lay M(x;y)ed => x + 2y + 4 = 0 (1) 

Gpi N(x’;y’) la anh cua M qua phep doi xung D ox . 

, fx' = x fx = x' 

Ta co < <=> s 

[y =-y [y = -y 

Thay vao (l) ta dupe x'-2y'+ 4 = 0. Vay d':x-2y + 4 = 0. 

- Tim anh cua (C). 

Cdch 1: Ta thay (C) co tam I (—1;2) va ban kinh R = 3. 

Gpi I’,R’ la tam va ban kinh cua (C')thi va R' = R = 3, do do 

(C') :(x +1) +(y + 2)’= 9. 

i 

Ctfcfc 2: Lay P(x;y)e(C)=> x 2 + y 2 +2x-4y-4 = 0 (2). 


Gpi Q(x’;y') la anh cua P qua phep doi xung D ox . Ta co 


x = x 


X = X 


y = -y 


thay vao (2) ta dupe x' 2 + y' 2 + 2x , + 4y'-4-0 / hay 



(C'):x 2 +y 2 +2x + 4y-4 = 0. 

Dudng thing d, di qua M vuong goc vai d co phuang trinh 2x - y + 3 = 0 
Gpi I = d nd, thi tpa dp diem I la nghi^m cua hp: 

jx + 2y + 4 = 0 [x = -2 
l2x-y + 3 = 0 1 y = -1 v ’ 
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Phep doi ximg true 


A. TOM TAT GIAO KHOA. 

1. Dinh nghla: 

Cho dirang thang d . Phep bien hinh 
bien moi diem M thuoc d thanh chinh 
no, bien moi diem M khong thuoc d 
thanh diem 


M 


M' 


M'sao cho d la duong trung true cua doan MM' duoc goi la phep doi 
xung qua duong thang d , hay con goi la phep doi xiVng true d . 

Phep doi xung true eo true la duong thang d duoc ki hieu la D tl . Nhu vay 
D,(M) = M' <=> IM = -IM' voi I ila hinh chieu vuong goc cua M trend. 

Neu = (H) thi d duoc goi la true doi xiVng cua hinh (H). 

ft 

2. Bieu thuc tpa dp cua phep doi xung true: 

Trong mat phang Oxy, voi moi diem M(x;y), goi M’(x';y’) =D d ('M). 




Neu chon d la true Ox, thi 

• I s * r 


k=« 


Neu chon d la true Oy, thi 


y =-y 


X = -x 


y =y 


3. Tinh chat phep doi xung true: 

• Bao toan khoang each giua hai diem bat ki. 

• Bien mot duong thang thanh duong thang. 

• Bien mot doan thang thanh doan thdng bang doan da cho. 

• Bien mot tarn giac thanh tarn giac bang tarn giac da cho. 

• Bien duong tron thanh duong tron co cung ban kinh. 


B. LUYEN KI NANG GIAI CAC DANG BAI TAP. 

• • • 

Bai toan 01: XAC D|NH ANH CUA MOT HINH QUA DOI XLfNG TRUC. 
Phuong phap: 

De xac djnh anh (H ) cua hinh (H) qua phep doi xung true ta co the dung 

mpt trong cac each sau: 

• Dung djnh nghia phep do! xung true 
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7 Dung bieu thuc tpa do cua phep doi xung true ma true doi xung la cac true 
tpa do. 

. Dung bieu thuc vec to cua phep doi xung true. 

CAC VI DU 

Vi du 1. Trong mat phang Oxy, cho diem M(l;5), duong thang 
d : x + 2y + 4 = 0 va duong tron (C): x" + y + 2x - 4y - 4 = 0 . 

a) Tim anh cua M,d va (C)qua phep do! xung true Ox. 

f 

b) Tim anh cua M qua phep doi xung qua duong thang d . 

f ^ « • J • 

Lot giai 

a)Gpi M',d',(C') theo thir tu la anh cua M,d,(C) qua D ox ,khi do M'(l; 

- Tim anh cua d . 

Lay M(x;y)€d => x + 2y + 4 = 0 (1) 

Gpi N(x';y') la anh cua M qua phep doi xung D <ix . 


-5). 


, ,x = x 

Ta co <| <=> 

y' = -y 


X = x 

y = -y 


Thay vao (l) ta dupe x'- 2y'+ 4 = 0. Vay d': x - 2y + 4 = 0. 

- Tim anh cua (C). 

Cdch l:Ta thay (C) co tarn I(—1;2) va ban kinh R = 3. 

Gpi I',R' la tarn va ban kinh cua (C )thi l'(-l;-2) va R' = R = 3, do do 

(C') :(x +1) : +(y + 2) : = 9 . 

Cdch 2: Lay P(x;y)e (C) => x" + y + 2x - 4y - 4 = 0 (2). 


Gpi Q(x’;y') la anh cua P qua phep doi xung D (ix . Ta co 


x = x 


y =-y 


X = X 


=-y 


thay vao (2) ta dirpe x' 2 + y' 2 + 2x'+4y'-4-0 / hay 


(C'):x : +y 2 +2x + 4y-4=0. 

b) Duong th3ng d, di qua M vuong goc voi d ccS phuong trinh 2x-y + 3 = 0 
Gpi I = d rid, thi tpa dp diem I la nghipm cua hp: 
x + 2y+ 4 = 0 |x = -2 / v 
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Goi M' doi xirng vai M qua d thi I la trung diem cua MM’. 


Ta co < 


x i = 


X M + X M . 


<=> < 


X M = 2X I " X M = 


y, = 


y M +y 


VI 


-5 

y M = 2v, - y M = -7 


M'(-5;-7). 


Vi du 2. Cho hai dudng thang d:x + y-2 = 0, d,:x + 2y-3 = 0 va dudng tron 
(C):(x-l)~+(y + l) 2 =4. Tim anh cua d,,(C) qua phep doi xirng true d . 


■ > • • f • 

Loi giai 


Tim anh cua d.. 


Ta ccS d, nd = 1 (l;l) non D ,(l) = I. 

Lay M(3;0)ed,. Duong thang d 2 di qua M vuong goc vdi d co phuong 
trinh x-y-3 = 0. Goi M 0 = dnd 2 , thi toa dp cua M {) la nghiem cua he 


x + y - 2 = 0 
x — v - 3 = 0 


x = 


c=> s 


5 

2 




1 

2 


M 


o 


/ 


V 


5 1 
2 ' 2 


\ 




Goi M' la anh cua M qua D, thi M () la trung diem cua MM' nen 
M’(2;-l). Goi d,'=D il (d l ) thi d, di qua I va M’ nen co phuong trinh 


x -1 y -1 


1 


-2 


c=> 2x + y - 3 = 0 . Vay d, ’: 2x + y - 3 = 0 . 


Tim anh cua (C). 

Duong tron (C) co tarn j(l;-l) va ban kinh R = 2 . 

y 

Duong thang d 1 di qua J va vuong goc vdi d co phuong trinh x-y-2 = 0. 
Goi J H = d 3 rul thi tqa do cua diem J u la nghiem cua lie: 


Jx + y-2 = 0 fx = 2 

x - y - 2 = 0 [y = 0 


Jo(2;0). 


Goi J'=D ,(J) thi J (1 la trung diem cua JJ' nen J‘(3; 1) 

Goi (C')=D,((C)) thi J' la tarn cua (C) va ban kinh cua (C’) la R' = R = 2. 

Vay (C'):(x-3) 2 +(y-l) : =4. 


* ♦ • * 


‘ ’ . • . ..; 

; i ;« : j u • 

• * w \ * > . ; 






• - •> „ 
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Bai toan 02: DUNG PHEP DOI XLfNG TRyC DE GIAI CAC BAl TOAN 
di/ng HINH. 

Phuong phap: 

De dung mot diem M ta tim each xac dinh no nhu la anh cua mpt diem da 
biet qua mot phep doi xiing true, hoac xem M nhu la giao diem cua mQt 
dudng co dinh vdi anh cua mot dudng da biet qua phep doi xung true. 

CAC VI DV 

Vi dy 1. Dung hinh vuong ABCD biet hai dinh A va C nam tren dudng 
thang d , va / ^ I ^ ^ I ^ I ^ uoc hai dudng thang d 2 ,d v 

4i 


Loi giai 

Phan tick: Gia su da dung dupe hinh 
vuong ABCD, thoa cac dieu kien cua 
bai toan. Do A,Ced. va AC la true 


doi xirng cua hinh vuong ABCD. Mat 


khac Bed, non Ded/ 


D = d 2 ’nd 3 . 



Hai diem B,D doi xiing qua dudng thang d . 


Nen D d (B) = D , lai co Ded 3 => D = d 3 nd 2 ’ 


Cdch dung: 

• Dung d 2 ’=D (d 2 ), goi D=d 2 nd 2 ' 


Dung dudng thang qua D vuong goc vdi d, tai O va ciit d, tai B 


- Dung dudng tron tarn O dudng kinh BD cSt d, tai A,C. (Ki hi£u cac 

diem A,C theo thu tu de tao thanh tii giac ABCD) 

Chung minh : Tir each dung suy ra ABCD la hinh vuong. 

Bipn hum: 

Truong hop 1. d 2 cat d , khi do. 


Neu d 2 'nd 3 thi vi du da cho co mqt nghiem hinh. 


Neu d 2 // d s thi vi du da cho vo nghiem hinh. 


Truong hpj> 2. d 2 // d ,, khi do 


Neu d, song song va each deu d 2 va d, thi co vo so nghiem hinh (h2 ) 



71 


Neu d hop vdi d,,d, mot goc 45° thi co rodLnghi^m'hintrrBTj. .:,, 
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Neu d, song song va khong each deu d 2 ,d 3 hoac d, khong hop d 7/ d 3 mot 
goc 45° thi vi du da cho vo nghiem hinh. 

(/, 



It 2 



Vi du 2. Cho hai dirong tron (C),(C ) co ban kinh khac nhau va dirdng thang d. 

Hay dirng hinh vuong ABCD co hai dinh A,C Ian lirot nam tren (C),(C) 

. va hai dinh con lai nam tren d . 


Lai giai 

Phan tick: Gia sir da dirng dupe hinh 
vuong ABCD thoa man de bai. Ta thay 
hai dinh B,DEd nen hinh vuong hoan 
toan xac dinh khi biet C. Ta co A,C 
doi xung qua d nen C thuoc duong 
tron (C,), anh cua dirdng tron (C) qua D,. 



Mat khac C e (C') => C e (C) n (C’). 

Tir do suy ra each dirng 
Cdch dung: 

- Dung dirdng tron (C,) la anh cua (C) qua D tj . 

- Tu diem C thuoc (C,)n(C ) dung diem A doi xirng vdi C qua d. Goi 
I = ACnd 

- Lay tren d hai diem B, D sao cho IB = ID = IA . 


Khi do ABCD la hinh vuong can dirng. 

Chung minh: , ( r | 

De thay ABCD la hinh vuong co B,Ded, Ce(C'). Mat khac A,C 

xirng qua d ma C e (C ) => A eD ^[(C )] = (C) hay A thuoc (C). 

Biert liuin: 

• • 

So nghiem hinh bang sogiao diem cua (C,) va (C'). 


4 A /• 
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Bai toan 03: DUNG PHEP DOI XUNG TRUC DE GIAI CAC BAI TAP HQP DIEM, 
phuong phap: 

Sir dung tinh chat: Neu N=D ,(M) voi M di dong tren hinh (H) thi N di 
dong tren hinh (IT)- anh cua hinh (H) qua phep doi xirng true d . 

CAC VI DC 

Vi du 1. Tren duong tron (0,R) cho hai diem co djnh A,B. Duong tron 

(0';R ) tiep xuc ngoai voi (O) hai A . Mqt diem M di dqng tren (O). MA 

1 

cM (O j tai diem thu hai A'. Qua A' ke dirong thang song song voi AB 
c5t MB tai B’. Tim quy tich diem B\ 

w \ • • t • 

Lai giai 

Gqi C = A'B , n(0'). Ve tiep tuyen 
chung cua (O) va (O’) tai diem A . Ta 



co A’CA = xAM = ABM = BB'A’ do 
do ABB'C la hinh thang can. Goi d la 
true doi xung cua hinh thang nay thi 
D j (C) = B' ma C di dong tren duong 

tron (O') nen B' di dong tren dirong 

tron (O ') anh cua (O') qua D tj . 

Vi du 2. Cho tarn giac ABC co tarn duong tron noi tiep I, P la mot diem nam 
trong tarn giac. Goi A\B',C' la cac diem doi xirng voi P lan lirot doi xung 
qua IA,IB,IC. Chung minh cac duong thang AA'.BB^CC' dong quy. 

T ^ • * 1 • 

Loi giai 

Gia su diem P nam trong tarn giac IAB. G<?i 
P,, P,, P lan loot doi xung voi P qua cac 

canh BC,CA,AB. Ta se chung minh 
AA^BB^CC' dong quy tai tarn duong tron 
ngoai tiep tarn giac P,P 2 P,. 

Hien nhien ta co AP = AP, vay de chung 

minh AA' la trung true cua P 2 P 3 ta can 


B 


chung minh P 2 AA' = P,AA'. 

Ta co P^AA' = I^AP + PAA' = 2a + 2{i 



P, 
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Tuong tu P, AA’ = P 2 AC + CAA ' = CAP + CAA’ = 2a + 2(3 . Vay 

P.AA^P^AA' nen AA* la trung truecua P,P V 


Tuong tu BB',CC' Inn I no t la trung true cua P,P, va P,P, nen chung dong 
quy tai tarn duong tron ngoai tiep tam giac I’PJ’,. 

CAC BAI TOAN LUYEN TAP 

• • 

9. Trong mat phang toa do Oxy, cho duang thang d:x + 2y-5 = 0. Tim anh 
cua d qua phep doi xung true co true la 

a) Ox b) Oy 

10. Trong mat phang toa do Oxy, cho duang thang d:2x-y-3 = 0 va duang 

tron (C):(x-2)~ + (y-3)" = 4. 

♦ 

a) Tun anh cua d,(C) qua phep doi xung true Ox. 

b) Viet phuong trinh duang tron (C), anh cua (C) qua phep doi xung qua 
duang thang d . 

11 . 

a) Cho duang thang d va hai diem A,B nam ve mot phia cua d . Xac djnh 
diem M tren d sao cho MA + MB nho nhat. 

b) Cho x-2y + 2 = 0. Tim gia tri nho nhat eua bieu thue 


T = v( x_3 )’ + (y -5 )’ + v( x_5 )’ + ( y~ 7 Y ■ 

12. Cho A(2;l). Tim diem B tren true hoanh va diem C tren duang phan giac 

goc phan tu thu nhat de chu vi tam giac ABC nho nhat. 

13. Cho tam giac ABC vuong tai A, duang cao AH . Ben ngoai tam giac ABC 
dung cac hinh vudng ABDE va ACFG. 

a) Goi K la trung diem cua EG. Chung minh K nam tren duang thang AH. 

b) Goi P la giao diem cua DE va EG. Chung minh P nam tren duang thang AH. 

c) Chung minh cac duong thang DC, BF, PH dong qui. 

14. Cho tam giac ABC can tai A. Biet canh AB nam tren duang thang d,, 
canh BC n^m tren duong thang d 2 , canh AC di qua M . Hay xac djnh cac 
dinh cua tam giac ABC. 

15. Cho mot diem A va mot duong thang d khong di qua A. Tren d dat mot 
doan BC = a(a>0 cho trirac). Tim vi tri cua doan BC de tong AB + AC 
nhcS nhat. 
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16. Cho hai duong thang song song A,,A 2 va diem M nSm a mien giua cua 
hai duong thang do (M vh A, ciing phia doi vai A 2 , M va A 2 cung phia 
doi voi A,). Tren A, lay doan AB = a, tren A. lay doan CD = b(a,b la cac 

do dai cho triroc). Tim vj tri cua cac doan AB va CD sao cho tong 
MA + MI" > K' + MD nho nhat. 

17 . Cho hai limit vuong ABCD va AB'C’D' co chung dinh A va co canh deu 
biing a . Hay chi ra mot phep doi xung true bien hinh vuong ABCD thanh 
hinh vuong AB C D'. 

18. Goi d N la duong phan giac ngoai tai A cua tam giac ABC. Chung minh 
riing vai moi diem M tren d A , chu vi tam giac MBC khong nho hon chu vi 
tam giac ABC. 

19. Cho tam giac ABC can tai A. Vai moi diem M tren canh BC, ta dung 
hinhbinh hanh AI’MQ (P thu(>c canh AB va Q thuoccanh AC). Tim tap 
hop nnh cua diem M trong phep doi xung qua duang thang PQ. 

20. Cho tam giac nhon ABC 

a) Goi D la mot diem co djnh tren canh BC . Xac djnh cac diem E^F tren AB 
va AC sao cho chu vi tam giac DEF nho nhat. 

b) Cho D thay doi tren canh BC . Dung tam giac DEF co chu vi nho nhat voi 

E,F Ian luot thuoc cac canh AB, AC . Chung minh khi chu vi tam giac DEF 
nho nhat thi D,E,F la chan cac duong cao cua tam giac ABC. Tinh gia trj 
nho nhat cua chu vi tam giac DEF theo BC = a,CA = b, AB = c . 

LOI GIAI - Hl/ONG DAN - DAP SO 


9. a) x - 2y - 5 = 0 

10 . 


b) x-2y+ 5 = 0 


a) 2x + y - 3 = 0 va (x - 2)" + (y + 3) =4 

b) (C) co tam 1(2;3), duong thang qua I vuong goc voi d la 


d, : x + 2y - 8 = 0 . Giao diem cua d & d, la M 


/ 14 13 x 


V 


5 3 


/ 


Goi I' la anh cua I qua phep doi xung true d thi M la trung diem cua 


ir=>r 


/ is n N 


\ 


5 5 


. Phuong trinh (C ): 


/ 


00 

2 

111 

X- 

+ 

y- — 

5 J 


l 5 J 


= 4 . 
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11. a) Goi A' doi xung vai A qua d, ta co 
MA = MA' =>MA+MB = MA'+MB>A'B. 
Dang thuc xay ra khi M thupc doan 
A'B ma Med=>M=A’Bnd. 


B 


Vay min(MA + MB) = A'B khi M = A'Bnd. 



b) Xet M(x;y) => M e d : x -2y + 2 = 0 
va A(3;5),B(5;7) / ta c6 T = MA + MB. 

Do (3-2.5 + 2)(5- 2.7 + 2) >0 nen A,B nam cung phia doi vai d. 

Goi A' doi xung voi A qua d thi A’(5;l). Phuong trinh A'B:x-5 = 0 
Taco MA + MB = MA'+ MB > A'B = 6. 


Dang thuc xay ra khi M = A'Bnd => M 

12. Goi B',C' Ian luot la anh cua A qua 
cac phep doi xung true co true la 
, khi do ta co B'(2;-l), C ( 1;2). 

I’a co AB = BB',AC = AC’ nen chu vi 
tam giac ABC la 2p = AB + BC + CA 

= AB'+ BC + CC’ > B'C' = \flQ 





IV 


Dang thuc xay ra khi B va C la cac giao diem cua B'C' vai Ox va dudng 
phan giac goc phan tu thu nhat, tu do khong kho khan gi ta tim dupe 



5 > 


5 5 i 

B' 

-;0 

va C’ 

• 


3 ; 


U 4 J 


13. a) Fa co BAD=CAF=4^ =>BAD+CAF+BAC = 180’ suy ra D,A,F thang hang. 
Xet phep doi xung D co: 

P 

Ah AJJh+F.ChG nen tam giac 
ABC bien thanh tam giac AFG, do dcS 

BCA = AGE ma BCA = BAH mat 
khac tam giac AGE vuong tai A co 
trung tuyen AK KA = KG nen 

AKAG can tai K => GAK = KAG suy 

ra GAK = BAH ma hai goc nay nam d 
vi tri doi dinh nen K e AH . 


I) 
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b) Do K la trung diem cua EG va AEPG la hinh chu nhat nen A,K,P thang 
hang, hay P e AH. 

c) Dethay AP = EG ma D W (BC)= EG => BC = EG , BC = AP. 

Lai co BD = BA , DC = DG = BP => ADBC = ABAP => BP A = DCB 


Ma BPH + PBH = 90° => ICB + IBC = 90" CD 1 PB. 

Tuong tir cluing minh diroc BF 1 PC nen DC,BF,PH la cac duong cao cua 

tam giac PBC nen chung dong qui. 

14. Gia su da dung duoc cac diem A,B,C tluSa man yen cau bai toan. 

Goi A la dudng trung true cua BC thi A = And,; D A (C) = B va 
B = d, od, tir do ta co each dung: 

I 

y 

. Qua M dung dudng thang song song 
vdi d, cat d, tai N . 

- Qua trung diem 1 cua MN dung 
dudng thang A Id,. 

- Dung giao diem A = And,. 

- Goi C = AMnd, 

- Dung D A (C) = B 

Cac diem A,B,C la cac diem can dung . 

Ban doc tu chung minh va bien luan. 



15. Xet T vdi u//d va 


li 


u 


= a 



Goi T c ;(A) = A' va A" =D d (A') 

Ta co AB = A'C nen AB + AC = AC + CA' 

= AC + CA"> AA ’ 

=^> min(AB + AC) = AA" khi C = C„ = AA nd va B = T u (C). 
16. Gia sir cac diem A,B,C, D duqc sap thir tu nhu hinh ve . 

Goi M,=T Mt (M),M 2 =T iK .(M) A, /I 

m, , =d Ai (m 1 ),m 2 ^d A| (m 2 ). 

Khi do taco MA = M,B = M, 'B, 

MD = M,C = M,'C dodo: 


tt 
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plunni^ pluip gini Hinh hoc 7 7 


MA + MB + MC + MD = MB + M,'B + MC + M, 'C > MM,'+ MM 2 ’ 
Dang thuc xay ra khi B = MM, 'nA,,C = MM, 'nA,. 

Vay vj tri cua cac diem nhu sail 

B = MM, *nA,,A = T ba (a), C = MM,'nA,,D = TV(C). 

17. Goi E = BCn B’C’. 

Ta co AB = AB', ABE = aFe = 90°, 

AE chung nen AABE = AAB'E 
f AB = AB' 


ir 




EB = EB' 



C 


=> AE la duong trung true cua BB'. 

Xet phep doi xiing true D 

D C 

Ta co B i-> B' ( tuong tu ta cluing minh dupe C i-» C' => D i-» D'. 

Vay phep doi xiing true D AE bien hinh vuong A BCD thanh hinh vuong 
AB'C'D'. 

18. Lay diem C' doi xiing vdi C qua duong phan giac d . 

Khi do A nam giua B va C'. > 

Voi moi diem Med A ta co MC = MC', 

m 

chu vi tarn giac MBC la MB+MC+BC 
= (MB + MC')+ BC > BC'+BC 

# M 

Ma BC' = BA + AC’ = BA + AC B 

=> MB + MC + BC > AB + BC + CA 



Vay chu vi tarn giac MBC khong nho lion chu vi tarn giac ABC . 


19. 

Phtht thtuhv. Goi M la anh cua diem M qua phep doi xiing true PQ. Khi do 
PM’ = PM (l) 

Mat khac PM // AC nen ACB = PMB = BAC 
do do tarn giac PMB can suy ra 

PM = PB (2). Tu (l),(2)ta co 

PM' = PM = PB nen B,M,M' nam tren 
duong tron tarn P va ta co 

BmF = 1BPM = -BAC (3) 

2 2 y ' 
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Tuong tu ta co QM’ = QM=QC nen C.M,M' ciing nam tren duong tron 
tarn Q, do do MMTZ = ]-MQC BAC (4). Ti. (3) va (4) suy ra 



BM C = BM' M + CM M = BAC . Do do M' thuoc cung tron BAC. 

phan ihio: Gia su M tluioc cung tron BAC(tru B,C). Goi E la diem chinh 
giua cua cung BC khong chira A. Goi 
M = EM'nBC, dung hinh binh hanh 
APMQ voi PeAB,QeAC. Ta can 
chiing minh M va M' doi xiing nhau 

qua duong thong PQ. 

% 

Do P, M’ nam cung phia voi BM va 

bFm = BAE = - BAC = — BPM nen M' 

2 2 

thuoc duong tron tarn P ban kinh PB. 

Tuong tu ta ciing chiing minh dupe M' 

thuoc duong tron tain Q ban kinh QC. Mat khac hai duong tron nay cung 
di qua diem M do do MM' la day cung chung cua hai duong tron nen no 

A /» 

doi xiing c|un duong thong noi hoi tom, hoy M,M' doi xiing nhou quo PQ. 
Voy top hop diem M’ lo cung BAC (tru B,C ). 

20 . 

o) Voi diem Deo dinh tren conh BC 

Goi M,N kin loot doi xiing voi D quo AB, AC khi do HD=EM,DF = DN 
Chu vi tom gioc DEF lo £ = DE + EF + FD = ME + EF + FN > MN . 

Vay chu vi tom gioc nho nhot bring MN , khi M,E,F,N thong hong, E,F lo 
giao diem cua MN voi AB,AC. 

k) Ung vdi moi diem D, chu vi tom gioc DEF nho nhot khi E,F nam tren 
MN vo min(c) = MN. 

Voy khi D di chuyen tren conh , chu vi tom gioc DEF khi MN nho nhot. 

To co MAN = A, + A, + A 3 + A, = 2.BAC (khong doi). 

Tom gioc AMN can tai A co MAN = 2.BAC khong doi nen MN nho nhot 

MN AN AM 


khi AM, AN nho nhot (vi 

sin MAN sin AMN sinANM 
sin MAN, sin AMN, sin ANM khong doi). 


mo 
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Phan loai vii phtroiig phap y iai / huh hoc 1 7 


Lai ccS AM = AN = AD nen AM, AN 
nho nhat khi AD nho nhat 
» AD 1 BC hay D la chan dirdng 
cao cua tam giac ABC . 

Bay gia ta chirng minh E,F cung la 
chan cac dirong cao cua tam giac 
ABC . Dung dirong cao AH cua tam 
giac AMN ta c6: 

MAH = BAC => EAH = BAC - A, , tuong tir DAC = BAC - A 2 ma A, = A 2 

=> EAH = DAC => AEH = ACB ma AEH = MAE = DEB nen ACB = DEB do 

do tu giac ACDE noi tiep => A EC = ADC = 90° => E la chan dirong cao CE 
cua tam giac ABC . 

Tuong tu F cung la chan dirong cao cua tam giac ABC . 

Trong trirong hop chu vi tam giac DEF nho nhat nay ta co 

^ ^ ^ 

MN = 2AH = 2.AMsin A = 2ADsin A = 2h sin A 

41 



Ma S = Lih, =^bcsinA = N /p(p-a)(p-b)(p-c) 


1 

— abch^ sin A = p(p-a)(p- b)(p-c) => MN = 


8p(p-a)(p- b )(p-c) 


a be 


8p(p-a)(p-b)(p-c) 

Vay chu vi tam giac DEF nho nhat la - 


a be 


« 


26 


Oi/ TNI III MTV DVVH Khang Viet 


Phep doi ximg tam 

A. TOM TAT GIAO KHOA. 

1. Dinh nghla. 

Cho diem I. Pliep bien hinh bien diem I thanh chinh no va bien moi diem 
M kliac I thanh diem M' sao cho I la trnng diem cua MM' dirge goi la 
pliep doi xirng tam I. 

Phep doi xiing tam I dirge ki hieu la D,. 

Vay D,(M) = M' <=> IM + IM' = 0 

Neii D,((H)),(H) thi I dugeggi la tam doi xirng cua hinh (H). 

2. Bieu thiic tpa do cua phep doi xung tam. 

Trong mat phiing Oxy cho l(a;b), M(x;y), ggi M'(x';y') la anh cua M 


qua pliep doi xirng tam I th 


, j x' = 2a - x 
' 1 y = 2 b — y 


3. Tinh chat phep doi xung tam. 

• Bao toan klioang each giua hai diem bat ki. 

• Bien mot dirong tliang thanh dirong thSng. 

• Bien mot doan tliang thanh doan tliang bang doan da cho. 

• Bien mgt tam giac thanh tam giac biing tam giac da cho. 

• Bien dudng trim thanh dirdng trim co cung ban kinh. 

B. LUYEN KI NANG GIAI CAC DANG BAI TAP. 

Bai toan 01: XAC DINH ANH CUA M0T HINH QUA PHEP DOI XlfNG TAM. 
Phuong phap: 

Sir dung bieu thirc tga do va cac tinh chat cua pliep doi xung tam. 

CAc VI Dy 

* dy l. Clio diem I (I; I) va dudng thang d : x + 2y + 3 = 0. Tim anh cua d qua 
phep doi xirng tam I. 


Loi giai 

C «c/i 2. Lay diem M(x;y) e d => x + 2y + 3 = 0 (*) 


Ggi M'(x';y') =D,(M) thi 


x’ = 2 - x [x = 2 - x' 
1 ^ o < 

ly ~2 — y |y = 2-y' 
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x'+ 2y'-9 = 0 


Pltiin loni va phiamg phap gidi I huh hoc 11 


Thay vao (*) ta duoc (2 - x ) + 2(2 - y ’) + 3 = 0 


Vay anh cua d la duong thang d': x + 2y - 9 = 0 . 

clicit 2. Goi d' la anh cua d qua phep doi xung tarn 1, thi d' song song ho$c 
trung voi d nen phuong trinh d co dang x + 2y + c = 0 . 


Lay N(-3;0)e d, goi N'=D,(N) thi N*(5;2). 


Lai co N'ed'=>5 + 2.2 + c = 0<=>c = -9. 
Vay d': x + 2y - 9 = 0. 


Bai toan 02: XAC DINH TAM DOI XL/NG KHI BIET ANH VA TAO ANH. 


CAC VI DU 

Vi du 1. Clio duong thang d:x-2y+6=0 va d': x - 2y - 10 = 0. Tim phep doi 
xung tarn I bien d thanh d* va bien true Ox thanh chinh no. 

w S • • » • 

Lot giai 

Tpa do giao diem cua d,d voi Ox Ian luot la A(-6;0) va B(l0;0). 


Do phep doi xung tarn bien d thanh d va bit*n true Ox thanh chinh no 
nen bien giao diem A cua d voi Ox thanh giao diem A cua d voi Ox 
do do tarn doi xung la trung diem cua AA’. Vay tarn doi xung la l(2;0). 


Bai toan 03: TIM TAM DOI Xl/NG CUA MOT HINH. 


CAC VI DU , 

Vi du 1. Tim tarn doi xung cua duong cong (C)co phuong trinh y = x' -3x +3. 


Lai giai 

Lay diem M(x;y) e (C) => y = x - 3x‘ + 3 (*) 


Ggi I(a;b) la tarn doi xiingcua (C) va M (x';y ) la anh cua M qua phep 


J x = 2a - x' 


^ 1 — \ 

doi xu ng tarn I. Ta co ^ <==> \ 

h y = 2b - y [y = 2b-y 


Thay vao (*) ta duoc 2b - y ’= (2a - x ) -3(2a-x') +3 


<=> y = x' 3 - 3x : + 3 + (6-6a)x’" + (l2a~ - 12a)x'-8a 3 + 12a 2 + 2b + 6 (*) 


Mat khac M' e (C) nen y ’ = x ' - 3x’ + 3 do do (*) 


<=> (6-6a)x' 2 + (l2a 2 - 12a)x'- 8a 3 + 12a~ + 2b - 6 = 0, Vx* 


98 



6-6a = 0 

<=> < 

12a 2 -12a = 0 

• 


-8a' + 12a 2 + 2b -6 = 0 

, 

Vay 

I (1; I) la tarn doi xiing 


Chf TNHH MTV DVVH Khan y Vic 


t 


a = 1 
b = 1 


Vi du 2. Chung minh riing neu mot tii giac co tarn doi xung thi no phai la hinh 
binh hanh. 


| * • • 9 • 

Lai giai 

Gia su tu giac A BCD co tarn doi xu ng 
la I. Vi qua phep bien hinh dinh cua 
mot da giac ciing duoc bien thanh dinh 
cua da giac nen dinh A co the duoc 
bien thanh A,B,C hay D. 


A 


D 



B 


c 


- Neu dinh A duoc bien thanh chinh no thi IA + IA = ()olsA vo li 

- Neu A bien thanh B (hoac D)thi I la trung diem cua AB(hoac I la trung 
diem cua AD) ciing vo li. 

Vay A duoc bien thanh C, li luan tuong tv thi B chi du<?c bien thanh D, 
vi vav I la trung diem cua hai duong cheo AC va BD nen tu giac ABCD 
phai la hinh binh hanh. 

Bai toan 04: SU* DUNG PHEP DOI XUNG TAM DE GIAI CAC BAI TOAN 
DI/NG HINH. 

Phuong phap: 

Xem diem can dung la giao cua mot duong co san va anh cua mot duong 
khac qua phep quay D, naodo. 

CAC VI DU 

du 1. Cho hai duong thang d,,d 2 va hai diem A,G khong thupc d,,d,. Hay 
dung tarn giac ABC co trong tarn G va hai dinh B # C Ian luot thupc d, va d,. 


ABC 


■ % • • t • 

Lai giai 

Phan ttch : 

Gia su da dung duoc tarn giac 
thoa man yeu cau bai toan 

Goi I la trung diem cua BC thi 
D,(c) = B ma Ced, nen Bed 2 ' voi 

d,’ la anh cua d qua phep doi xung 
tarn I. Lai co Bed, => B = d, n d / . 
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Phan loai vd plunmg phdp giai H'wh hoc 11 


Cdch dung: 


Dung diem I sao cho AI = ^AG 


Dung duong thang d,’ anh cua d 2 qua D 


Goi B = d. nd,' 

• I 2 


Dung diem C=D,(B) 


Tam giac ABC la tarn giac phai dung. 


— 3— • 

Chung mitih: Dua vao each dung ta co I la trung diem cua BC va AI = —AG 


nen G la trgng tarn cua tarn giac ABC . 

Bien hum: So nghiem hinh bang so giao diem cua d, va d 2 '. 


Vi du 2. Cho hai duong tron (O) va (O') cat nhau tai hai diem A,B va so 


* 0 

a >0. Dung duong thang d di qua A cat hai duong tron thanh hai day 
cung ma hieu do dai bang a . 

i \ • • y • 

Lai giai 

Phan ttch: 


* 

Gia sir da dung duoc duong thang d 
cat (O) va (O') tai M,M' sao cho 


AM - AM’ = a (gia sir AM > AM'). 
Xet phep doi xiing D x 


Goi N =D a (m),(0,)=D a ((0)), H,K 


lan luot la trung diem cua AN va 


A* 


AM, khi do HO, 1 AM va OK 1 AM . 



Goi I la hinh chieu cua O tren O.H, ta co OI//=KH, mat khac 


f/u ts A „ A AM-AN AM-AM' a * a 

KH = KA - HA =-=-= - nen OI = - . 

2 2 2 2 


Vay diem I thupc duong tron tarn O ban kinh r = — . 


Mat khac I thuoc duong tron duong kinh OO, nen I la giao diem cua 


duong tron duong kinh OO, voi duong tron 




\ 


/ 


la duong thang di qua A va song song voi OI. 
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Cach dung: 

Dy ng (O,) anh cua (O) qua D A . 
Dyng duong tron duong kinh OO,. 


Dung duong tron 




J 


, va dung giao diem I cua duong tron duong 


kinh OO, voi duong tron 


/ \ 

°i 


. Tu A dung duong tiling d // OI clt (O)tai M va cSt (O') tai M’ thi d la 
duong thang can dung. 

Chung minh: 

Gqi H,K Ian lirpt la trung diem cua AN, AM ta co KH = OI = — 

2 

Ma KH = AK - AH = —-=-=>AM-AM’ = a. 


Bi(n hum : So nghiem hinh king so giao diem cua duong tron 
duong tron duong kinh OO . 


/ \ 


\ 


/ 


va 


Bai toan 05: Slf DyNG PHEP DOI XUNG TAM DE GIAI BAI TOAN TAP 
HQP DIEM 

CAC VI Dy 

Vl du 1. Cho tarn giac ABC va dirong tron (O). Tren AB lay diem E sao cho 

BE = 2AE, F la trung diem cua AC va I la dinh thu* tu cua hinh binh hanh 

AEIF. Voi moi diem P tren duong trim (O), ta dung diem Q sao cho 

""" 

PA + 2PB + 3PC = 6IQ . Tim tap hqp diem Q khi P thay doi tren (O) 


Goi K la diem xac dinh bai 

KA + 2KB + 3KC = 0. 

Khi do 


KA + 2(ka + AB) + 3(KA + AC) = 0 


f * • • t • 

Loi giai 


1 


1 


<=> ak = -ab + -ac 

3 2 
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Phan loai va phtrmiy phap giai Hinh hoc 11 


Mot khac AEIF In hinh binh hanh non AI = AH + AF = — AB + — AC nen K =1. 

3 2 

Ti» gia thiet suy ra 6PK + (KA + 2KB + 3KC) = 6IQ <=> PK = IQ, hay Pi = IQ. 

Vay D,(P) = Q ma P di dong tren duong tron (O) nen Q di dong tren 
duong tron (O’), anh cua duong tron (O) qua phep doi xung tarn I. 

Vi du 2. Cho duong tron (O) va day cung AB co djnh, M la mot diem di 
dong tren (O), M khdng trung voi A,B. Hai duong tron (0,),(0 2 ) cung 


Mi 


o 


di qua M va tiep xtic vdi AB tai A va B. Goi N la giao diem thu hai cua 
(O,) va (O,). Tim tap hop diem N khi M di dong. 

v * • • f • 

Loi giai 

Goi I = MNnAB, ta co IA : =IM.IN (l) 

Tuongtu IB 2 = IM.IN (2). 

Tii (l) va (2) suy ra IA = IB nen I la 

trung diem cua AB. 

Goi P la giao diem thu hai cua MN 
voi duong tron (O). 

Dethay P, (oj = -1M.IP = -IATB = -IA 2 


o,\ \ > 
. \ \o 

' \ 1 

r<Ti 

r 


O' 


Do dcS -IM.IN = -IM.IP => IN = IP vay I la trung diem ciiia NP do do 
D,(P) = N , ma P di dong tren duong tron (O) nen N di dong tren ducmg 

tron (O’) anh cua duong tron (O) qua phep doi xiing tarn I. 

Vay tap hop diem N la duong tron (O’) anh cua duong tron (O) qua phep 
doi xung tarn I. 

CAC BAI TOAN LUYEN TAP 

• • 

21. Tim anh cua duong thang d:3x-4y*f5=0 qua phep doi xung tarn l(-l;2). 

22. Cho hai duong thang d, : 3x - y - 3 = 0 va d 2 : x + y = 0. Phep doi xung tarn 
I bien d, thanh d, ':3x-y-»-l = 0 va bien d 2 thanh d 2 ’: x + y-6 = 0 . Tim 
toa do diem I. 

23. Cho duong cong (C):v = — va diem A(-2;3). Viet phuong trinh duong 

\ 

thang d di qua goc toa do cat duong cong (C) tai hai diem M,N sao cho 
AM : + AN ? nho nhat. 
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24. Tren cac canh ABJ^C^CD^A cua hinh binh hanh ABCD lay cac diem 
A’/B^C’.D' sao cho A'B’C D' cung la hinh binh hanh . Chung minh hai 
hinh binh hanh do co cung tarn. 

25. Cho hai diem A,C va duong tron (O). D^rng hinh binh hanh ABCD co 
hai dinh B,D thuoc (O). 


26. Cho hai duong tron (0),(0 ) cat nhau tai hai diem phan bipt A,B. Dung 

duong thang d di qua A c3t (O) tai M va cSt (O’) tai N sao cho A la 
trung diem cua MN . 

27. a) Cho gdc xOy va mot diem A thuoc mien trong goc do. Hay dung 
duong thang qua Adit Ox,Oy theo thu tu tai M,N sao cho A la trung 
diem cua MN . 


b) Chung minh mot duong thang bat ki qua A dit Ox,Oy Ian luot tai C,D thi 

luon co > S (1N j N . 


LOI GIAI - Hl/ONG DAN - DAP SO 


21. d':3x-4y + 17 = 0. 


22. I 


f 1 U) 


\ 


4 4 


j 


23. De thay neu d rft (C) tai M(x;y)thi d ciing cat (C) tai N 


/ 


1 


V 


-x; — 

y 


j 


va 


nguac lai nen M,N doi xung qua 0(vi d va (C) chi co tol da la 2 diem 


hung).Goi B(2;-3) doi xung vdi A qua O. 


Ta co AM' + AN' = MA‘ + MB' = 2^x 2 + y j + 56, lai co x 2 + y 2 ^ 2xy = 2 

nen MA' + MB 2 > 60. Dang thuc xay ra khi x = y = 1 hoac x = y = -1 suy ra 
d : y = x . 

24. Goi O la tarn cua hinh binh hanh ABCD, cluing minh D,,: A'(->C,B’i-> D' 

ta duqc O cung la tarn cua hinh binh hanh A'B'C'D'. 

25. Phan ttclt: Gia su da dung duqc hinh 
binh hanh thda yeu cau bai toan. Gqi I 
la trung diem cua AC thi D,(B) = D 

ma Be(O) nen Dg(O) anh cua (O) 

qua phep doi xung tarn I. Lai co 
D g (O) nen D la giao diem cua (O) 

va (O'). 


















Phan loai va phinmg pi tap gidi Hinh hoc 11 


Clicit dung: 


- Dung duong tron (O') anh cua 

- Dyng giao diem D cua (O) va 


duong tron (O) qua phep doi xung tam I. 
(O'), khi do B cung la giao diem cua (O) 



Ban doc tu chiing minh va bipn luan. 

» 

26. Gia su da dung duoc duong thang d 
thoa man you cau bai toan . Xet phep 
doi xung tam D x ta co D V (M) = N ma 

Me(O) non Ne(0,) anh cua (O) 

qua phep dol xung D x . Mat khac 

Ne(O’) nen N la giao diem cua (O') 

va (O,). 



Tu biroc phan tich tren ta co each dung: 

- Dung duong tron (O') doi xung voi (O) qua A 

- Dung giao diem N cua (O,) va (O’). 

- Dung duong thang d di qua A,N cat (O) tai M . 
d chinh la duong thang can dung. 


27. 


a) Gia su da dung duoc M,N thoa man yeu can bai toan. 

Goi O' la anh cua (O) qua phep doi 
xung D N . Khi do tu giac OMO’N la 
hinh binh hanh. Tu do suy ra each dung: 

- Dung O' la anh cua (O) qua D A . 

- Dirng hinh binh hanh OMO’N sao cho 
MeOx,N eOy , khi do de thay MN di O 

qua A va AM = AN . 

Do do duong thang MN la duong thang can dirng. 

b) Gia sir duong thang d bat ki di qua A cat OM,Ox,Oy Ian lupt tai B,C, D. 

Do phep doi xung tam A bien tam giac ABM thanh tam giac ADN nen 
S = S < S 

^OMN • j ombp - ^OCt> * 



C x 
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Phep quay 

a .tom tat giao khoa. 

1 Djnh nghia: 

Clio diem O va goc luong giac a . Phep bien 
hinh bien O thanh chinh no va bien moi diem 
M khac O thanh diem M' sao cho OM =OM 

va goc luong giac (OM;OM') = o dirge ggi la 

phep quay tam O, a duoc goi la goc quay. 

Phep quay tam O goc quay a dirge ki hieu la Q ((V< .. 

Nhan xet 

• Khi <i = (2k + 1 ) 71 , k e Z thi Q |0n| la phep doi xung tam O 

r |, thi Q(o:«) Va P W P d5n 8 nh ‘tt- 


M' 


O 



M 


• Khi a = 2k7T ,keZ 


2. Bieu thuc toa dp cua phep quay: 

Trong mat phang Oxy, gia su M(x;y) va M’(x';y') = Q (M)thi 

x' = xcosa -ysina 
y' = xsina + vcosa 

Trong mat phang Oxy, gia su M(x;y), l(a;b) va M’(x’;y’) = Q (i } (M) thi 

x =a + (x-a)cosa -(y-b)sina 
y = b + (x-a)sina + (y-b)cosa 

3. Tilth chat cua phep quay: 

• Bao toan khoang each giua hai diem bat ki 

• Bien mot duong thang thanh duong thang 

Bien mpt doan thang thanh doan thang bang doan da cho 
Bien mpt tam giac thanh tam giac bang tam giac da cho 

Bien duong tron thanh duong tron co cung ban kinh ^ 

Luu y : 

Gia su phep quay tam I goc quay a 
Bien duong thang d thanh duong 
th ^ng d’, khi do 
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Phan loai va plnccmg phap giai Hitih hoc 11 


Tl % § . * 

Neu 0 < o < — thi goc giua hai duong thang d va d' bang a 

z 

7T % * * 

Neii — < a < rt thi goc giua hai duong thang d va d' bang n - it 


B. LUYEN KI NANG GIAI CAC DANG BAI TAP. 

• • • 

Bai toan 01: XAC DINH ANH CUA MQT HINH QUA PHEP QUAY. 
Phuang phap: 

Su dung djnh nghia , bieu thuc tpa do va cac tinh chat cua phep quay 

CAC VI DU 

Vi du 1. Cho M(3;4). Tim anh cua diem M qua phep quay tarn O goc quay 30 


Lai giai 


Goi M'(x';y') = Q ..Ap dung bieu thuc toa do 


x = xcosa - y sin a 
y' = xsina + y cos a 


ta 


x’ = 3cos30° -4sin 30° = -- --- - 2 

2 

O 

y’ = 3sin30° + 4cos30° = — + 2\l3 

2 


/ 


M' 


3^3 


V 


- 2;— + 2\/3 
2 


\ 


/ 


Vi du 2. Cho I(2; 1) va dirong thang d:2x + 3y + 4 = 0. Tim anh cua d qua 


L 01 giai 

Lay hai diem M(-2;0);N(l;-2) thuoc d. 

Gpi M’(x,;y l ) / N'(x,;y 2 ) la anh cua M,N qua Q (| 


Ta co < 


x, = 2 + (-2 - 2)cos45° - (0 -l)sin45° 

y, =1 + (-2-2) sin 45° +(0-l)cos45° 


x =2- 


<=> < 


y,=i- 


3V2 

2 

5V2 




M* 


. 3V2 , 5V2 
2 ——; 1 —— 


\ 


V 


/ 


Tuong tu 


X, =2 + (l-2)cos45°-(-2-l)sin45° 
I y 2 = 1 + (1 - 2)sin 45° + (-2 - l)cos 45° 


X 2 = 
iy 2 = 


2 + 

\-i4i 


N 


•(2 + V 2 ;l -2V2). 
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Taco M'N' = 


= -—-(5; l). 


V 


J 


Gpi d , = Q (14# . ) (d) thi d' coVTCP u = M'N' = (5; 1) => VTPT n = (—1;5) 


Phuong trinh: d' :-(x - 2- >/2 j + 5^y -1 + 2\/2j = 0<=>-x + 5y-3 + 10>/2 = 0. 


Vi du 2. Cho hinh vuong ABCD tam O, M la trung diem ciia AB, N la 
trung diem cua OA. Tim anh cua tam giac AMN qua phep quay tam O 

goc quay 90". 

Lai giai 


Phep quay Q^^ bien A thanh D, bien 


M thanh M la trung diem cua AD, bien 
N thanh N' la trung diem cua OD. Do 
do no bien tam giac AMN thanh tam giac 
DM'N’. 



Bai toan 02: SU DUNG PHEP QUAY DE GIAI CAC BAI TOAN Dl/NG HINH. 


Phuang phap: 


Xem diem can dung la giao cua mot dirong co san va anh cua mpt duong 
khacqua phep quay Q,.^ nao do. 


CAC VI DU 

Vi du 1. Cho diem A va hai duong thang d,,d 2 . Dirng tam giac ABC vuong 


can tai A saocho B ed,,Ced 2 . 


Lot giai 

Phan tick: 

Gia su da dung dupe tam giac ABC thoa man yeu cau bai toan. 
Ta co the gia su (AB, AC) = 90", khi do , \ A 


Q, „.(C) = B, ma Ced, nen Bed,’ 

|A; *K) ) ' / 2 2 


V 6id,- = Q (d,). 


Lai co Bed, nen B = d,ndC. 


Cucli dung: 

* Dung duong thang d 2 ' anh cua d 2 qua Q^ ^ 
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Phan loai vd phuxrng phdp gidi Hinh hoc 11 


- Dung giao diem B = d,nd/. 

- Di,ing dudng thang qua A vuong goc vdi AB cat d, tai C. 

Tam giac ABC la tam giac can dung. 

Chung irtinh: 

Tu each dung suv ra Q, w „j(B) = C nen AB = AC va BAC = 90" do do tam 

giac ABC vuong can tai A . 

Bien liian: 

- Neu dj.dv khong vuong goc thi co mot nghipm hinh. 

- Neu d, 1 d, va A nam tren dudng phan giac cua mot trong cac goc tao bbi 


d,,d 2 thi co vo so nghi^m hinh. 


- Neu d, ± d 2 va A khong nam tren dudng phan giac cua mot trong cac goc 
tao bbi d,,d, thi bai toan vo nghipm hinh. 

Vi du 2. Cho tam giac ABC co (AB, AC) = (x(0" < a <90° ) va mot diem M 

nam tren canh AB. Dung tren cac dudng thang CB,CA cac diem N,P sao 
cho MN = MP va dudng tron (AMP) tiep xiic vdi MN . 

m 

Lai giai 

Phan tick: Gia sit da dung duoc cac diem N,P 
sao cho NeBCPeAC sao cho MN = MP 
va dudng tron (AMP) tiep xiic voi MN . Khi 

do do MN tiep xiic vdi dudng tron (AMP) 

nen PMN = A = a. Tu do ta co (MP;MN) = -a 
lai co MP = MN nen Q (N1 ^ (P) = N . 

Gia sir 0 = Q (XI } (A) va I = ON n AC. 



Theo tinh chat phep quay ta co NIC = (ON,AP) = a=>NIC = BAC => IN // AB 
Cach dung: 

- Dimgdiem 0 = Q (M o) 

t _ 9 

- Dung dudng thang qua O song song vdi AB cat BC tai N 

- Dungtia MP cat AC tai P sao cho NMP = a 
Nhu vay cac diem N,P la cac diem can dung. 


Ctxj TNHH MTV DVVU Khaug Vic 


PMN = 


Chung rninh: 

Vi ON // AB nen AMO = MON = a 
(AMN) tiep xiic vdi MN . Ta co Q (M . x) : MP - 

Bieit luan: Bai toan co mot nghiem hinh duy nhat. 


MAP = n suy ra dudng tron 
► MN nen MP = MN . 


Bai toan 03: Stf DIJNG PHEP QUAY DE GIAI CAC BAI TOAN TAP HQOP DIEM. 
Phuong phap: 

Xem diem can dung la giao cua mot dudng co san va anh cua mot dudng 
khac qua phep quay Q j|;ii) nao do. 

De tim tap hop diem M ta di tim tap hop diem M ma nao do bien 

diem M thanh diem M', khi do neu Me(H) thi M , €(H’) = Q |1 0 ((H)). 

CAC VI DQ 

Vi du 1. Cho dudng thang d va mot diem G khong nam tren d. Vdi mdi 
diem A nam tren d ta dung tam giac deu ABC co tam G. Tim quy tich 
cac diem B,C khi A di dong tren d. 

w s • • » • 

Lai giai 

Do tam giac ABC deu va co tam G nen 
phep quay tam G goc quay 120" bien A 
thanh B hoac Cva phep quay tam G goc 
quay 240" bien A thanh B hoac C. Ma 

f 

Aed nen B,C thupc cac dudng thang la 
anh cua d trong hai phep quay noi tren. 

Vay quy tich cac diem B,C la cac dudng thang anh cua d trong hai phep 

quay tam G goc quay 120" va 240". 

Vi du 2. Cho tam giac deu ABC. Tim tap hop diem M man trong tam giac 

ABC sao cho MA 2 + MB 2 = MC 2 . C 

* \ • • » • 

Lai giai 

Xet phep quay ^thi A bien thanh 

C, gia su diem M bien thanh M', khi do 
MA = M'C, MI3 = MM’ nen MA'+MB^MC 2 
<=> M'C 2 + MM= MC : do do tam giac 

M ’MC vuong tai M 'suyra BM C = 150" . g 
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Pltan loai va phivong phap $iai limit hoc 7 7 


Lai co AM = CM', BM = BM’ va AB = BC => AAMB = ACM’B (c-c-c) 

=> AMB = CM’B = 150°. Vay M thuQC cung chira goc 150° voi day cung 

\ 

AB nam trong tarn giac ABC. 

Dao lai lay diem M thuoc cung AB = 150" trong tam giac ABC, goi 
M' = Q 

^(l»; Ml") ' / 


Do Q (Hirf .,:AMB->CM’B nen CM'B = 150". Mat khac tam giac BMM’ 


deu nen BM’M = 60° => CM'M = 150" -60° = 90° vi vay AM'MC vuong tai 
M'=>M'B : + M'C" = MC 2 , ma MA = M'C,MB = MM' 

=>MA 2 + MB 2 = MC 2 . 

Vay tap hyp diem M thoa yeu cau bai toan la cung AB = 150° trong tam 
giac ABC nhan AB lam day cung. 


Bai toan 04: SlT DICING PHEP QUAY DE GIAI TOAN. 

CAC VI DQ 

Vi dy 1. Cho tam giac ABC. Ve cac tam giac deu ABB' va ACC' nSm pliia 
ngoai tam giac ABC. Goi I,J Ian luyt la trung diem cua CB’ va BC’. Chung 
minh cac diem A, I, J hoac trung nhau hoac tao thanh mot tam giac deu. 

W \ • • 1 * 

Loi giai 

Gia sir goc luyng giac (AB, AC) > 0 (hinh ve). C' 

Khi do , xet phep quay Q -Ta co 

Q (aii1|0 | :B'Ci-» BC' ma I,J Ian luyt la 
trung diem cua B'C va BC' nen 



Vay neu I,J khong trung A thi AA1J deu. 

Khi BAC.= 120° thi UJsA. 

Vi dy 2. Cho hai duong tron biing nhau (0;R) va (0';R) dit nhau tai hai diem 

A,B sao cho OAO' = 120". Duong thang d di qua B c5t hai duong Iron 
(O) va (O') theo thu tu tai M,M' sao cho M nam ngoai (O') con M' 


Ctt/ TNHH MTV DVVH Khan y Viet 


n 3ir> ngoai (O). Goi S la giao diem cua cac tiep tuyen vdi hai duong tron 

tai M va M'. Xac djnh vj tri cua M,M' sao cho ban kinh duong tron ngoai 
tiep tam giac SMM' Ion nhat. 

Lai giai s 

Gia sir goc luong giac (AO’, AO) = 120" (nhu hinh ve) 

Xet phep quay Q (a Cq\ B' = Q (a; (B) thi 


BAB =120". De thay OAB = 60" suy ra 
CAB +BAB =180 nen O.A,B' thang hang. 
Taco MBA + ABM'= 180", 

ABM' + aItM ' = 180" 



M' 


=> MBA = AB’M’ . B , 

Ma (0;R) va (0';R ) bang nhau nen AM = AM' (l); til do ta co 

AOAM = AO'AM' =>OAM = O r AM' 


=> O'AM + O'AM = OAM + O'AM = 120" hay MAM' = 120° (2). Tu (I); (2) 
suy ra l2n ,,)(M) = M' • Do do trong phep quay nay tiep tuyen MS bien 

thanh tiep tuyen M'S nen goc tu giiia hai duong thang MS va M'S bang 
120" do do MSM’ = 60°. Ap dung djnh li sin cho tam giac SMM' ta co 


R = 


MM’ MM' 


„ - j — R Ion nhat khi MM' Ion nhat.Goi H,K Ian luot la 

2 sin 60 73 

hinh chieu cua 0,0' tren MM' thi ta co MM'= 2HK < 200'. Dang thirc 
xayrakhi MM'//00‘. 

Vay ban kinh duong tron ngoai tiep tam giac SMM' Ion nhat khi M,M' la 

/ I I f 

cac 8 ,ao ctiem thu hai cua duong thang d di qua B va song song voi OO' 
v «i hai duong tron. 

c Ac BAI TOAN LUYEN TAP 

• • 

Tim anh cua duong thang d : 5x - 3y 4-15 = 0 qua phep quay Q 


’(o.W) * 


29. Ti 


m a nh cua duong tron (C): (x — 1)~ -h (y -h 2)~ =9 qua phep quay 
y 6i I(3;4). 

phuong trinh cac canh cua tam giac ABC biet A(l;2) / B(3;4) va 


cos A = ~, cos B = —^= . 
v5 VlO 




























Phan loni va phiron y phopgiai Hinh hoc 11 


31. Cho ba diem A,B,C thang hang va B nam giua A,C . Dung ve mot phia 
cua dudng thang AC cac tarn giac deu ABE va BCE . 

. 1 ) Chung minh AF = EC va goc giua hai dudng thang AF va F.C biing 60". 
b) Goi M,N Ian luot la trung diem cua AF va FC, chtrng minh tarn gia c 
BMN deu. 

32. a) Cho tarn giac ABC co tat ca cac gcSc nho han 120". Tim tren mat phang 
dura tarn giac diem M sao cho tong MA + MB + MC nho nhat. 

b) Tim gia trj nho nhat cua bieu thiic 

T = n /(x + 1) : +(v-1) : + n /(x- 1) ; +(y + l) : + \/( x + 2) ; +(y + 2) : 

33. Cho tii giac Idi ABCD. Ve phia ngoai tarn giac dung 4 hinh vuong 
ABMN,CBPQ,CDPS,DATU . Gpi O, (i = 1,4) theo thii tu la tarn cua cac 

hinh vuong do. Chung minh 0,0, ±0,0 4 va 0,0, =0 : 0 4 . 

34. Cho hinh vuong ABCD tarn O. Tren cac canh BC,CD lay cac diem M,N. 
Goi E,F Ian 1 uot la hinh chieu cua B len cac dudng thang AM,AN; cac 
diem I,J Ian lupt la hinh chieu cua D len AM, AN . Chung minh 

a) Xac djnh anh cua ABAF va ABAE qua Q 


(o.w") ‘ 


b) EF1IJ. 


35. Cho gcSc xOy va diem M thupc mien trong goc do. Tim tren Ox,Oy cac 
diem A,B sao cho OA=OB va MA + MB nho nhat. 

36. Cho hai duong trdn dong tarn, hay dung hinh vuong sao cho hai dinh lien 
tiep cua no nam tren mot dudng trdn, hai dinh con lai nam tren dudng trdn 
thu hai. 


LOI GIAI - Hl/ONG DAN - DAP SO 

28. did nen phuong trinh co dang 3x + 5y + c = 0 

Lay M(-3;0) e d , ta co: 

Q ,^(M) = M'(0;-3), M'ed'=>C = 15, hay d’:3x + 5y + 15 = 0. 

29. (C) co tarn j(l;-2),R = 3, goi J , (x , ;y , ) = Q (|jWr . ) (l) taco 

x’ = 3 + (l -3)cos-j _ (‘ 1 + 2)siny = -3 
y' = 4 + (l - 3)sin — + (4 + 2)cos^ = 2 
=> J' (—3; 2) ma R'-R = 3 nen phuong trinh (C') :(x + 3)‘ + (y - 2) =9. 


Cti, TNI III MrVDVVH Khany Viet 


30. Su dung tinh chat: Phep quay tarn l(a;b) e d : Ax + By + C = 0 goc quay 
a bien d thanh d' co phuong trinh: 

(A - B tana)(x - a) + (A tana + B)(y-b) = 0. 

F 


Ta duoc AC: 3x - y -1 =0, BC: x - 2y + 5 = 0 


31. n) Q|, t . bo "|(F.C) AF 


=> EC = AF va goc giua hai dudng 
thang AF va FC bang 60". 
b) Q „.(N) = M=>ABMN deu. 

’ ^(11,M* ) ' ' 


E M 



32. a) Gia su tarn giac ABC co cac diem dupe sap xep nhu hinh ve 


• 9 


Xet phep quay Q (|( ^^giasu 


Q.. ^-^M’X-^C' the thi AMBM' 

In# WI J 


deu nen BM=MM'. Tirong tu MC = M'C' 
do do: 

MA + MB + MC = AM + MM’+ MC' > AC' 
V'ay min(MA + MB + MC) = AC' khi 

A,M,M',C' th.ing hang, khi do ta de 

dang kiein tra dupe: 

— 4 — ^ 

AMB = BMC = CM A = 120° . 


Hay diem M nhin ba canh diroi cac goc 120°. 
(Diem M nay duve goi la diem Toricelli) 
h) Trong mp Oxy xet cac diem 



A(-l;l),B(l;-l),C(-2;-2),M(x;y) thi 


T = MA + MB + MC. 

Tam giac ABC can tai C va thoa man 
dieu kien cua can a ) tu do de dang tim 

dupe minT = 2\jl + \[b khi: 




M 


1 __ 1 

&' & 


\ 


x = - 


1 


j 


y = 


i 




c 
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Phan loai va phimig phap $iai Hinh hoc 11 


33. Xet phep quay Q ( x . Ta cd BT -> ND => BT = ND va BT 1 ND (l). 

Xet phep quay Q w „. ta co BS - 


Goi O la trung diem cua BD . 


PD => BS = PD va BS X PD (2). 

Q _ _ 

M 


De thay : OO, //= {-ND,OO r //=-PD 


OO, //= - BS.OO, //= I BT .Ket hop vdi 
2 2 

(1),(2) taco OO, 1=00,,OO, 1=00,, 
tiep thco xet phep quay Q j: , , (ij ta co 

0,0, ->o : o, =>0,0, 1=0,0, 

(ki Iticu AB//=CD, AB 1= CD lit AB song song b8ttg CD , AB vuong goc va 
bting CD). 

34. Gia su cac diem A,B,C,D duoc sap 
xep nhu hinh ve: 

a) Xet Q ,, ta co ABAF. = AADJ va 

^(O.W ) 




nen ABAH->AADJ. 

Tuang tu ABAE —> A ADI. 
b) Vi Q ,.: F -* J,E -> I nen EF 1IJ. 

35. Gia su goc luang giac (Ox,Oy) = cx . 



Xet Q <( . . thi Ox 


Oy 


vi A e Ox, B e Oy va OA = OB nen 

A->B, goi M’ la anh cua M thi 
MA = MB 

MA + MB = M’B+ MB > MM 1 
Dang thiic xay ra khi B s B () = MM nOy . 

Tu do suv ra each dung A,B nlur sau: 

Dirnganh M’ = Q (0w ,(M). 

Dung giao diem B = MM nOy. 

Dung A = Q .. 


o 



A 



Ch/ TNim MTV DVVH Khans- Viet 


36. Gia su da dung dupe hinh vuong 
ABCD co hai dinh A,Be(0;R,) va 

hai dinh C,De(0;R,) vdi R, > R,. 

Khi do Q :B-»D,ma Be(QR,) nen 

Dg(0;R,) anh cua (0;R,) qua Q | v w „j. 

Mat khac D€(0;R,) => D e (O; R,)n(0';R,). 

Tu day ta cd each dung , 

Dung dudng Iron (O’;R,) anh cua dudng trdn (0;R,) qua Q 
Dirng giao diem E) cua (0';R,) va (0;R,). 



(A;90") * 


Dung diem B anh cua D qua Q 


(A. ‘*>°) * 


Ke dudng thang qua B song song vdi AB cat (0;R) tai C. 

Hinh vuong ABCD la hinh vuong can dung. 

Bai toan cd nghi?m hinh khi (0’;R,) va (0;R : ) cd diem chung 

<=>OO' > R, - R, <=> \flR ] > R, - R t oR, < (uJi)R,. 
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Hinn loni va pluamg phap giai Hinh hoc 11 


Khai niem phep doi hinh 
va hai hinh b&ng nhau 

A.TOM TAT GIAO KHOA. 

1. Djnh nghia. 

• Phep doi hinh la phep bien hinh bao toan khoang each giua hai diem bat ki 

• Vay neu f la phep dai khi va chi khi f(M)f(N) = MN. 

Nhan xet: 

• Cac phep bien hinh : Tinh tien, doi xung true, doi xung tam va phep quay la 
cac phep doi hinh. 

• Thuc hien lien tiep cac phep doi hinh thi cung dupe mot phep doi hinh. 

2. Tinh chat cua phep dai hinh. 

• Bien ba diem thang hang thanh ba diem thang hang va khong lam .thay doi 
thu tu giua ba diem do. 

• Bien mot duong thang tharth mot duong thang, bien tia thanh tia, bien doan 

t t % 

thang thanh doan thang bang no. 

• Bien tam giac thanh tam giac bang ncS, bien mot gcSc thanh goc bang goc da 
cho. 


• Bien duong tron thanh duong tron co cung ban ki'nh. 

# % 

3. Dinh nghia hai hinh bang nhau. 

Hai hinh duoc goi la bang nhau neu cd mot phep doi hinh f bien hinh nay 
thanh hinh kia. 


B. LUYEN Ki NANG GIAI CAC DANG BAI TAP. 

• • • 

BAi toan 01: XAC DINH ANH CUA MOT HINH QUA PHEP DOI HiNH. 
Phuang phap: 

Dung djnh nghia, bieu tluic ton do va cac tinh chat cua cac phep doi hinh cu 
the (tinh tien, doi xung true, doi xung tam va phep quay ) co trong bai toan. 

CAC VI DV 

Vi du 1. Cho duong thang d:3x + y + 3 = 0. Viet phuang trinh cua dirong 

0 

f \ 

thang d' la anh cua d qua phep doi hinh co duoc bang each thuc hien lien 
tiep phep doi xung tam l(l;2) va phep tjnh tien theo vec to v = (-2;l). 
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« < • • • • 

Lai giai 

Gpj F = T D, la phep doi hinh hang each thuc hign lien tiep phep doi xung 
tam I va phep tinh tien T . 

Goi d, =D,(d),d' = T (d,)=>d’ = F(d). 

po d' song song hone triing voi d do do phuang trinh cua d' cd dang 
3x + y + c*0. Lay M(0;-3)ed taco D,(M) = M'(2;7). 

4 

Lai cd T (M ) = M"(2 + (-2);7 + l)=> M"(0;8) nen F(M) = M"(0;8). 

Ma M" e d ’ => 8 + c = 0 o c = -8. Vay d : 3x + y - 8 = 0 . 

Vi du 2. Cho hinh vuong ABCD co tam I. Tren tia BC lay diem E sao cho 

BE = AI. 

a) Xacdjnh mpt phep dai hinh bien A thanh B va bien I thanh E. 

b) Dung anh cua hinh vuong ABCD qua phep doi hinh nay. 

Lai giai 

a) Goi f la phep doi xung qua duong ^ 

trung true d cua AB, g la phep doi 

xung qua duong trung true d' cua 
IE. Khi dcS f bien AI thanh Bl va g 

bien Bl thanh BE. Tir dcS phep doi 
hinh b = g*f bien AI thanh BE dodo 



A 9 


6(A) = B / 6(l) = E. 

Mat khac phep doi hinh co dupe bang 
each thuc hien lien tiep hai phep doi 
xung true cat nhau tai J la phep quay 

tam J goc quay o = 2(d;d ) = 2(JI; JB) 

= (jl; JE) = 45° ( do JE//IB). 

Vay phep doi hinh nay chinh la 

f bien cac diem AJ^C/D thanh cac diem BfA.D.C, g bien cac diem 
B/A.D.C thanh cac diem B.A'.D’^C'. Do do b bien cac diem A,B,C,D 
lhanh cac diem B, A^D^C’. Vay anh cua hinh vuong ABCD la hinh vuong 
BA'D'C doi xung voi hinh vuong BADC qua d'. 
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Pluhi loni va phtrcmg phdp giai Hinh hoc 11 


Bai toan 02: CHLfNG MINH HAI HINH BANG NHAU. 

Phuang phap: 

De chung minh hai hinh bang nhau ta can chi ra mot phep ddi hinh bieVi 
hinh nay thanh hinh kia. 

CAC VI Dy 

Vi du 1 . Cho hai tarn giac ABC va A B C' co cac dudng cao AH va A'H 
sao cho AH = ATT, AB = AT’, AC = A’C' cac goc A,A 1 deu la goc tu. 
Chung minh hai tarn giac ABC va A B C' bang nhau. 


w * • • t • 

Loi giai 


Vi cac goc A va A' la cac goc tu nen cac goc B,C, B',C’ la cac goc nhon. 

Suy ra H ogiua B va C, H' ogiua B* va C’. Vi hai tam giac vuong 
ABH va A'B'H' bang nhau nen co phep ddi hinh F bien A,B,H Ian luot 
thanh cac diem A, B',IT. Khi do C bien thanh C'. Vay phep doi hinh F 
bien tam giac ABC thanh tarn giac A B C' nen hai tarn giac nay bangnhau. 

A 9 



Vi dy 2. Chung minh rang hai tam giac bang nhau neu co cac dirdng tron noi 
tiep bang nhau, dong thdi khoang each giua tam dirong tron npi tiep va 
bang tiep cua hai tam giac do ciing bang nhau. 

t \ • • » • 

Loi giai 



48 


Oy TNHH MTV DVVH Khan y Viet 


Gia su (0;r),(l;R) Ian lu<,>t la tam duong tron ngoai tiep tam giac ABC va 

tam dudng tron bang tiep gcSc A; tam giac A B C' co dudng tron noi tiep 
(0';r) va dudng tron bang tiep goc A' la (I';R) va 01 = 0T. 

Vi 01=0 T nen ton t<»i phep doi hinh F: OhO'JkI' khi do 
F: (O; r)i-» (O';r),(I;R) i-» (I';R). Mat khac F bien cap tiep tuyen chung 

ngoai AB va AC cua (O) va (I) thanh cap tiep tuyen chung ngoai A’B' 

va AC cua (O') va (l')( hoac AC va A B ) con tiep tuyen BC phai 


bien thanh tiep tuyen B'C' suy ra F: AABC AA'B'C’ hoac 
F: AABC i-> AA C B', hay hai tam giac ABC va ABC’ bangnhau. 


CAC BAI TOAN LUYEN TAP 


37. Cho duong thang d : 2x + y = 0 va v = (3;-l). Tim anh cua d qua phep doi 
hinh co dupe being each thyc hi«?n lien tiep phep quay Q va phep tjnh 

tien theo v. 

* 

38. Trong mat phang tpa do Oxy, vdi a,b,a la nhung so cho trirdc, xet phep 
bien hinh F bien moi diem M(x;y) thanh diem M^x^y'Jsao cho 

x' = a + (x -a)cos<x -(y - b)sino 
y 4 = b + (x -a)sina + (y - b)cosa 

Chung minh F la mot phep doi hinh. 

39. Chung minh rang moi phep quay co the xem la ket qua cua vipc thyc hipn 
lien tiep hai phep doi xung true. 

40. Chung minh rimg neu thuc hipn lien tiep hai phep doi xung tam I t ,I 2 ta 
duoc ket qua la mot phep tjnh tien theo v = 21,1,. 

41. Chung minh neu thuc hipn lien tiep hai phep quay cung tam Q (0 Q (0m | 

thi ta duoc ket qua la mpt phep quay Q (0t) ^. 

42. Cho dudng tron (O), mpt diem P co djnh va mQt doan thang AB = a co 

djnh. Vdi moi diem M thupc (O)ta dung hinh binh hanh ABNM va goi 

Q la diem doi xung cua N qua P. Tim tap hyp diem Q khi M thay doi 
tren dudng tron. 
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Phnii loni va phinvig pi tap girii limit hoc 11 


LOI GIAI - Hl/ONG DAN - DAP SO 

37. Dot F = T 5 Q| 0 ch>"^ P^P doi hinh co duoc bang each thuc hi£n lien tiep 


phep quay Q (l . va phep tjnh tien theo v .Gpi d' = F(d). 

10,90 I 


Thi d’±d=>d’:x-2y + c = 0 . Lay O(0;0)ed 


F(°) = T. < Q, 0 , w . ( (°) = T v (°) = 0 (3;-1) 


.. \ 


0 , ed’=>c = -5. Vay F(d) = d’:x-2y-5 = 0. 


38. ViFbien moi diem M(x;y) thanh diem M^x'jy'Jco toa do 


x' = a + (x - a) cos a - (y - b) sin a 


y' = b + (x-a)sina + (y - b)cosa 


(i 



2 / . * 

x N -x M )c°sa-(y N -y M )s in a) +((x N -x N1 )sina-(y N -y M )cosrt) 


= \/( x N- x M) :+ (yN-y M ) 2 = 


MN 


Vay F(MN) = M'N' = MN nen F la phep doi hinh. 

39. Xet phep quay Q (1V() . Lay duong ^ 


thang d bat ki di qua I, goi d' la anh 
cua d qua Q (I o) .Goi M' doi xung voi 

M qua d, M” doi xung vai M' qua 
d' va. G?i J =dnMM , / H = d'nM'M", 
theo he thuc Sa la ta co 



(IM / IM”) = (IM,IM , ) + (IMMM") = 2(lJ,IM‘) + 2(lM',IH) = 2(lJ,IH) = 2(\> 


Lai co IM” = IM’ = IM dodo (rMM’)=2ct> va IM" = IM nen Q (1 2<;i) (M) = M". 


v ?y % m >) 


=D d .oD d . 


40. Xet cac phep doi xung tarn I,,I,. 

Lay diem M bat ki. 

Goi M’=D (M),M"=D, (M') 


M' 


ta co s 


I,M’ = -I,M 




M 



M" 


I, la trung diem cua MM' va 1, la trung diem cua M'M" ( hinh ve) 


Suy ra MM" = 21,1, =>T • (M) = M". Vay D, <D, = T |U - 


5D 
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41. Goi M' = Q (0;t|>) (M),M" = Q (0 . (|>;) (M’) 

thi taco OM' = OM,(OM,OM') = (]•>, va 

OM" = OM',(OM',OM') = <(>, suy ra 

OM " = OM va theo h<? thirc Sa-lo ta co 
(OMOM") =(OMCM) +(OM,OM') =<|>, +<k 


Vay Q,0;„,, Q(0:,j.,) 


f 



42. Do ABNM la hinh binh hanh nen MN = AB^>T (M) = N, mat khac Q 
do! xung voi N qua P nen D,,(N) = Q vi vay D |> oT u( (M) = Q ma M chay 

tren dirong tron (O) nen Q chay tren duong tron (O,) la anh cua (O) qua 
phep doi hinh F =D,,tT^. 


Vay quy tich diem Q la duong tron (O,) la anh cua (O) qua phep doi 
hinh F =D p oT xli . 
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Pluiti loai va phi tang phdp $iai Hinh hoc 11 


Phep v i tv 

A.TOM TAT GIAO KHOA. 

1. Djnh nghia. 

Cho diem I va mot so thuc k * 0 . Phep bien hinh bien moi diem M thanh diem 
M' sao cho IM' = k.lM duoc goi la phep vj tu tarn I, ti so k . K i hi£u V (| 

Vay V ((k) (M) = M , oIM =k.lM. 

2. Bieu thuc toa do. 

Trong mat phang toa do, cho l(x 0 ;y 0 ), M(x;y), goi M (x’;y ) = V (M) 


thi 


x' = kx + (l - k)x () 
y' = ky + (l - k)y„ 


3. Tinh chat: 


Neu V (IM (M) = M , ( V (|k) (N) = N l thi M'N' = kMN va M'N' = |k|MN 


(1:M 


• Phep vj tu ti so k 

- Bien ba diem thang hang thanh ba diem va bao toan thu tu giira ba diem do. 

- Bien mot duong tliang thanh mot duong thang song song hoac triing voi 

f # I ♦ 

duong thang da cho, bien tia thanh tia, bien doan thang thanh doan thang. 

- Bien mot tarn giac thanh tarn giac dong dang voi tarn giac da cho, bien goc 
thanh goc bang ncS. 

- Bien duong tron co ban kinh R thanh duong tron co ban kinh |k|R 
4. Tam vi ty cua hai duong tron. 

Dinh li: Voi hai duong tron bat ki luon co mot phep vj tir bien duong tron nay 
thanh duong tron kia. 

Tam cua phep vj tu* nay duoc gpi la tarn vj tir cua hai duong tron. 

Cho hai duong tron (l;R) va 

• Neu I = P thi cac phep vj tu V R >bien (l;R) thanh(l';R'). 

KJ 

• Neii I *\' va R*R' thi cac phep vj ty V R .s va V, bien (l;R) 


° ; r 


K 


thanh (P;R ). Ta goi O la tarn vj tv ngoai con O, la tarn vj tir trong cua hai 
duong tron. 
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M* 


M 9 



M 


99 



Neu 1*1' va R = R' thi co V (() 1( bien (I;R) thanh(l';R’) 

m \r 



M 




B. LUYEN KI NANG GIAI CAC DANG BAI TAP. 

Bai toan 01: XAC DJNH ANH CUA MQT HINH QUA PHEP VJ Tl/. 

Phuang phap: 

Dung djnh nghia, tinh chat va bieu thuc toa do cua phep vj tu. 

CAC VI DQ 

Vi dy 1. Trong mat phang Oxy, cho duong thang d co phuang trinh 
5x + 2y-7 = 0. Hay viet phuang trinh cua duong thang d' la anh cua d 

qua phep vj ty tarn O ti so k = -2 . 

• % • • » • 

Lai giai 

Click 1: Lay M(x;y) e d => 5x + 2y -7 = 0 (*). 


Goi M’(x';y ) = V (0 Theo bieii thuc toa do ta co 


x = 


-2x 4- [1 - (-2)].0 


X = 


y = 


= -2y + [l-(-2)1.0 


<=> < 


1 

-X 

2 


y = 




I y 


5 . 


Thay vao (*) ta duoc - — x’- y'-7 = 0 <=> 5x'+ 2y'+14 = 0 


Vay d : 5x + 2y + 14 = 0. 































Phan loai i>a phi van# phap giai Hinh hoc II 


Cdch 2: Do d' song song hoac trung vcVi d nen phirong trinh c 6 dang : 
5x + 2y + c = 0. Lay M(l;l)thupc d. Goi M'(x’;y') = V (0 . 2) (M) ta co 

x' = -2 . . 

. Thay vao (*) ta dirge c = 14. 


OM' = -20M 


y* = -2 


Vay d‘: 5x + 2y +14 = 0. 

Vi dy 2. Trong mat phang Oxy, cho duong tron (C) :(x - l) : + (y -1) : = 4 . Tim 
anh cua duong tron (C) qua phep vj tu tarn I(—1;2) ti so k = 3 

f * • • f • 

Loi giai 

Dirong trim (C) co tarn j(l;l), ban kinh R = 2. 


Gpi J’(x';y ) = V (M) (j) => if = 3lj o - 


x'-l = 3(l + l) f x' = 7 , . 

y , -l = 3(l-2) C> {y’ = -2 ^ 


Goi (C) la anh cua (C) qua phep vj ty V (I;3) thi(C') co tarn J'(7;-2), ban 


kinh R’ = 3R =6. 


Vay (C‘): (x - 7) 2 + (y + 2)* = 36 . 


Bai toan 02: TIM TAM VI Ti/ CUA HAI Dl/ONG TRON. 
Phuang phap: 

Sir dung each tim tarn vj tu cua hai duong trim trong bai hpc. 
CAC VI Dy 

Vi dy 1. Cho hai duong trim (0;R) va 
(0';2R) dung nhau, voi O * O '. Tim tarn 
vj ty cua hai duong tron (O) va (O’). 


M' 


Loi giai 

Do 0*0* va R * 2R nen co hai phep 
v i tu V (I;2) va V (1 , 2) bien (0;R) thanh 

(0';2R). 

% 

Vi dy 2. Cho hai duong tron (C):(x-2)'+(y-l)'=4 va (C'):(x-8) : +(y-4) : =16 

| ^ M ^ ^ ^ hai duong trim. 
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« % • • 2 • 

Loi giai. 

Duong trim (C) co tarn l(l;2),ban kinh R = 2; duong tron (C) co tarn 
I'(8;4), ban kinh R' = 4 . Do 1*1' va R * R nen co hai phep vj ty V () . 2) va 

V () ,, bien (C) thanh (C). Goi J(x;y) 

I. — - f 8 — x = 2(2-x) [x = -4 

Vdi k = 2khido JT = 2JIo« , ;« 

[4-y = 2(1 -y) [y = -2 

=>J(-4;-2). 

Tuong ty voi k = -2, tinh dupc J' (4; 2). 


Bai toan 03: Si/ DyNG PHEP VI Ti/ DE GIAI CAC BAI TOAN Dl/NG HINH. 
Phuang phap: 

De dung mot hinh (H) nao do ta quy ve dung m<j>t so'diem (du de xac djnh 
hinh (H)) khi do ta xem cac diem can dung do la giao cua hai duong trong 

do mot duong co san va mot duong la anh vj tu cua mpt duong khac. 

CAC VI DV 

Vi du 1. Cho hai diem B,C co djnh va hai duong thang d,,d 2 . Dung tarn giac 


UU 1. V^IIU lull UK III Ulllll V cl I I cl I UUUII^ lllclll^ 

ABC codinh A thupc d, va trong tarn G thuoc d 2 . 

W > • • f • 


Lai giai 


Phan tick: 


Gia su da dung dupe tarn giac ABC thoa 
man yeu cau bai toan. 

Goi I la trung diem cua BC, theo tinh chat 

trpng tarn ta co IA = 3IG 

=> V (I ^ (G) = A ma G e d, => A e d 2 ’ 

Voi d,’ la anh cua d, qua 


Lai co Aed 


A = d, nd 2 ’. 



C 


Cdcli dung: 

- Dung duong thang d 2 ’ anh cua d 2 qua 

- Dung giao diem A = d,nd 2 \ 

• Dung giao diem G = IAnd : . 


Hai diem A;G la hai diem can dung. 


5 















Phan loai va plwxvtg phap giai llinli hoc 11 


Chung minh : Ro rang tu each dung ta co Aed |/ Ged ? ; I la trung diem cua 
BC va V (w) (G) = A => 1A = 3IG => G la trong lam lam giac ABC . 

Bien luatt: So nghipm hinh King so giao diem cua d, va d,'. 

Vi dy 2. Cho hai duong trdn dong tarn (C,) va (C,). TCr mpt diem A tren 

duong tron Ion (C,) hay dung duong thang d c3t (C : ) tai B,C va cSt 
(C,) tai D sao cho AB = BC = CD. 

Lai giai 

Phan ttch: Gia su da dung dupe duong thang d cSt (C,) tai Dva (C,) tai 

B/C sao cho AB = BC = CD, khi do AB = -AC 

2 

Ma Ce(C ; ) nen Be(C,') voi duong trdn 
(C,') la anh cua (C,) qua V 


V (C) = B . 



f *;r 


Lai co B € (C,) nen Be(C ; )n(C : '). 

Cdch dung 

• Dung duong tron (C ; ') anh cua duong 
tron (C,) qua phep vj tir V 


A; 2 



• Dyng giao diem B cua (C,) va (C,') . 

Dirng duong thang d di qua A,B c3t cac duong tron (C,),(C,) tai C ( D 
tirang ung. 

Duong thing d chinh la duong thing can dung. 

Chung minh: 

Goi I la trung diem cua AD thi I cung la trung diem cua BC . 

W V / r,( c ) = B n ^ n AB= BC, mat khac AD va BC co chung trung diem 

I nen IA = ID, IC = IB, ID = CD + IC; IA = IB + AB suy ra CD = AB 
Vyy AB = BC = CD. 

Bien luatt: Goi R,;R 2 Ian lupt la ban kinh cac duong tron (C,) va (C,) ta co: 

• Neu R, > 2R 2 thi co mpt nghiem hinh. 

• Neu R, < 2R 2 thi co hai nghipm hinh. 
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pX toan 04: Sti Dl^NG PHEP VJ Tl/ DE GIAI CAC BAITOAN TAP HQP DIEM, 
phuong phap: 

pe tim tap hop diem M ta co the quy ve tim tap hpp diem N va tim mot 
phep vj tu V (I;M nao do sao cho V (1 . k) (N) = M suy ra quy tich diem M la 

anh cua quy tich N qua V (U) . 

C AC VI DV 

Vi du 1. Cho duong trdn (0;R) va mpt diem I nam ngoai duong trdn sao cho 
OI = 3R, A la mot diem tliay doi tren duong trdn (0;R). Phan giac trong 

goc IOA cat IA tai diem M . Tim tap hpp diem M khi A di dpng tren 

(0;R). 

f > • • 9 • 

Loi giai 

Theo tinh chat duong phan giac ta co 
MI OI 3R 


MA OA R 


= 3 


IM = — IA 
4 


IM = 


— IA 
4 


V ,o(A) = M 



/ 


Ma A thupc duong trdn (0;R) nen M thupc 


3 N 
0';-R 

4 


V 




anh cua (0;R) qua 


V 1 . Vav tap hpp diem M la 
' d 


3 "l 

O’;—R 


anh cua (0;R) qua V v 


** du 2. Cho tarn giac ABC. Qua diem M tren canh ABve cac duong song 
song voi cac duong trung tuyen AE va BE, tuong ung c.it BC va CA tai 
R,Q . Tim tap hpp diem R sao cho MPRQ la hinh binh hanh. 


W \ • • 9 • 

Lai giai 

Cpi UMQnAE, K = MPnBF va G 
la trong tarn cua tarn giac ABC. 

MI AM AQ IQ 


I 


Ta 


co 

IQ 


BG AB AF GF 


BG 

GF 


= 2 


MI = -MQ. 
3 


ll 
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Phan loai va phuxrtig phap giai Hlnh hoc 11 


• 2 

Tuong tu ta co MK = — MP 


Tii do ta co MG = MI + MK = —MQ+—MP 

3 3 


-MR 

3 


I 


Dodo GR = -~GM=>V ) (M) = R,ma M thupc canh AB non R thuoc 


c. 


anh cua canh AB qua V . doan chinh la doan EF 


(• 1 


Vay tap hop diem R la doan EF . 


B 


Bai toan 05: Si/ DUNG PHEP VI TU DE GIAI TOAN. 

CAC VI DU 

Vi du 1. Tren canh AB cua tam giac ABC lay cac diem M,N sao cho 
AM = MN = NB, cac diem E,F Ian lirpt la trung diem cua cac canh CB,CA , 
goi P la giao diem cua BF va CN, Q la giao diem cua AE vdi CM. 
Chung minh PQ//AB. 

Lai giai 

Goi G la trong tam cua tam giac ABC . 

Ta co MF la dudng trung binh cua tam 
giac ACN non MF //CN , mat khac N 
la trung diem cua MB nen Pla trung 
diem cua BF. 

Ta co ^ 


GP = BP - BG = — BF - - BF = - - BF = —GB 

2 3 6 4 



1 


Tuong tu GQ = — GA . 

4 


Vay V , (B) = P va V ,. (a) = Q suy ra PQ / /AB. 

IS; ( C; 4.i 


Vi du 2. Cho tam giac ABC. Goi I,J,M lan luot la trung diem cua AB, AC,IJ 

Duong trdn (O) ngoai tiep tam giac AIJ cat AO tai D. Goi E la hinh chieii 

• » 

vuonggdccua D tren BC. Chung minh A,M,E thang hang. 

Lai giai 

Xet phep vj tu V ( N 2) ta co 


AB = 2AI;AC = 2AJ ndn V (|) = B,V |A;!| (J)-C 


<A 2) 


KR 
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po do V x bien tam giac AIJ thanh 


tam giac ABC, do do phep vj tu nay 
bien dudng Iron (O) thanh dudng 

trdn (O’) ngoai tiep tam giac ABC. 


Do AD = 2A0 =>V (a;) (0) = D 

^Q'eD, hay D la tam cua dudng 
trdn ngoai tiep tam giac ABC 

Gia sir V, V;J| (M) = M* khi do OM 1IJ =: 
Vay V ,,(M) = E nen A,M,E thang hang. 



B 


DM'l BC =>M'sE 


CAC BAI TOAN LUYEN TAP 

*) 

43. Cho dudng thang d:2x-y-5 = 0 va dudng trdn (C):(x-3)~ + (y + l)’ =9. 
Tim anh cua d va (C) qua phep vj tu tam I(1;2) ti so k = -2. 


44. Clio tam giac ABC co B,C co djnh con A chay tren mot dudng trdn 
(0;R) co djnh khong co diem chung vdi dudng thang BC. Tim quy tich 

trong tam G cua tam giac ABC . 

45. Cho dudng trdn (0;R) va mot diem I codjnh khac O. Mot diem M thay 

doi tren dudng trdn do. Tia phan giac cua goc MOI cat IM tai N . Tim quy 
tich diem N . 

m 

^6. Chung minh rang neii thuc hien lien tiep hai phep vj tu co ti so k^k, vdi 
k,k : * 1 thi ta dupe mot phep vj tu co ti so k = k,.k 2 . 

Trong mpt tam giac chung minh true tam, trong tam va tam dudng trdn 

. i t 

n goai tiep thang hang ( dudng thang di qua ba diem nay co ten goi la dudng 
thang Ole). 

48. Cho tii giac ABCD noi tiep trong mot dudng trdn. Chung minh trong tam 
c *c tam giac ABC,CDA,BCD,DAB cung nam tren mpt dudng trdn. 

Cho ba dudng trdn (O t ;R ( )(i = 1,3) doi mot tiep xiic ngoai tai A,B,C.Day 

CUn g AC keodaicua (O,) cat (0<) tai A,; A,A, la dudng kinh cua (O.). 
Chung minh A,B, A, thang hang. 

Cho hai dudng trdn co ban kinh khac nhau (O,) va (0 : ) nam ngoai nhau. 
^ct dudng trdn (O) tiep xuc ngoai dong thdi (O,) tai A, vdi (0 2 ) tai B. 
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Trcn duang Iron (O) ta lay diem M bat ki (M * A,B). Duong thang MA 
cat (O,) tai M,; MB cat (O,) tai diem thu hai M,. Chung minh rang khj 
M di d()ng tren (O), thi duang thang M,M, di qua mot diem co'djnh. 


LOI GIAI - HUONG DAN - DAP SO 

43. d’: 2x - y + 10 = 0, (C ): (x + 3 ) 2 + (y - 8) 2 =36 

44. Gpi 1 la trung diem cua BC thi I codinh 

Vn IG=-IA=>V , (A)=G ma Ae(0;R) 

3 i* _ 


/ 


nen G e 


O';- 
3 J 


anh cua dudng tron 


(0;R) qua phep vj tu V 


r: 


B 



45. Theo tinh chat duang phan giac ta co 

IN OI OI 

R 


M 


oi 


NM OM 
IN 

IN + NM “ OI + R 
IN OI 


<=> 


IM OI + R 

* OI 
IN = ———IM 

Ol + R 

W M )" N vai k- 



OI 


/ 


OI + R 


, ma Mc(0;R) nen Ne 


( n , OI.R 1 
O; 


OI + R 


anh 


i 


cua (O) qua phep vj tu tarn O ti so k = 
46. Goi V (cvm ;V ' la hai phep vj tu. 


OI 


OUR 


M 


Lay diem M 


/ 


V • M 


bat ki. Gia sir 

M, 


M vn V * M 

1V1, V cl v (0,.k : )* 1 , 


ta se chirng minh vai k,k, *1 thi 

v= V ; )°V,i Va P hd P vi tir c6 

o, 


tarn k = k,k. 



o, 
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Go i I = V (() . , (O,) => 0,1 = k,0 ; 0, , khi do IM, = k,0,M, = k,k,0,M . Goi 


O la diem xac djnh bdi 0,1 = k.k,0,0, . 

Ta co 0,M 2 = 0,1 + IM, = kjk^O.O, + k^OjM = k,k : 0,M . 
47 Goi A\B’,C’ Ian luot la trung diem cua BC,CA, AB, ta co: 

GA' = “AG.GB" 

= --BG.GC’ - CG 

i n 

dm 

DoddV , : A ABC —> AA'B’C’ 




Vi H la true tarn cua tarn giac ABC va 
O la true tarn cua tarn giac A B C' 

nen V , (II) = 0 





GO = — GH . Vav G,I LO thang hang 


48. Goi D 0 la trong tarn tarn giac 


ABC;M,N la trung diem cua cac 
duang chdo AC va BD. Goi I la 
trung diem cua MN va P la trung 

diem cun BD, khi d 6 NP//=-DD 0 (l) 

vn do D In trong tarn tnm ginc ABC 
nen MD 0 = D„P = PB 

Suy rn ID,, //= ^NR (2). TCr (l)&(2) suv rn D,D„,I thang hang va 



ID,, = -NR = —DD„ = —DD 


V 


I. 


2 2 4 

: D -> D 0 ma Dg(l) 


0 


ID,, = - ID => ID., 
0 3 0 


--ID 

3 




(duang tron ngoai ticp tu giac ABCD) nen D„ g (C’) anh cua dudng Iron 
(C) qua phep vj tu V ,. 


3 
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49 . Vi hai dudng tron (p) va (O.) tiep xuc 


ngoai tai C nen V 

C V 


/) 


nen trong phep vj tu nay 


A, A, —> D A. A, —> AM. 


R 


AD =- A (l) 

R. 1 - ' ; 


Xet phep vj tu V 

1 K ^ 

t '<i 


thi D-»E,A-»A nen: 


DA -» AE 


R 


AE = -L-lAD (2). 
R. v ’ 



Xet phep vj ty V R < gia sir E -> B,, A 

B, 




B. => EA 


B,B 2 


R 


B.B., =-L EA (3). 

12 R, v ’ 


Tu (l),(2),(3) suy ra B,B, =A,A, ma A^.^B, la cac day cung cua 


(O,) va A,A, la dudng kinh nen chi xay ra trudng hpp B, m A,,B 2 = A , 


hay V k :A->A, nen A,B, A, thang hang. 

b '-r; 


50. Do (O) va (O,) tiep xuc ngoai tai A nen V R :(0,;R,) -» (0;R) 


A ' R 


Ma MA cat (O,) tai M, nen trong phep vj tir nay M 


M 


Tuongtu V R :(0;R)-»(0,;R,) nen M-> M 


R. 


R 


Vay F = V ,eV =V t , (M,)=M,, ma F((0,)) = (0,) nen I chinh la 

!B;- A;— 


R 


R 


i; 


tam vi tir ngoai cua hai dudng tron (O,) va (0,). Vay M,M 2 luon di qua 
diem I codinh. 
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Phep dong dang 


atom tAt giao KHOA. 

1 . Djnh nghTa. Phep bien hinh F dupe gpi la phep dong dang ti so k (k >0) 

neu vdi hai diem M,N bat ki va anh M’, N’ cua chiing ta luon co 
M'N‘ = k.MN . 

Nhan xet. 

• Phep ddi hinh la phep dong dang ti so k = 1 . 

• Phep vj tu ti so k la phep dong dang ti so k|. 

• Neu thuc bien lien tiep cac phep dong dang thi dupe mot phep dong dang. 

2. Tinh chat cua phep dong dang. 

Phep dong dang ti so k 

• t * 

• Bien ba diem thang hang thanh ba diem va bao toan thu tir giua ba diem do. 

• Bien mot duong thang hanh mot dudng thang song song hoac trung vdi 

A 

dudng thang da cho, bien tia thanh tia, bien doan thang thanh doan th^ng. 

• Bien mot tam giac thanh tam giac dong dang vdi tam giac da cho, bien goc 
thanh goc bang no. 

• Bien dirdng tron co ban kinh R thanh dudng tron co ban kinh k.R 

3. Hai hinh dong dang. 

Hai hinh duoc goi la dong dang neu co mot phep dong dang bien hinh nay 
thanh hinh kia. 


B. LUYEN Ki NANG GIAI CAC DANG BAI TAP. 

• • • 

Bai toan 01: CAC BAI TOAN VE PHEP DONG DANG. 
CAC VI DU 

y 1. Cho hai dudng thang a # b cat 
nhau va diem C. Tim tren a va b cac 
diem A,B tuong ung sao cho tam giac 
ABC vuong can d A . 

f X • • t • 

Lai giai 

Ta thay goc Iirong giac (CA;CB) = -45 

' CB /r 
va-= V2 . 

CA 


■o 
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Do do co the xem B la anh cua A qua phep dong dang F c 6 dir^c bang 

each thvic hi£n Hen tiep phep quay tam C goc quay -45° va phep vj tu 

V , v. Vi a € a => B e a " = F(a) lai co B e b nen B = a"nb. 

( c ' v *) v 9 ‘ 

Vi du 2 . Cho tam giac ABC, dung ra phia ngoai tam giac ABC cac tam giac 
deu BCA ’XAB , ABC’. Goi O^O^O^lan lirgt la tam cua ba tam giac deu 

I3CA XAB’, ABC'. Chung minh tam giac 0,0,0 < la tam giac deu. 


v % • • f • 

Loi giai 


Cdch 7: 


Dechimg minh tam giac 0,0,0^ la tam 
giac deu ta xet cac phep dong dang sau: 
Ki hiC'i. F(l,ct>;k) = V (|;M Q (I(i) la phep 

dong dang co diroc bang each thuc 
hi£n lien tiep phep quay Q (l<>) va 

phep vj t V W . 



C' 


Ta xet cac phep dong dang F, = F|C;30 u ;\/3j va F, 


i N 

B;30°; -j= 
v3 J 


Goi 


I,J,K,H la cac diem tren CAXA,BA’, BO^BO, sao cho 
CI = C0,XJ = C0 2 , BK = BO,; BH = AB, BE = BA' khi do: 

Tirong tu : 

f .(° 2 )=V) o V) ( 0 i)=v m) (j)=a 

F.(A') = V ,-°Q, v(A') = V , (E) = o. 

21 ' C'^r ’ B; 1 v ’ ' 










Vay F, o F, (0 2 ) = F 2 (A) = O, va F 2 < F, (O,) = F 2 (A 1 ) = O,. 

M$t khac F = F, F, la phep dong dang co ti so k = k,k 2 = \/3-J= = 1 va 

cf>, +<|> 2 =30" + 30° =60" nen F chinh la phep quay tam O, goc quay 60". 
Do do ,, (0 2 ) = 0, nen tam giac 0,0,0, deu. 
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each 2: Bai toan nay co the giai being phep quay vec to don gian hon nhir sau: 
Do 0,,0, la trpng tam cac tam giac ABC va CAB nen: 

O.A + 0,B + 0,C' = d 

=> (o,0,‘ + 0 ,C + Ca) + (0 ,0,‘ + 0 ,A’ + A' b) + (0 ,0,' + O.B + BC ; ) = 6 

•- 

<=> 0,0, =-^( AC + BA’ + C'B). 

Xet phep quay vec to goc quay 60° ta co 

<^( 0 ,o;)-I(Q - .(AC).C^(BA : ).Q rf (CB)).I(AB 1 .BC.CA) 

= 0*0^ • Vay tam giac 0,0 2 0 3 deu. 


✓ 


6 
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2 


A 

1 . 


CHU Pd DUONG THANG VA 
MAT PHANG TRONG KHONG GIAN 

QUAN HE SONG SONG 

Dai cuong ve dirong thzing va mat phAng 

TOM tAt GIAO KHOA. 

Cac tinh chat thira nhan. 

■ 

Co mot va chi mpt duong thang di qua hai diem phan bipt. 

» ^ ^ t , 1 

Co mot va chi mQt mat phang di qua ba diem khong thang hang. 

Neu mQt duong thang co hai diem phan bipt cung thupc mQt mat phang thi 

\ * 0+ 0\ ^ f 

mpi diem cua dirong thang deu thuQC mat phang do. 

Co bon diem khong cung thupc mpt mat phang. 

Neu hai mat phang phan bipt co mot diem chung thi chung con co mot 
diem chung khac nOa. 

Vay thi: Neu hai mat phang phan biet co mot diem chung thi chung co mot 

duong thang chung di qua diem chung ay. Duong thang do dupe gpi la 

> 

giao tuyen cua hai mat phang . 

Tren moi mat phang, cac ket qua da biet trong hinh hoc phang deu dung. 
Cach xac dinh mat phing. 

Mpt mat phSng hoan toan xac djnh khi bieb 
No di qua ba diem khong thang hang. 

No di qua mpt diem va mpt duong thang khong di qua diem do. 

No chira hai duong thang c3t nhau. 

Cac ki hipu: 

(ABC) la ki hipu mat phang di qua ba diem khong thang hang A,B,C ( hi) 


2 . 


(M,d) la ki hipu mSt phang di qua d va diem M 6 d (h2) 

(d,,d,) lakihipu m 5 t ph3ng xac djnh boi hai duong th3ng cat nhau d,,d 2 (h3) 
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3 Hinh chop va hinh tur dipn. 

3.1. Hinh chop. 

Trong mat phang (a) cho da giac loi A,A 2 ...A n . Lay diem S n&m ngoai (a). 

Lan (upt nol S voi cac dinh A,,A 2 .A n ta duoc n tarn giac 

SA,A 2< SA J A,..„ / SA n A l . Hinh gom da giac A,A r „A n va n tarn giac 
SA l A 2 ,SA 2 A 3 .„.,SA n A 1 dupe goi la hinh chop , ki hi£u la S.A,A 2 „.A n . 

Ta gpi S la dinh, da giac A l A r ..A n la day , cac doan SA,,SA 2 ,...,SA n la cac 

canh ben, A,A,,A 2 A 3 .A„A, la cac canh day, cac tarn giac 

SA l A 2 ,SA 2 A 3 ,...,SA i) A l la cac mat ben... 

3.2. Hinh tu dif n 

Cho bon diem A,B,C,D khong dong phSng. Hinh gom bon tarn giac 
ABC, ABD, ACD va (BCD) dupe gpi la tu dipn A BCD . 

B. LUYEN Kf NANG GIAI CAC DANG BAI TAP. 

Bai toan 01: XAC DINH GIAO TUYEN CUA HAI MAT PHANG. 

Phuong phap: 

De xac djnh giao tuyen cua hai mat phang, ta tim hai diem chung cua 
chung. Duong th3ng di qua hai diem chung do la giao tuyen. 

Luu y: Diem chung cua hai mat phang (a) va 

(p) thudng dupe tim nhu sau : 

Tim hai duong thiing a,b lan lupt thupc 
(a) va (p), dong thoi chung cung n3m trong 

mat phang (y) nao do; giao diem A = a n b 

chinh la diem chung cua (a) va (p). 

CAC VI DV 

Vi dp 1 . Cho hinh chop S.ABCD , day A BCD la tu giac co cac cap c?nh doi 

khong song song, diem M thupc canh SA . Tim giao tuyen cua cac c?p mal 

♦ 

phang: 

a) (SAC) va (SBD) b) (SAC) va (MBD) 



c) (MBC) va (SAD) 


d) (SAB) va (SCD) 


Lon giai 


a) Gpi O = AC n BD 

























Oe(SAC)n(MBD). fl 



A -- 


Phan loni vh phi rang phdp $iai Hath hoc 7 7 

Jo e AC c (SAC) 

[OeBDc(SBD) 

=> O e (SAC) n (SBD) 

Lai co S e (SAC) n (SBD) 

=> SO = (SAC) n (SBD). 

b) O = AC n BD 
0€ACc(SAC) 

Oe BDc(MBD) 

Va Me(SAC)n(MBD)=>OM = (SAC)n(MBD). 

c) Trong (ABCD) goi F = BCnAD=> |p^p < ^^p| :z:>FG (MBC)r,(SAD) 

Va M e (MBC)n(SAD)=> FM = (MBC)n(SAD) 

d) Trong (ABCD) gpi E = AB r> CD, ta co SE = (SAB)n(SCD). 

Vi dy 2. Cho tu diyn ABCD, O la mQt diem tliupc mien trong tarn giac BCD, 
M la diem tren doan AO 

a) Tim giao tuyen cua mat phang (MCD) voi cac mat phting (ABC),(ABD). 

b) GQi I, J la cac diem tirong ling tren cac canh BC va BD sao cho IJ khong 
song song voi CD. Tim giao tuyen cua hai mat piling (IJM) va (ACD). 

Lai giai 

N = DOnBC, trong (ADN) goi 


a) Trong (BCD) 


go' 


P = DM n AN 


Pe DM c(CDM) 
Pe AN c (ABC) 


=> Pe(CDM)n(ABC) 

Laico Ce(CDM)n(ABC) 

=> PC = (CDM)n(ABC). 

Tirong tu, trong (BCD) goi Q = COnBD,« 
trong (ACQ) gyi R = CM n AQ 


i) 


R € CM c (CDM) 
Re AQc(ABD) 


Re(CDM)n(ABD) 
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P la diem chung thu hai cua (MCD) va (ABD) nen DR=(CDM)r>(ABD). 
b) Trong (BCD) goi E = BOnCD,F = IJ nCD, K = BEnIJ ; trong (ABE) goi 
G = KMr>AE. 

Fe IJc(IJM) . . . . fGe KMc(lJM) ’ 

Co ( ’ ,=>Fe IJMWACD , / \ 

FeCDc(ACD) V ' V ’ |Ge AEc(ACD) 

=>Ge(lJM)n(ACD). Vay FG =(lJM)n(ACD). 

Bai toan 02: CHLfNG MINH BA DIEM THANG HANG - BA Dl/ONG 

thAng DONG QUI 

Phuong phap: 

- De chiing minh ba diem (hay nhieu diem) thang hang ta cluing minh chiing 
la diem cluing cua hai mat phang phan biet, khi do chiing n 3 m tren duong 

* • f 1 » 

thang giao tuyen cua hai mat phang nen thang hang. 

- De chiing minh ba duong thang dong qui ta chiing minh giao diem cua hai 

V f 

duong thang thupc duong thang con lai. 

CAC VI DV 

Vi du 1 . Cho tu dien SABC. Tren SA,SB va SC lay cac diem D,E va F sao 
cho DE cat AB tai I,EF cat BC tai J, FD cat CA tai K . Chung minh ba 
diem I,J,K thang hang. 


Loi gi.u 

Ta co I = DEn AB,DE c (DEF) => I e (DEF); 
ABc (ABC) => I e (ABC) (l). 5 

Tirong tir J = EF n BC 


JeEFe(DEF) 
Je BCc(ABC) 


( 2 ) 


K = DFn AC 


Ke DFc(DEF) 
Ke ACc(ABC) 


(3) 



Tu* (l) / (2) va (3) ta co I,J,K la diem chung cua hai mSt phang (ABC) va 
(DEF) nen chung thang hang. 
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Vi dy 2. Cho tOr di£n SABC c6 D,E lan luyt la trung diem cua AC,BC va G la 
trpng tarn cua tarn giac ABC . Mat phang (a) di qua AC cat SE,SB Ian lirpt 

tai M,N. Mot mat phSng (p) di qua BC cit SD,SA tuong ung t^i P va Q. 

Gpi I = AMr>DN,J = BPnEQ.Chirngminh S,I,J,G thang hang. 

Lai giai 

Tac» SG(SAE)n(SBD),(l) 


G = AEnBD 


Ge AEc(SAE) 
G€BDc(SBD) 


Gg(SAE) 

Gg(SBD) 


( 2 ) 


IgDNc(SBD) 
I = AMnDN => ( ' ' 

I g AM c (SAE) 


I e (SBD) 
Ig(SAE) 


( 3 ) 



I e BP c (SBD) 

J = BP ri EQ => < \ \=>< 

JgEQc(SAE) 


) e (SBD) 
Jg(SAE) 


<*) 


Tu (1),(2),(3) va (4) ta co S,I,J,G la diem chung cua hai mat phiing (SBD) 
va (SAE) nen chung thang hang. 

Vi du 3. Cho hinh chop tu giac S.ABCD, gpi O la giao diem cua hai duong 
cheo AC va BD. Mpt mat phang (a) cat cac canh ben SA,SB,SC,SD 

t 

tuong ung tai cac diem M,N,P,Q. Chirng minh cac ducmg thang 
MP,NQ,SO dongqui. ... s 

m % • • f • 

Lai giai 

Trong mat phang (MNPQ) goi I = MPnNQ. 

Ta se chung minh IeSO . 

De thay SO = (SAC)n(SBD). 


I e MPc(SAC) 
I € NQ c (SBD) 


Ie(SAC) 
I g (SBD) 


IgSO 


Vay MP,NQ,SO dongqui tai I. 
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Vi du 4. Cho hai mat phang (P) va (Q) c&t nhau theo giao tuyen la duong 
th^ng a . Trong (P) lay hai diem A,B nhung khong thupc a va S la mpt 
diem khong thupc (P). Cac duong thang SA,SB cat (Q) tuong ung tai cac 


diem C,D. Gpi E la giao diem cua AB va a .Chung minh AB,CD va a 
dong qui. 

W % • • f • 

Lon giai 

Triroc tien ta co S g AB vi ngux?c lai thi 
Sg ABc(P)=>Sg(P) 

(mau thuan gia thiet) do do S,A,B 

t 

khong thang hang, vi vay ta co mat 
phang (SAB). 


Do C = SAn(Q)=>< 

j cs(sab > (,) 

Ce(Q) 1 ’ 


CgSAc(SAB) 

Ce(Q) 



Tuong tu D = SB r> (Q) 


DgSBc(SAB) |Dg(SAB) 


D€(Q) 


D€(Q) 


( 2 ) 


Tu (!) va (2) suy ra CD = (SAB)n(Q). 


Ma E = AB na => < 


Eg ABc(SAB) 
E g a c(Q) 

Vay AB,CD va a dongqui tai E. 


(Eg (SAB) 

<! , . '=>EgCD 

Eg(Q) 


Bai loan 03: TIM GIAO DIEM CUA Dlf&NG THAnG VA MAT PHANG. 
Phuong phap: 

Sir dung djnh nghia va cac tinh chat ho3c bieu thuc toa dp cua phep tjnh tien. 
De tim giao diem cua duong thang d va m^t phang (P) ta can luu y mot so 

trirong hop sau: 

Truong hcrf) 1. Neu trong (P) co san mot duong thang d' cat d tai M, khi do 


(Med 
Med'c(P) 


Med 
M g(P) 


M = dn(P) 
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Truong /tpp 2. Neu trong (P) chira c6 san d’ 
cat d thi ta thyc hi£n theo cac buac sau: 

Bitxrc 1: Chgn mot mat phang (Q) chiia d 

Biivc 2: Tim giao tuyen A = (P)n (Q) 

Buac 3: Trong (Q) gpi M=dnA thi 
M chinh la giao diem cua d n ( P )- 

Cac vi dy 

Vi du 1 . Cho hinh chop tu giac S.ABCD voi day ABCD co cac canh doi dien 
khong song song voi nhau va M la mot diem tren canh SA . 

a) Tim giao diem cua duong thang SB voi mat phang (MCD). 

b) Tim giao diem cua duong thang MC va mat phang (SBD). 

i * • • t • 

Loi giai 

a) Trong mat phang (ABCD), gpi E = ABnCD. 

Trong (SAB) gpi N = SBnEM. 

Ta co N e EM c (MCD) => N e (MCD) 
va NeSB nen N = SBn(MCD). 

b) Trong (ABCD) goi I = ACnBD . D 

Trong (SAC) gpi K = MCnSI. 

Taco KeSIc(SBD) va KeMC nen K = MCn(SBD). 

Vi du 2 . Cho hinh chop tu giac S.ABCD, M la mot diein tren canh SC, N la 
tren canh BC. Tim giao diem cua duong thangSD voi mat phang(AMN). 

f \ • • f • s 

Lai giai 

Trong mat phdng (ABCD) 

gpi O = ACn BD,J = AN n BD. 

Trong (SAC) gpi USOnAM va K = IJnSD. 

Taco I € AM c (AMN),J e AN c (AMN) 

A 

=> IJ c(AMN). 

Dodo K e IJ c (AMN) => K e(AMN). 

Vay K = SDn(AMN) 
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Bii to an 04: XAC DINH THIET DIEN CUA M0T MAT PhAnG V0I HINH CHOP, 
phuong phap: 

Dexac djnh thiet dien cua hinh chop S.A,A 2 ...A n cSt boi mat piling (a), ta 
tim giao diem cua mat phang (a) voi cac duong thang chira cac canh cua 


hinh chop. Thiet dipn la da giac co dinh la cac giao diem cua (a) voi hinh 

chop ( va moi canh cua thiet dien phai la mot doan giao tuyen voi mpt mat 
cua hinh chop) 

Trong phan nay chung ta chi xet thiet dien cua mat phang di qua ba diem 

9 

khong thang hang. 

CAC VI DU 

Vi du 1. Cho hinh chop tir giac S.ABCD, co day la hinh thang voi AD la day 
Ion va P la mot diem tren canh SD. 

a) Xac djnh thiet diyn cua hinh chop c«at boi mat phang (PAB). 


b) Goi M,N Ian luot la trung diem cua cac canh AB,BC. Xac djnh thiet dien 
cua hinh chop cat boi (MNP). S 


Lot giai 

a) Trong mat phang (ABCD), gpi E = ABnCD . 


Trong mat phang (SCD) gpi Q = SCnEP. 


Taco EeAB nen EPc(ABP) 


Qe(ABP), do do Q = SCn(ABP). 


Thiet dien la tu giac ABQP. 


b)Trong mat phang (ABCD) gpi E,G Ian 



s 


I up t la cac giao diem cua MN voi AD 
va CD 


Trong m?t ph^ing (SAD) gpi 11 = SA n FP 


Trong mat phang (SCD) gpi K = SCnPG. 


Taco FeMN => Fe(MNP), =>FPc(MNP) 


He (MNP) 



II e SA 


V ‘^ y h e (MNP) H = SA n ( MNP )- Tiron 8 ty K = SCn(MNP). 


Thiet dipn la ngu giac MNKPH . 
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Vi du 2. Cho hinh chop S.ABCD co day ABCD la mpt hinh b'inh hanh tam O. 
Gq\ M,N,P la ba diem tren cac canh AD,CD,SO. Xac djnh thiet di£n cua 

hinh chcSp voi mat phang (MNP). 

Lai giai 

Trong mat phang (ABCD) gQi E,K,F Ian 

luat la giao diem cua MN vdi 
DA,DB, DC. 

Trong mat phang (SDB) goi 11 = KP nSB 
Trong mat phang (SAB) goi T = EHnSA 
Trong mat phang (SBC) goi R = FHnSC . 

EH C (MNP). j^“ c(MNp) »T = SAn(MNP). 

Li luan tuong tu ta co R =SCn(MNP). 

Thiet dien la ngu giac MNRUT . 

Bai toan 05: Dl/NG Dl/ONG THANG DI QUA MQT DIEM VA CAT HA1 
Dl/ONG THANG CHEO NHAU. 

Phuang phap: 

De dung duong thang d di qua O va cat d,,d 2 ta dung giao tuyen cua hai 
mat phang mp(0,d,) va mp(0,d,),khi do d = mp(0,d, )n mp(0 / d : ). 


CAC VI DU 

Vi du 1 . Cho tu di£n ABCD,© la diem huoc mien trong tam giac BCD, M la 
mot diem tren canh AB. 



Ta co 


E e MN 
H€KP 
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jjDVHS duong thang di qua M cat ca AO va CD . 

b) Gpi N la mptdiem tren canh BC sao cho ON khong song song voi BD . 
Dung duong thang di qua N cat AO va DM . A 

Lon giai 

a) Trong (BCD) gpi P = BOnCD 

Trong (ABN) gqi l = PMnAO 

Duong thang MP chinh la duong 
thang di qua M cat ca AO va CD. 



B V- 


b) Trong mat phang (BCD) gpi E = NOn BD 

Trong (ABD)goi G = MDnAE, trong (NAE) gqi F = AOnNG, thi NG 
chinh la duong thang di qua N cat ca AO va DM . 


B 
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Bai toan 06: TIM TAP HQP GIAO DIEM CUA HAI DUONcTthAncTvA 
BAI TOAN CHLfNG MINH GIAO TUYEN DI QUA DIEM CO DINH. 
Phuang phap: 

De tim tap h(,>p giao diem I cua hai 

* 

ctuong thang thay doi a,b ta chpn hai 
mat phang codjnh (a) va (p) cat nhau 

Ian lupt chiia a,b, khi do 


I =anb 


I e a 
Ieb 


(«) 

(P) 



I ed = (a)n(|3) 


Vay diem I thuoc giao tuyen cua hai mat phang (a) va (p). 

De chung minh duong thang d di qua mot diem co djnh ta time hipn theo 
cric buoc sail 

- Chpn mot diem codjnh J thupc hai mat phSng (b) va (y) 

- Chung minh d la giao tuyen cua hai mat ph«ing (b) va (y), khi do d di 
qua diem codjnh J. 

CAC VI DQ 

Vi du 1. Cho hinh chop S.ABCD co day ABCD la hinh thang vbi day Ion la 
AB. Mot mat phang (P)quayquanh AB ait cac canh SC,SD tai cac diem 
tuong li ng E, F . 

a) Iim tap hop giao diem I cua AF va BE. 

b) Tim tap hop giao diem J cua AE va BF. 

W \ • • t • 

Lai giai 

A 


a) Phan thuan: 


Ta co 1 = AFnBE 


I € AF jAFc(SAD) 
I e BE' |BEc(SBC) 


=> Fe(SAD) n (SBC). 

Trong (ABCD) gpi H = AD n BC 



|He AD 
He BC 


He (SAD) 
He (SBC) ' 


=> SH = (SAD) n(SBC) => l e SH. 
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Civilian: Khi E chay den C thi F chay den Dva I chay den H 

Khi E chay den S thi F chay den Sva I ch^y den S. 

phdtt ddo: Lay diem I bat ki thupc doan SH, trong (SAH)gpi F = SDnAI 

trong (SBH) gpi E = SH n BI khi do (ABEF) la mat phang quay quanh AB 

/ D ) I E,F va I la giao diem cua AF va BE. 

Vay tap hop diem I la doan SH . 

JeAE (je(SAC) 


b) Ta co J = AEn BF 


Je BF ^ jje(SBD) 


J e (SAC)n(SBD) 


Nhung SO = (SAC)n(SBD) nen JeSO. 


Khi E chay den chay den C thi F chay den Dva J chay den O. 

Khi Echay den S thi F chay den Sva J chay den S. 

Lap luan tuong tir tren ta co tap hop diem J la doan SO . 

Vi dy 2. Cho tu di?n ABDC. Hai diem M,N Ian lupt nam tren hai canh AB 

AM AN 


va AC sao cho 


• phang (P) thay doi luon chua MN, 


AB AC 

cat cac canh CD va BD lan lupt tai E va F . 

a) Chung minh EF luon di qua mpt diem co djnh. 

b) Tim tap hpp giao diem I cua ME va NF. 

c ) Tim tap hpp giao diem J cua MF va NE. 

I 1 * t 1 • 

Lai giai 

a )Trong (ABC) gqi K = MNnBC thi K codjnh va j K 6 M N |K e (MNP) 
B (Ke BC |Ke(BCD) 

Lai co EF = (P)n(BCD) => K e EF. Vay EF luon di qua diem K codjnh 



n 
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b) Phatt thuan: Trong (P) goi I = MEnNF 


Ie(MCD)n(NBD). 


1 e ME c (MCD) 
IeNFe(NBD) 


Goi 0 = CMnBN =>OD = (MCD)n(NBD)=> leOD 

Giai han: Khi E chay den C thi F chay den B va I chay den O 

Khi E chay den D thi F chay den Dva I chay den D 

Phan dao: Goi I la diem bat ki tren doan OD, trong (MCD) gQi E = MInCD, 
trong (NBD) gpi F = NInBD suy ra (MNEF) la mat ph3ng quay quanh 
MN c3t cac canh DB, DC tai cac diem E,F va I = MEnNF. 


Vay tap hqp diem I la doan OD. 

f J e MFc(ADB) 


c) Gqi J = MFnNE 


|je NE c(ACD) 


Je(ADB)n(ACD). 


Ma AD = (ADC)n(ADB). 


Khi E chay den C thi F chay den Bva J chay den A 

Khi E chay den D thi F chay den Dva I chay den D 

Tu do ta co tgp hop diem J la duong thang AD trir cac diem trong cun 

doan AD. 

CAC BAI TOAN LUYEN TAP 


1 . Cho tu di?n ABCD . Goi M,N Ian luqt la trung diem cac canh AD va BC. 

a) Tim giao tuyen cua hai mat phang (MBC) va (NAD) 

b) Gqi E,F la cac diem lan luqt tren cac canh AB va AC . Tim giao tuyen cua 
hai mat phang (MBC) va (DEF). 

2. Cho hinh chop S.ABCD day la tu giac ABCD, AB cat CD tai E, hai duong 

cheo AC va BD ck nhau tai F . Tim giao tuyen cua cac cap mat phang: 

a) (SAB) va (SCD); (SAC) va (SBD). 

b) (SEF) voi cac mat ph5ng (SAD) va (SBC). 

3. Cho tu diQn ABCD, M la mpt diem thuQC mien trong tarn giac ABD, N mol 

diem thuQC mien trong tarn giac ACD . Tim giao tuyen cua cac cap mat phang: 

a) (BCD) va (AMN). b) (ABC) va (DMN). 

4 . Cho tu di?n ABCD. Goi M,N lan luQt la trung diem cua AC va BC. Tren 

do$n BD lay diem P sao cho BP = 3PD. 
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a) Tim giao diem cua duong thang CD voi mat phang (MNP). 

b) Tim giao tuyen cua hai mat phang (ABD) va (MNP). 

5 . Cho hinh chop S.ABCD, M va N la cac diem Ian luQt tren cac canh 
SC, BC. 




a ) Tim giao diem cua AM voi (SBD). 


b) Tim giao diem cua SD voi (SMN). 


» / \ • / 

6 . Trong mat phang (nt) cho hai duong thang d va d’ cat nhau tai O, A,B la 


hai diem nam ngoai (a) sao cho AB cat (a) voi (a). Mpt mat phdng (p) 


quay quanh AB cat d va d’ fan lirg^t tai M,N. 

a) Chung minh MN Iuon di qua mot diem co dinh. 

b) G<?i l = AMnBN # chirng minh I thupc mgt duong thang codjnh. 

c) Goi J = ANnBM , chung minh J thupc mpt duong thang co dinh. 

d) Chung minh IJ di qua mot diem codjnh. 

7. Cho tu di^n ABCD. Gpi \,] lan lupt la trung diem cua AC va BC. Tren 
canh BD lay diem K sao cho BK = 2KD. 
a) Xac dinh giao diem E cua duong thang CD voi (IJK) va chung minh 


DE = DC. 

b) Xac djnh giao diem F cua duong thang AD voi (IJK) va chung minh 


FA = 2FD. 

c) Chung minh FK // AB. 

8 . Cho hinh chop S.ABCD co day ABCD la hinh binh hanh. GQi M la trung 
diem cua SC. 


a) Tim giao diem E cua AM voi (SBD).Tinh 


EM 


EA 


b)Tim giao diem F cua SD voi (MAB) va chung minh F la trung diem cua SD. 


9. Cho hinh chop S.ABCD co day ABCD la hinh binh hanh tarn O. G<?i M la 
trung diem cua SB va G la trong tarn cua tarn giac SAD . 

a) Tim giao diem I cua GM voi (ABCD). Chung minh I,C,D thang hang va 


IC = 21 D. 


b) Tim giao diem J cua AD voi (MOG). Tinh 


JD 


JA 


c) Tim giao diem K cua SA voi (MOG). Tinh 


KS 


KA 


7Q 
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10 . Cho mat phang (a) xac djnh bdi hai duong thang a,bcat nhau 6 0 va c 
la duong thang cSt (a) tai I (i * O). 

a) Tim giao tuyen cua hai mat phang (a) va mp(0,c) 

b) Gpi M la mpt diem tren c va khong trung vdi I. Tim giao tuyen A cua hai 
mat phang (M,a) va (M,b)va chung minh A luon nam trong mpt mat 

phang co djnh khi M di dong tren c . 

11. Cho hinh chop S.ABCD co day ABCD la hinh thang vdi day Ion AB. Gpi 
M,N Ian lupt la trung diem cua SB va SC . 

a) Tim giao diem cua dirdng thang SD voi (AMN) 

b) Xac djnh thiet dien cua hinh chop voi mat phang (AMN). 


12 . Cho hinh chop S.ABCD . Goi I, J lan luot la cac diem co djnh tren cac canh 
SA va SC ( IJ khong song song voi AC). Mot mat phang (a) quay quanh 

1J cat SB tai M va cat SD tai N . 

i . 

a) Chung minh cac duang thang MN,IJ,SO dong qui 

b) Gia su AD n BC = E,IN n JM = F . Chung minh S, E, F thang hang. 

c) Goi P = INnAD,Q = JMnBC. Chung minh duong thang PQ luon di qua 
mpt diem co djnh khi (a) di dong. 

13. Cho hinh chop S.ABC . Tren cac canh AB,BC,CS lay cac diem M,N,P sao 
cho MN va AC khong song song voi nhau. 

a) Xac djnh thiet dien cua hinh chop voi mat phang (MNP). 

' f A' 

b) Gia sir I = MPnNQ, chung minh I luon nam tren mpt duong thang co 
dinh khi P chav tren canh SC . 

• • • j • 

14. Cho hinh chop S.ABCD co day ABCD la hinh binh hanh va M la mot 

diem tren canh SD sao cho SM = - SD. 

3 

a) Tim giao diem cua duong thang BM voi (SAC). 

b) N la mot diem thay doi tren canh BC . Xac djnh giao tuyen d cua (SBC) va 
(AMN). Chung minh d luon di qua mot diem co djnh. 

c) Gpi G la trong tarn tarn giac SAB . Xac dinh thiet dien cua hinh chop vdi (MNG) • 

15. Cho hinh chop S.ABCD co day la hinh binh hanh. Mot mat phang (a) cat 

cac canh ben SA,SB,SC tuong ling tai cac diem A',B',C r . Goi O la giao 
diem cua AC va BD . 
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) Tim giao diem D P cua ((x) voi SD. 


b) Chung minh 


SA SC 


+ 


SB SD 
— +- 


SA 1 SC* SB’ SD' 


16 Cho hinh chop S.ABCD . Gpi I,J la hai diem tren cac canh AD va SB . 

a) Tim giao cac diem K,L cua cac duong thang IJ va DJ voi (SAC). 

b) Gia su O = AD n BC,M = OJnSC. Chung minh A,K,L/M thang hang. 

17 . Cho hinh chop S.ABCD co day ABCD la hinh thang voi cac canh day la 
AB va CD, AB = 2CD. Goi 1 la trung diem cua SA, J la mpt diem tren 

canh SC vdi JS > JC . Goi (<x) la mat phang quay quanh IJ, Celt cac canh 
SD,SB tai M,N. Tim tap hop giao diem cua IM va JN. 

18. Cho tu dipn ADCD thoa man dieu kipn AB.CD = AC.BD = AD.CB . Chung 

% 9 % 

minh rang cac duong thang di qua moi dinh va tarn duong tron noi tiep cua 
mat doi di(»n dong qui tai mpt diem. 

LOI GIAI - Hl/ONG DAN - DAP SO 

1 . a) Ta co M,N Ian luot la diem chung cua hai mat phang (MBC) va 
(NAD) nen (MBC)n(NAD) = MN . 


b) Goi I = BMnDE =>- 


IeBMe(BCM) 
Ie DEc(DEF) 


Ie(BCM)n(DEF). 


Tuong tu, goi J = CM n DF thi = 

Dodd lJ = (BCM)n(DFF). 

2. a)Ta co (SAB)n(SCD) = SE, 

v (SAC)n(SBD) = SF. 

l,J Ian luot la giao diem ciia EF 
vdi BC, AD thi * 

(SEF)n(SAD) = SJ, (SEF)n(SBC) = SI. 

3. 


J e (BCM)n(DEF) 

s 


giao diem cua 
va CD thi 


a ) Goi E,F Ian luot la 
AM, AN vdi BD 

EF = (AMN)n(BCD). 

Goi I,K Ian luot la giao diem ciia 
DN,DM voi AC va ABthi 
EF = (DMN)n(ABC). 



- ^ /> 
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4. a)Trong (BCD) gpi E = CDnNP thi 


fEeCD 

i J 


EgNPc(MNP) 


E = CDn(MNP). 


b) Trong (ACD) goi Q = ADnME thi ta co(MNP)r>(ABD) = PQ 

A 


5. 



a) Trong (ABCD) gQi 0 = ACnBD, 


trong (SAC) goi I = AMr»SO 


Ig AM 


IeSOc(SBD) 


I = AM n (SBC). 


b) T rong (ABCD) gQi J = AN n BD , 


keo dai IJ cat SD tai K . 
KgSD 

fa co 


l K 6 „e(AMNr K ' SD "< AMN > 



__ 


6. a) Goi E = ABr>(a) thi E codjnhva < 


EeABc(p) 


Ee(a) 


EgA = (a)n(p) (l) 


Tirang tir 


(M = d,n(p) 


(a) 


M g A = (a)n(p)(2) 


(N = d,n(p) 


d,e(a) 
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Ng A = (<x)r>((3) (3). Tir (l),(2),(3) suy ra M,N,E thAng hang hay 

MN di qua diem E codjnh. 

Ig AMcmp(A,d t ) 


b) Ta co I = AM r> BN 


I g BN c mp(B,d,) 


lGA' = mp(A,d 1 )nmp(B,d ;; ) 


ro rang mp(A / d l ),mp(B,d :: ) la cac mat phang co djnh nen A' codjnh. 


Vay I luon thuQC duong thSng co djnh A’. 

c) Uip luan tuong ty cau b) ta co J g A" = mp(A,d 2 )rxmp(B,d l ). 

d) Goi (b) la m|t phang xacdjnh boi A',A" thi (b) codjnh 
Gpi F = ABn(b). Gpi K = ABn(b)=>K codjnh 

De thay I,J la diem chung cua cac m£t phang (A,d,),(B,d 2 ) va (A,d,), 
(B,d,)nen I,J thupc mp(A',A"). Vay I,J,K thiing hang do do IJ di qua 


diem K codjnh. 

7. a) Trong (BCD) gpi E = JKnCD 


Eg CD 
Ee(lJK) 


E = CDn(lJK). 


Ap dyng djnh li Menelauyt cho tarn giac BCD doi voi cat tuyen EKJ ta co 

KD JB EC , . KD 1 JB . , EC _ „ nc nr 

= 1 ma-= = 1, do do = 2. Hay DE = DC . 


KB JC ED 


KB 2 JC 


ED 


b) Trong (ACD) gpi F = ADnIE 
F = ADn(lJK). 


Fg AD 
FgIEc(IJK) 


Ap dung djnh li Menelauyt cho tarn 
giac ACD doi voi cat tuyen EFI ta co 

ECFDIA , .EC _, . , 

—.—.— = 1, ma — = 2 ( cau a) 

ED FA IC ED 


IA FD 1 _ 

— = 1 suy ra — = — => FA = 2FD. 

IC FA 2 


c) Do 


FD 1 KD 1 FD KD 


FA 2 KB 2 FA KB 


FK // AB. 



A t-; 


8. a) Gpi O = ACnBD, trong (SAC) gpi E = AMnSO 


E = AMn(SBD). 


Eg AM 

E g SO c (SBD) 
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Do O, M lan I not la trung diem cua 
AC va SC nen E la trong tam cua tam 

EM _ 1 - 
EA “ 2 ' 


giac SAC do do 


b) Trong (SBD) gpi F = BEnSD 


I 


F e SD 


Fg BE c (ABM) 


F = SDn(ABM). 


Vi SO la trung tuyen cua tam giac 

SE 2 

SBD va = — ( doE la trpng tam ctia 

tam giac SAC) nen E la trong tam cua 
tam giac SBD, do do F la trung diem 
cua SD. 


R 



- Jt l> 


9. a) Gpi E la trung diem cua AD va I = MGnBE 
f I g MG 

="{l 6 BEc(ABCD)=' =CMn ( ABCD )- 
Gpi N la trung diem cua BE thi MN//=^SE. 


Ta ccS 


, IG GE 3 SE 2 
^ _ — _ — _ 


IM MN 


^ SE 
2 


= -, ma IM la 
3 


trung tuyen cua ASBI nen G la trong 
tam cua ASBI => E la trung diem cua 
BI, do do ABDI la hinh binh hanh 
DI//AB, mat khac CD//AB. V?y 

I,C,D thang hang, hay IeCD va 
IC = 2ID. 

b) Trong (ABCD) gQi J = ADnOI thi J chinh la giao diem cua AD voi (OMG). 



De tha'y rang J la trong tam cua tam giac IAC nen 


JA 

JD 


= 2 . 


:) Trong (SAD) goi K = JGr>SA thi K la giao diem cua (OMG) voi SA 

Ta co J la trpng tam tam giac IBD nen — = - = — => JG // SD tir do ta co 

ED 3 ES 

KS JD 1 
KA " JA “ 2 ‘ 
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10 . 


a)Taco I = cr«(o) 


Igcc mp(0,c) 
Ig(o) 


Lai ccS 06(a)nmp(0,c)=>0I = (a)r»mp(0,c). 


b) Do O = a n b 


Og a c mp(M,a) 
Og be mp(M,b) 


=>Og mp(M,a)rimp(M,b). 

Vay OM = mp(M,a)nmp(M,b), ro rang OM 



11 . 


mp(0,c) codinh. 
s 


a) Gpi 0 = ACriBD, trong (SAC) goi 
I =SOn AN, 

trong (SBD) gpi P = MInSD 
P = SDn(AMN). 

b) Thiet dipn la tu giac AMNP. 


thi 


12. a) Trong (n) gpi K = IJr\MN 
Ta chung minh S,0,K thang hang. 



- B 


That vay K = IJ nMN 


KgIJc(SAC) 

KgMNc(SBD) 


K e(SAC) n (SBD). 
Ma SO = (SAC) n (SBD) 
=> K g SO 


Vgy SO,IJ,MN dongqui tai K . 
b) Ta co E = ABnCD 


Eg ABc(SAB) 
EgCDc(SCD) 



E g (SAB)n(SCD) 


Tuong ty Fe(SAB)n(SCD), do do S,E,F la diem chung cua hai mat 
phang (SAB) va (SCD) nen chung thang hang. 
c)Do 1J khong song song voi AC nen trong (SAC) gpi R = IJnAC thi R cddjnh. 
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Dethay PQ = (ABCD)n(«). 


R = IJ r> AC 


Re IJ 


Re AC 


Re(a) 


Re(ABCD) 


RePQ 


V$y PQ luon di qua diem R co' djnh khi (a) thay doi. 
13. a) Trong (ABC)gpi E = MNnAC, 

Q 


trong (SAC) gpi Q = EPnSA, thiet 


dipn la tir giac MNPQ. 
b) Vi UMPnNQ 


I e MPc(SMC) 
IeNQc(SAN) 


Ie(SAN)n(SMC) 





M$t khae gpi 0 = ANnCM thi O co djnh nen SO = (SCM)r\(SAN) co 
djnh. Vay I thupc duong thang SO co'djnh. rf f 


14. a)CQi O = ACnBD, USOnBM 


thi 


IeBM 


I e SO c (SAC) 


I = BMn(SAC). 


b)Gpi K = ANnBD, J = SOnKM, 


E = AJ r>SC . 



Do J e KM c (AMN) => AJc(AMN) 


s 


Ee(AMN) 


Ee(SBC)n(AMN). 


Tu do taco NE = (AMN)n(SBC). 


Gpi d = (SAD)o(SBC) thi d co'djnh 


Trong (SAD) gpi F = AMnd thi F co’djnh. 

•\ 


Do Fed'- (SBC) =>Fe(SBC). 



V$y N,E,F la diem chung ctia hai m|t phiing (AMN) va (SBC) nen chung 


th3ng hang, hay NE di qua diem F co djnh. 


©A 


l^ri/ 1 i V n n /VI i V LSVV 1 I ^ » 

}CTgq\ Y la trung diem ciia AB va X = DYnMG. Trong (ABCD) gpi 
0 = NXnABva Z = NXnCD, trong (SCD) gpi T = MZnSC trong (SAB) 




pi p = QG oSA . Thiet dipn la ngu giac MPQNT . 


15. 

a) Trong (SAC) gQi 

Trong (SBD) g<?i D’ = B’lriSD 


i I = SOnA C\vi IeSOc BD=> Ie(SBD). 

5 


D’eSD 


|d’€ B’lc(a) 


D’ = SDn(rt). 


b) 


Ke AK // A’C’.K e SO va CJ’//A’C’,JeSO. 


. SA 
Taco 


SK 


SA' SI 


... SC SJ 
Va SC' SI 


SA SC SO | SK 
SA’ + SC’ SI + SI 


SO + SJ (SO-OK) + (SO + Oj) _ 2SO 


SI 


SI 


SI 


0 ) 


„ OK OA , 
(do AK // CJ => - qj. 


OK = OJ) 


Tirong tir ta cung tinh dupe 


SB SD 2SO 


SB’ SD’ SI 


/ w v SA SC SB SD 

Tir (l),(2) suy ra: + rrr = + ( dp*- 111 ) 


SA’ SC’ SB’ SD 


16. a) Trong (ABCD) goi F, = AC ri 


BI 



EeBIc(SBl). 


Trong (SBl) goi K = lJr*SE 


K e IJ 

KeSEc(SAC) 


K = IJn(SAC). 


Trong (ABCD) goi F = ACoBD 


F e BD c (SBD). 



I 4c-, 


LeDJ 


B 


Trong (SBD) gpi l.*SFnDJ=> LeSFc ( SAC ) 


L = DJn(SAC). 


O 
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b) De thay A,K,I.,M e(SAC) (l). 

Mat khac K e IJ cr (AO]), L e DJ c (AOJ), MeOJc(AOj) 
nen A,K,E,M e (AOJ) (2). 

Til (l)/(2) suy ra A,K,L,M cung thupc hai mat phcing (SAC) va (AOJ) 

nen cluing thupc giao tuyen cua hai mat ph^ng (SAC) va (AOJ), hay 
A,K,L,M thang hang. 


17. Goi O- ACnBD, K-IJoSO thi SO, MN,IJ dong quy tai K 


Goi H = MInNJ=>< 


H€MIc(SAB) 
He (SBC) 


He(SAB)n(SCD). 


Gc?i E = ADn BC=>SE = (SAD)n(SBC). 


Vay HeSE. 
Gidi han 


Goi M„ = BK nSD va N„ = DKnSB 
Khi M->M„ thi N->B 


Khi N 


N 0 thi M 


D 


Vay de («) cStcaccanh SB,SD thi M thupc 
doan DM (I va N thupc doan BN (I . 



A 4 - — 


_w-- 


Goi H, = IM 0 nSE thi quy tich diem H la tia H,x chua E. 

(Ban dpc ty lam phan dao). A 

18. Goi I la tarn duong tron nyi tiep tarn 
giac BCD va E = AInCD. 

Theo tinh chat duong phan giac ta co 
ED BD , , 

(l). Mat khac til gia thiet 

li 


EC BC 


AB.CD = AC.BD 


BD AD 
BC “ AC 


EC AD 


( 2 ) 
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Tu (1) va (2) suy ra ed ^ 

=> AE la duong phan giac cua goc A trong tarn giac ACD . NghTa la tarn J 
cua duong tron noi tiep tarn giac ACD thuyc AE. Do AI va BJ cung 

thupc (ABE) nen cluing c3t nhau tai O. Vay bon duong th^ng no! cac dinh 

voi tarn duong tron npi tiep cac mat do! dipn doi myt c3t nhau va chung 
khong dong phang nen phai dong quy. 


Cty TNHHMTV DVVH Khang Viet 


Hai duong th&ng cheo nhau 
va hai duong th&ng song song 

A.TOM TAT GIAO KHOA. 

Vi tri tuang doi cua hai duong thang trong khong gian. 

9 

Cho hai duong thang a va b trong khong gian. Co cac truong hyp sau day 
xav ra del voi a va b: 


Tritinig hap 2: Co mpt mat phang chua ca a va b, khi do theo ke't qua trong 

9 

hinh hpc phang ta co ba kha nang sau: 

. a va b cat nhau tai diem M, ta ki hipu anb = M. 

. a va b song song voi nhau, ta ki hipu a // b. 

- a va b trung nhau, ta ki hipu a s b. 

Trirang hap 2: Khong co mat phang nao chua ca a va b, khi do ta noi a va b 

9 

la hai duong thang cheo nhau. 

2 . Cac djnh li va tinh chat. 

• Trong khong gian, qua mpt diem cho truoc khong nlm tren duong thing a 
co mot va chi mot duong thang song song voi a . 

• Neu ba mat phang phan bipt doi mpt cat nhau theo ba giao tuyen thi ba giao 
tuyen do hole dong qui hole doi mpt song song. 

• Neu hai mat phlng phan bipt Ian lupt chua hai duong thing song song thi 
giao tuyen cua chung (neu co) cung song song voi hai duong thing do hole 
trung voi mpt trong hai duong thing do. 

• Neu hai duong thing phan bipt cung song song voi duong thing thu ba thi 
chung song song. 


r#T7 
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B. LUYEN Kl NANG GIAI CAC DANG BAI TAP. 

Bai toan 01: TIM GIAO TUYEN CUA HAI MAT BANG QUAN HE SONG SONG 
Phucrng phap: 

Su dung tinh chat: Neu hai mat phiing (a) va (p) co diem chung M va Ian 
lu'Qt chira hai duang thang song song d va d' thi giao tuyen cua (cx) va 
(p) la dudng thSng di qua M song song voi d va d'. 

CAC VI DU 

Vi dM 1. Cho hinh chop S.ABCD co day ABCD la hinh binh hanh. 

Tim giao tuyen cua hai mat phang (SAB) va (SCD) 

S d 


w y • • » • 

Lai giai 


Ta co < 


ABc(SAB) 

CD c (SCD) 

AB // CD 

Se(SAB)n(SCD) 


(SAB) n (SCD) = d // AB // CD, S e d. 



Vi du 2. Cho hinh chop S.ABCD co day ABCD la hinh thang voi cac canh day 
la AB va CD. Gqi l,J Ian luqt la trung diem cua cac c^nh AD va BC va 

G la trong tarn cua tarn giac SAB. 

a) Tim giao tuyen cua hai mat phang (SAB) va (IJG). 

b) Tim dieu ki£n cua AB va CD de thiet di£n cua (IJG) va hinh chop la mQt 
hinh binh hanh. 

v % • • t • 

Loi giai 

a) Ta co ABCD la hinh thang va 1,J la trung diem cua AD,BC nen IJ //AB . 


Vay 


Ge(SAB)n(lJG) 
ABe(SAB) 
I)c(lJG) 

AB//IJ 


(SAB)n(lJG) = MN//IJ//AB vdi 


MeSA,N 6 SB. 

b) De thay thiet di£n la tu giac MNJ1 



->B 
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Do G la trong tarn tam giac SAB va MN // AB nen 


Cty TNI i H MTV DVVH Khan? Viet 
MN SG 2 


AB SE 3 


(E la trung diem cua AB) =>MN = —AB. 


Lai co IJ =^(AB + CD). Vi MN//IJ nen MN1J la hinh thang, do do MNIJ 


la hinh binh hanh khi MN = IJ 


0 |AB = i(AB + CD)o AB = 3CD. 


Vay thiet di<?n la hinh binh hanh khi AB = 3CD. 


Bai toan 01: CHL/NG MINH HAI Dl/ONG THANG SONG SONG. 

Phuong phap: 

De chung minh hai dudng thang song song ta co the lam theo nipt trong cac 
each sau: 

- Chung minh cluing ciing thuoc mpt mat phang roi dung cac phuong phap 

9 9 

chung minh hai duang thang song song trong mat phang. 

i » 

- Chung minh hai duang thang do cung song song voi duang thang thu ba. 

9 9 

- Neu hai m3t phang phan biet Ian luot chua hai duang thang song song thi 

9 

giao tuyen cua chung (neu co) cung song song voi hai duang thang do hoac 
trung voi mot trong hai duang thang do. 

- Su dyng djnh H ve giao tuyen cua ba mat phang. 

CAC VI DV 

Vi dy 1. Cho hinh chop S.ABCD co day ABCD la mot hinh thang voi day Ion 
AB. Goi M,N Ian lu<?t la trung diem cua SA va SB . 

a ) Chung minh MN song song vdi CD. 

b) Gpi p la giao diem cua SC va (ADN), 

I la giao diem cua AN va DP. Chung 
minh SI song song vdi CD. 

m \ • • t • 

Lot giai 

a ) Ta co MN la duang trung binh cua tam 
giac SAB nen MN // AB. 

Lai co ABCD la hinh thang => AB//CD. 


H 


, JA f MN // AB 
Vay -L„ . „ => MN // CD. 


1 CD // AB 



I 
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b)Trong (ABCD) gpi E = AD n BC, trong (SCD) goi P = SCnEN. 
Taco EeADc(ADN) => EN c (AND) => Pe (ADN). 

Vay P = SCn(ADN). 


Do I = AN n DP 


le AN 
I e DP 


Ig(SAB) 
I e (SCD) 


SI = (SAB) n (SCD). 


Ta co < 


ABc(SAB) 
CD c (SCD) 
AB // CD 
(SAB)o(SCD) 


SI // CD. 


= SI 


Vi du 2. Cho hinh chop S.ABCD co day ABCD la mot hinh thang voi day 
AD va BC. Biet AD = a ( BC = b. G<?i I va J Ian luot la trong tarn cac tam 

giac SAD va SBC. Mat phang (ADj) cat SB,SC Ian Iirpt t^ii M,N. Mat 
phiing (BCI) cat SA,SD t?i P ( Q. 

a) Chung minh MN song song voi PQ. 

b) Gia sir AM cSt BP tai E; CQ cSt DN tai F 
voi MN va PQ.Tinh EF theo a,b. 

W \ • • t • 

Loi giai 

a)Taco l€(SAD)=>Ie(SAD)n(lBC). 


Chung minh EF song song 


Vay 


ADc(SAD) 
BCc(lBC) 
AD // BC 
(SAD)n(lBC) 


= PQ 


=> PQ // AD // BC (1) 

Tuong tu J e(SBC)=> J e(SBC)n(ADj) 
AD c (ADJ) 

V|y BC C < SBC ) 

AD//BC 

(SBC)n(ADj) = MN 
=> MN // AD // BC (2) 

Ti, (1) va (2) suy ra MN // PQ. 



A 4- -. 
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Cty TNHH MTV DVVH Khany Viet 


|i) Ta co E = AM n BP 


F = DNriCQ 


Ee(AMND) 
Ee(PBCQ) 

Fe(AMND) 

Fe(PBCQ) 


Dodo F.F = (AMND)r\(PBCQ). 

[AD//BC 

Ma ^ MN => EF // AD // BC // MN // I>Q. 

Tinh EF: Gyi K = CPnEF => EF = EK + KE 

Taco EK//BC=>^ = — (l), PM//AB 

BC PB v ’ 

PE _ 2 
* EB " 3 ' 


PE _ PM 
EB ~ AB 


w . PM SP 2 

Ma = — = — 

AB SA 3 


Ti, (1) suy ra 


EK PE 


PE 


BC PB PE + EB 


1 + 


= -=>EK 
EB 5 

PE 


2 2 

- BC = — b 

5 5 


Tuong ti,r KF = -a . Vay EF = EK + KF = -(a + b). 

5 5 


Bai toan 03: CHL/NG MINH BON DIEM DONG PHANG VA BA Dl/ONG 
THANG DONG QUI 
Phuang phap: 

De chung minh bon diem A,B/C,D dong phang ta tim hai duong thang 
a,b lan lirQt di qua hai trong bon diem tren va chung minh a,b song song 
hoaccat nhau, khi do A,B,C, D thuoc mp(a,b). 

De chung minh ba dirong thang a,b,c dong qui ta co the chung minh a,b,c 
Ian lucjt la giao tuyen cua hai trong ba mat phang (<*),(p),(&) trong do co 

hai giao tuyen cat nhau. Khi do theo tinh chat ve giao tuyen cua ba mat 
phang ta duoc a,b,c dong qui. 

C AC VI DV 

du 1. Cho hinh chop S.ABCD co day ABCD la mot tu giac loi. Goi 
■ M,N,E,F Ian lirgt la trung diem cua cac canh ben SA,SB,SC va SD. 

a ) Chung minh ME,NF,SO dong qui (O la giao diem cua AC va BD ). 
k) Bon diem M,N,E,F dong phang. 
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Loi giai 

a) Trong (SAC) gpi l = MEr>SO, de thay 

I la trung diem cua SO, suy ra FI la 
dirong trung binh cua tarn giac SOD . 

Vay FI / /OD. 

Tuong ty ta co NI//OB nen N,I,F 

? 4 

th^ng hang hay I e NF. 

V$y minh ME,NF,SO dongqui. 

b) Do MEnNF = I nen ME va NF xac 
djnh mot m$t phang. Suy ra M,N,E,F 
dong phang. 

Vi dy 2. Cho hinh chop S.ABCD co day ABCD la hinh chir nh$t. Gpi 

M,N,E,F Ian liryt la tryng tarn cac tarn giac SAB,SBC,SCD va SDA 
Chiing minh: 

a) Bon diem M,N,E,F dong ph^ng. 

b) Ba dirong thcing ME,NF,SO dongqui (O la giao diem cua AC va BD ). 



Loi giai 

a)Goi M',N',E',F' lan hryt la trung diem cacc^nh AB,BC,CD va DA 


- , SM 2 SN 2 

Ta co 


SM SN 


SM' 3 SN’ 3 SM' SN' 
MN//M'N' (l). 


SE SF 

Tuong | V = _ =. EF // E’F' (2) 

, . . .M’N 1 //AC 
aiCO< EF//AC ^ M'N'// E'F’ (3) 

Tir (1),(2) va (3) suy ra MN H EF . 



D 


Vay bon diem M,N,E,F dong phang. 

b) Dethay M'N'E'F' cung la hinh binh hanh va 0 = M'E’riN'F' 
Xetba mat phang (M'SE’),(N'SF') va (MNEF) taco: 


(M’SE')n(MNEF) = ME 


(M'SE')n(N'SF') = SO 
(N'SF')n(MNEF) = NF 

Do do theo djnh li ve giao tuyen cua ba mSt phcing thi ba dirong th3nj; 
Mli^F.SO dongqui. 


MEnNF = I. 
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CAC BAI TOAN LUYEN TAP 

19 . Cho hinh chop S.ABCD co day ABCD la hinh binh hanh. 
a) Tim giao tuyen cua hai mat phang (SAB) va (SCD). 


b) Goi M la mot diem tren canh SC. Xac djnh giao diem N cua SD voi 
(ABM). Tu giac ABMN la hinh gi? 

c) Gia sir I = AN n BM . Chung minh I thupc mpt duong thang co djnh khi M 
ch^y tren c^inh SC . 

20. Cho hinh chop S.ABCD co day ABCD la hinh binh hanh. Gpi M,N,P,Q 
Ian lupt la trung diem cua cac canh SA^B^SC^D. 

a) Chung minh MNPQ la mot hinh binh hanh. 

b) Gpi I la mot diem tren canh BC . Xac djnh thiet dien cua hinh chop voi (IMN). 

21. Cho tur dipn ABCD. Gpi I,J Ian lupt la trung diem cua BC va BD, E la 
mpt diem thupccanh AD( E khac A va D). 

a) Xac djnh thiet dipn cua tu dipn voi (IJE). 

b) Tim vi tri cua diem E tren AD sao cho thiet dipn la hinh binh hanh. 

c) Tim dieu kipn ciia tii dipn ABCD va vj tri cua diem E tren AD sao cho 
thiet dipn la hinh thoi. 

22. Cho tii dien deu ABCD canh a . Gpi M,N lan lupt la trung diem cua CD 
va AB. 

a) Hay xac djnh cac diem I e AC va J e DN sao cho IJ // BM . 

b) Tinh IJ theo a . 

23. Cho hinh chop S.ABCD co day ABCD la hinh thang. Mpt mat phang (a) 

cat cac canh SA,SB,SC va SD Ian lupt tai cac diem M^^Q. 

a) Gia sir MNnPQ = I, ABnCD = E . Chung minh I,E,S thang hang. 

b) Gia su A = (iBC)n(lAD) va Ac (a). Chung minh MQ // NP // AB // CD. 

24. Cho hinh chop S.ABCD co day la hinh thang vdi AD//BC. M la mpt 
diem di dong trong tu giac ABCD. Qua M ve cac duong thang song song 
voi SA,SB cat cac mat (SBC) va (SAD) lan lupt tai N,P. 

a ) Neu each dung cac diem N,P. 

b) Tim tap hpp diem M sao cho MN.MP Ion nhat. 
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25. Cho hinh chop S.ABCD c6 day ABCD la mpt hinh thang voi day AD = a 
va BC = b.Goi M,N,P lan luat la trung diem cac canh AB,CD va SB. 

a) Tim giao tuyen cua hai mat phSng (ADP) va (SBC). 

b) Tim do dai doan giao tuyen cua (ADP) va (SMN) n'cnn ben trong hinh chop. 

26. Cho hinh chop S.ABCD ccS day ABCD la hinh binh hanh. Goi I,J Ian iimt 
la trpng tarn cac tarn giac SAB va SAD, M la diem tren canh SA sao cho 

11^ i ^ t di('n cua hinh chop vdi mat phang (MIj). 

27. Cho hinh chop S.ABC, M la mot diem nam trong tarn giac ABC. Cac 
dirong thang qua M va song song SA ( SB va SC cM cac mat 

(SBC),(SCA),(SAB) Ian lupt tai cac diem A’,B',C'. 

a) Neu each dung cac diem A',B',C'. 

. . . . . MA' MB' MC' . 

b ) Chung minh co gia tr| khong doi khi M di dong trong 

tarn giac ABC. 

cJXacdjnh vj tricuadiem M detich MA'.MB'.MC' Ion nhat. 

28. Cho tu di^n ABCD .Mot mat phSng (a)cAt bon canh AB,BC,CD,DA Ian 
lirpt tai cac diem M,N,P,Q . 

Chung minh: MA.NB.PC.QD<-—-. Khi dang thuc xay ra thi 



16 


MNPQ la hinh gi? 


LOI GIAI - Hl/ONG DAN - DAP SO 


19. a) Ta co < 


b) Ta co 


Se(SAB)n(SCD) 
AB // CD 
ABc(SAB) 

CD c (SCD) 

M e (SCD)n(ABM) 
AB // CD 
ABc(ABM) 

CD c (SCD) 


(SAB)n(SCD) =d // AB // CD,Se d . 


(ABM)n(SCD) = d'//AB Med' 

Trong (SCD) goi N = d'nSD 
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C/y TNHH MTV DWH Khang Viet 


N = SDn(ABM) 


Do MN // AB nen tu giac ABMN la hinh thang. 


C )G<?* A = (SAD) n (SBC) thi A codinh 


(ie ANc(SAD) . . . 

Vi 1 = AN n BM => < ) /=>Ie(SAD)n(SBC) 

v I e BM c (SBC) V 1 V ’ 


I e A. 


Vay IeA codjnh. 


20 . 


a ) Ta co MN //= - AB va PQ //= - CD ma AB //= CD nen MN //= PQ. 


Vay MNPQ la hinh binh hanh. 


b) Ta co 


Ie(lMN)n(ABCD) 

ABc(ABCD) 

MNc(IMN) 

AB // MN 


(iMN)n(ABCD) = IJ//AB//MN voi 


J e AD . Thiet di£n cua hinh chop voi 


(IMN) la hinh thang MNIJ. 


F 6 ([JF) n (ACD) 

21. a) Ta co JIJ c (IJF),CD c (ACD) 

IJ // CD 


(lJF)n(ACD) = FE//CD//IJ. 


Thiet di£n la tu giac IJEF. 
b ) De thiet dien IJEF la hinh binh hanh thi 


IJ //= EF ma IJ//=^CD nen EF//=Tcd, 


nay EF la duong trung binh trong tarn 
giac ACD ling voi c^nh CD do do E 
la trung diem cua AD. 



B 



D 


m 
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c) De thiet di£n IJEF la hinh thoi thi truac tien no phai la hinh binh hanh. khj 
do E la trung diem cua AD. Mat khac IJEF la hinh thoi thi 1J = IF, ma 

IJ = icD,IF = -AB=> AB=CD. 

2 2 

Vay dieu ki£n de thiet di<;n la hinh thoi la hi' dien ABCD cd AB = CD va E 
la trung diem cua AD. . 

22. a) Trong (BCD), tir D ke dudng 

thang song song vdi BM cat BC tai 
K . Noi K va N cat AC tai I. Trong 
(IKD), tu I ke dudng thang song song 

vdi DK c3t DN tai J. 

Khi do IJ H BM . b 

b) Do BM la dudng trung binh cua tam giac 

a& 


CKD nen KD = 2BM =2.— =afi . 

2 

Gq'i H la trung diem cua BC. 

Khi do HN // AC NK KH 3HC 



NI HC HC 


= 3 


=> NK = 3NI => KD = 3IJ 

=>ij = 1kd=—. 

3 3 

23. a) Ta co SE = (SABWSCD) 


I = MNnPQ 


IeMNc(SAB) 

IePQc{SCD) 


b) Do 


Ie(SAB)rv(SCD), hay USE. 

Ie(lAD)n(lBC) 

AD / /BC 
ADc(lAD) 

BCc(lBC) 

=>(1AD) n(lBC) = A // AB// DC,I e A 

M?t khac theo gia thiet A c (n) nen 



D 


Ch/ TNHH MTV OWII Klicwy Virt 


A <=(«) 

BC <= (SBC) 

A //BC 

(«)n(SBC) = NP 


NP // BC // A 


Tuong tu ta cung cd MQ // AD // A . 

Vay MQ // NP // AB // DC // A . 

24. a) Goi E = AM n BC,F = BM n AD . Tu 

% 

M ke cac duang thang song song voi 
SA,SB lan lircjyt cat SE,SF tai N,P.Thi 


b) Ta co 


la cac i 

diem 

can d 

King. 

MN 

EM 

MP 

FM 

SA " 

EA ' 

SB 

" FB 

MN 

MP 

EM 

AM 

+ 



+- 

SA 

SB 

EA 

EA 


AE 


nen 


= 1 . 


Theo BDT CauChy ta co 

WKTW „ ^ ™ MN MP SA.SB 

MN.MP = SA.SB.-.-<- 

SA SB 4 



A %- 


/ 


\ 


MN MP 


+ 


SA SB 


\ 


/ 


SASB 


Vay max(MN.MP) = 5^511 khi ^5^ = — = - hay M la trung diem cua AE 

4 SA SB 2 

va BF, do do tap hap diem M la duang trung binh cua hinh thang ABCD. 


25. 


a) Ta co 


P e ( ADP) n (SBC) 
AD//BC 
AD c (ADP) 

BC c (SBC) 


=> (ADP)n(SBC) = PQ // AD // BC,Qe SC 

b)Goi I = APr»SM,J = DQnSN 
thi IJ=(ADP)n(SMN). 

De thay I,J lain loot la trong tam cac A 
tam giac SAB va SCD . 

Goi K = IJPD ,taco IJ=IK + KJ. 



_r_v_ -T2*d 
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„ , IK 

Ta co 


= -M-=M =>IK=-AD = -a . 
AD PA 3 3 3 


Tuong tu 


JK PI 2 
PQ " DQ “ 3 


2 2 1 1 

JK = ^PQ = —.—BC = — b. 
3 3 2 3 


V$y IJ = IK + KJ = i(a + b). 

3 

!6. (HS tirgiai) 

17. 

i) GQi E = AMnBC, trong (SAE) ve 

duong thang di qua M va song song 
voi SA cat SE tai Athi A' la diem 
can dgng. 

Cac diem B',C' dugc dirng tirong tir. 

MA’ EM S 


) Ta co MA7/SA nen 


SA 


__ ^MHC /i \ 

AE S U 


ABC 


Tuong tu — = —= Liac / 2 ) 

SB IB S ABC * > 


MC’_FM_S mah 
SC FC S 


( 3 ) 



A X ~ 




ABC 


B 


Cong cac cteng thuc (l),(2),(3) ta du<?c + ML + M C ' _ 

SA SB SG 

) Ta co MA'.MB'.MC' = SA.SB.SC—— 

SA SB ‘ SC 




< SA.SB.SC 


MA' MB' MC ,2 | 
SA + SB + SC 


n i ... . ... MA’ MB' MC' 
Dang thuc xay ra khi = = —— 

SA SB SC 

M la trpng tarn cua tarn giac ABC. 

SA.SB.SC 


\ 

l 

3 


j 


SA.SB.SC 

27 


EM IM FM 
EA ~ IB ~FC 


Vay max(MA'.MB , .MC') = 


27 


10 


Cty TNHH MTV DVVH Khmig Wet 

Trtroc tien do M,N,E,F dong phiing nen theo djnh li Menelauyt trong 

, MA NB PC QD 

khong gian ta co -.-.-•-- * • 


MB NC PD QA 

Do do (MA.NB.PC.QD) 2 =(MA.NB.PC.QD)(MB.NC.PD.QA) 

Theo BDT Cauchy ta co • 

'MA + MBf 


M 


MA.MB < 


AB 


V 


/ 


NB.NB < 


NB + NC 


\2 


BC 2 




PC.PD < 


PC + PD 


/ 

\2 




CD 2 


j 




QD.QA < 


QD + QA V AD 2 


V 



D 


Nhan theo ve cac BDT tren va ket hop voi (l) thu du<?c: 


MA.NB.PC.QD < 


AB.BC.CD.AD 

16 


D5ng thuc xay ra khi M,N,P,Q lan luot la trung diem cua cac canh 


a n nn n a 




\ 4 \ T IX UimU Ui iaU U \ 1*\ 
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Phan loai va pfurirng pluip \*iai limit hoc 11 


Duong thing va mat phing song song 

A.TOM TAT GIAO KHOA. 


1. Vi kri tuong doi cua duong thang va mat phang. 

Cho duong thang d va mat phang (a ), ta c6 ba vj tri tirong doi giua chung la: 

• d va (a) cat nhau tai diem M, ki hieu |M}=dr\(a) hoac de dan gian ta 
ki hieu M = dr\{a) (hi) 

• d song song voi (a),kihi£u d//(a) hoac (a)//d ( h2) 

• d nam trong (a) r ki hieu dc(o) (h3) 




H2 


2. Cac dinh li va tinh chat 
• Neii duong thang d khong nam trong 
mat phang (a) va d song song voi 

i % y » 

duong thang d' nam trong (a) thi d 
song song voi (it). 


Vay 


d <z(o) 

d//d' =>d//(u) 

d'c(„) 


f 

Cho duong thang d song song voi mat 
phang (<x). Neu mat phang (p) di qua 

d vacat (a) theo giao tuyen d' thi cf//d. 


Vay 


d//(rt) 

d c (p) 

,( rt ) n (P) 


d’//d 


= d’ 



kj 



</' 


hJ 



im 



Ct»f TNHhl MTV DWU K/nmg Vi(t 


^eii hai mat phang phan bi£t ciing 
n g song voi m(>t duong thing thi 

iao tuyen cua chung (neu co) cung 

song song voi duong thang do. 

Bp|(n)//d 

v?y • (P)// ^ =>d //d. 

(«)n(P)-d* 

Cho hai duong thang cheo nhau. Co 
duy nhat mot mat phing chua duong 
thing nay va song song voi duong 
thing kia. 




B LUYEN Ki NANG GIAI CAC DANG BAI TAP. 

Bii loan 01: CHUNG M1NH DUONG THANG SONG SONG VOI MAT PHANG. 
Phuong phap: 

De chung minh duong thing d 
songsong voi mat phing (a) ta chung 


minh d song song voi mot duong 
thing d' nam trong (a). 



</' 


„ h3 . 


CAC VI DV 

Vi du 1. Cho hai hinh binh hanh A BCD va ABEF khong cung nam trong mot 
mat phang co tarn Ian luQrt la O va O . 

a) Chung minh OO' song song voi cac mit phing (ADF) va (BCE). 

b) Gc?i M,N Ian lu<?t la hai diem tren cac conh AE.BD sao cho 

AM = - AE, BN = — BD. Chung minh MN song song voi (CDEF). 

3 3 F _ e 

Lot giai 

a ) Ta co OO’ la duong trung binh cua tarn 
giac BDF ung voi C(inh DF nen 

OO'// DF, DFc(ADF) 

=>007/(ADF). 

Tuong tir, OO’ la duong trung binh cua tarn giac ACE ung voi canh Cl 
nen OO’ // CE, CE c (CBE) => OO' // (BCE). 
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va plurong phnp giai Hinh hoc 1 7 

b) Trong (ABCD), gpi I=ANnCD 


Do AB // CD nen 


AN BN AN _ 1 
AI “ BD 3 


Lai co 


AM 1 AN AM 


MN // IE. 


AE 3 AI AE 
Ma I € CD => IE c (CDEF) => MN // (CDEF). 

Vi du 2. Cho hinh chop S.ABCD co day ABCD la mpt hinh binh hanh. Gpi C 
la trpng tam tam giac SAB, I la trung diem ciia AB va M la diem tren 

canh AD saocho AM =—AD. 

3 

a) Duong thang di qua M va song song voi AB c£t Cl tai N . Chong minh 

NG // (SCD). 

b) Chu-ng minh MG//(SCD). 


aJTaaS^-SL-^.i 12-i 

IC BC AD 3' IS 3 


f \ • III 

Lot giai 


NG // SC, 


IN IG 
IC “ IS 

ma SC c (SCD) => NG // (SCD). 

b) Gpi E la giao diem cua IM va CD 

IM AM 1 IM IG 

= ls 


Ta co 



_ I-\-AT 


IE AD 3 IE 

=> MG // SE, SE c (SCD) => GM // (SCD). 

Bai loan 02: DV’NG THIET DIEN SONG SONG VOI Dl/ONG THANG. 
Phoong phap: 

Su dung djnh nghla va cac tinh chat hoac bieu thdc tQa do cua phep tjnh tien. 
Trong phan nay ta se xet thie't dipn cua mat piling (a) di qua mpt diem 

song song vdi hai duong thang cheo nhau hoac (a) chua mpt dudng thSng 

va song song voi mpt doong tiling; de xac djnh thie't dipn lo?i nay ta sir 

(<*)// d 

dc(fi) =>(a)n(p) = d'//d,Med' 

Me(a)n([t) 


dung tinh chat: 
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CAC VI DV 

Vi dy 1. Cho hinh chcSp S.ABCD, M va N la hai diem thupc canh AB va 
CD, (a) la mat phang qua MN va song song voi SA . 

a) Xac djnh thie’t dipn cua hinh chop S.ABCD khi cat bdi (a) . 


b) Tim dieu kipn cua MN de thief dipn la mpt hinh thang. 

Lot giai 


a) Ta co 


M e (o)n(SAB) 

(o)//SA 

SAe(SAB) 


=> (SAB)n(o) = MQ // SA,Qe SB. 
Trong (ABCD) gpi I = ACnMN 



leMNc(rt) 

I e AC c (SAC) 


Ie(a)o(SAC) 


Vay 


I e (SAC)n(<x) 

(a) // SA => (SAC) n (n) = IP // SA, P e SC 

SA c (SAC) 


Tii do ta co ((x)rx(SBC) = PQ,(a)n(SAD) = NP. 

Thiet dien la tu giac MNPQ. 

b) Tu giac MNPQ la mot hinh thang khi MN // PQ hoac MQ// NP. 

[MQ//NP 

Truong hoy 1: Neu MQ // NP thi ta co j ^ => SA // NP 
Ma NP c (SCD) => SA // (SCD) (vo H). 

Tru'cmg hay 2: Neu MN // PQthi ta co cac mat phang (ABCD),(a),(SBC) doi 
mot cat nhau theo ba giao tuyen la MN,BC,PQ nen MN // BC . 


Dao lai neu MN // BC thi 


MN c(<x) 
BCc(SBC) 

PQ = (a)n(SBC) 


=> MN // PQ nen tii giac MNPQ la hinh thang. 

Vay de tu giac MNPQ la hinh thang thi dieu ki£n la MN // BC . 
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Phan loai va plurait# phap giai Hinh hoc 11 
Vi dy 2. Cho hinh chop S.ABCD, c6 day la hinh vuong canh a 
SAB deu. Mptdiem M thuqccynh BC saocho BM = x(0<x 

phang di qua M song song voi SA va SB . g 

a) Xac djnh thiet diyn cua hinh chop ck boi (a) . 

b) Tinh diyn tich thiet diyn theo a va x. 

Loi giai 

M € (n)n(SBC) 
a) Ta co < (a) // SB 

SB c (SBC) 

(<x)r>(SBC) = MN // SB, N eSC 


va tam giac 
^a), (a) m$t 


Ng(SAC)o(<t) 

Ttrong ty < (n ) // SA = 

SAc(SAC) 

Trong (ABCD) gyi Q = Ml r't AD, thi ta ctS 



, t v - r _ 


(SAC)n(a) = NI //SA,Ie AC 


Qe(SAD)n(o) 

(«)//SA 
SA c (SAD) 


(SAD)r. («) = QP // SA, P e SD. 


Thiet di£n la tv giac MNPQ. 

CM CN 


b) Do MN // SB 


Lai co IN // SA 


CB CS ^ 

§ = § (2).Tu(l)va (2) suyra^ 


Cl 

CA 


1M // AB 


Ma AB//CD => IM//CD. 

Ba mat phang («),(ABCD) va (SCD) doi mqt c3t nhau theo ba giao tuyen 

la MQ,CD,NP voi MQ // CD => MQ // NP. 

Vay MNPQ la hinh thang. 

, MN CM DQ PQ 

# 1IIC1 — JD — H —yr l* kk* — 1 • 

N 


Ta co 


,ma SA = SB = a=>MN = PQ. 
SB CB DA SA p 


x 


Do do MNPQ la hinh thang can. 
MN CM a-x 

Tir-=-=-=> MN = a - x, 

SA CB a 



M 


1 (V, 


Cut TNHH MTV DVVH Khan y Viet 



PN SN BM 


DC ” SC BC 
1M CM 
AB CB 


PN = BM = x, 


IM = CM = a - x 


£(>j J la trung diem cua IM thi 


NJ = VmN j -MJ 2 = (a- x)* - 


/ A 2 

a - x 


2 j 




(a-x) 


MMX.. = \ NJ(MQ + NP) = i.-y (a - x)(a + x) = ^(a : - x : ) 


SA SB AD 


C AC BAI TOAN LUY$N TAP 

29 . Cho hinh chop S.ABCD. Goi M,N Ian lirot la trung diem cua AB va BC; 
G,,G, tuong ling la trong tam cac tam giac SAB,SBC. 

a) Cluing minh MN // (SAC). 

b) G,G : // (SAC). 

c) Tim giao tuyeh cua hai mat phang (ABC) va (BG,G 2 ). 

30, Cho hinh chop S.ABCD co day ABCD la hinh binh hanh. Tren cac canh 

SM SN PD 

SA,SB,AD lan luvt lay cac diem M,N,P saocho 

a) Chung minh MN // (ABCD). 

b) SD // (MNP). 

c) NP//(SCD). 

^1. Cho hinh chop S.ABCD co day ABCD la mot tu giac loi. Gpi O la giao 
diem cua hai dudng cheo AC va BD . Xac djnh thiet di£n cua hinh chop cat 
boi mat phang qua O, song song voi AB va SC. 

32. Cho hinh chop S.ABCD co day ABCD la m$t hinh binh hanh . G<?i M la 

t 

trung diem cua canh AB. Xac djnh thiet di£n cua hinh chop voi mat phang 
(«) qua M , song song voi BD va SA . 

33 - Cho hinh chop S.ABCD. G<?i M,N la hai diem bat ki tren hai canh SB va 
CD, (<x) la mat phang di qua MN va song song voi SC . 

Xac djnh thiet dien cua hinh chiSp cat boi (a). 

34 Cho tu dien ABCD. Goi 0,0' Ian luqt la tam dudng tron n(>i tiep cac tam 
giac ABC va ABD . Chung minh r5ng dieu kiyn can va du de 
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Phan loai va pit weni t p pltfip giai Hinh hoc 7 7 



a) 007/(BCD) la 


BC _ ABj+AC 
BD ~ AB +AD 


b) 007/ (CBD) va 007/(ACD) la BC = BD va AC = AD . 

35. Cho hinh chop S.ABCD co day la hinh binh hanh ABCD . Gpi M la trun^ 
diem cua SC; (a) la mat phang qua AM va song song vai BD . 

a) Xac djnh thiet dipn cua hinh chop khi cat bdi (a). 

b) Gpi E,F lan luot la giao diem cua (a) vai cac canh SB,SD. Tinh cac ti so 


S S 

^VAII : . \S\1I 

s 's 

‘■'ashc ^.vsen 


c) Gpi K = MEnCB,J = MFnCD . Chung minh A,K,J nam tren mpt duong 

» 

thang song song vai EF . 

36. Cho hinh chop S.ABCD co day ABCD la hinh thang voi day Ion AB. Goi 
M,N theo thu tu la trpng tarn cua cac tarn giac SCD va SAB . 

a) Tim giao tuyen cua cac cap mat phang: (ABM) va (SCD); (SMN) va (ABCD). 

b) Chung minh MN // (ABC). 

c) Gpi d la giao tuyen cua (SCD) va (ABM) con I,] Ian luot la cac giao diem 
cua d voi SD,SC. Chung minh IN //(ABC). 

d) Tim cac giao diem P,Q cua MC voi (SAB), AN voi (SCD). Chung minh 
S,P,Q thang hang. 

37. Cho hinh chop S.ABCD co day ABCD la hinh binh hanh tarn O. M la mot 
diem di dong tren canh SC, (a) la mat phang qua AM va song song vai BD . 

a) Chung minh (a) Iuon chua mpt duong thang co djnh. 

b) Tim cac giao diem H,K cua (a) vai SB,SD. Chung minh -55. + 515 _-5^1 co 

V ; 6 SH SK SM 

gia tri khong doi. 

b) Thiet dipn cua hinh chop vdi (a) co the la hinh thang dupe khong? 

38. Cho tu dipn ABCD co AB = CD = a,BC = AD = b / AC = BD = c vai. Mpt mat 
phang (a) song song vai hai duong thang AB va CD cat cac canh cua tu 

dien theo mot thiet dipn la hinh thoi. Tinh dipn tich cua thiet dipn. 

39. Cho tu dien deu ABCD canh a . M va P la hai diem di dong tren cac canh 
AD va BC, sao cho MA = PC = x, (0<x<a). Mot mat phang qua MP 

song song vdi CD cat tu dipn theo mpt thiet dipn. 
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a ) Chung minh thiet dipn la hinh thang can. 
jj) Tim x de dipn tich thiet dipn nho nhat. 

40. Cho hinh chop S.ABCD co day ABCD la mpt hinh binh hanh. Mpt mat 
ph^ng (a) thay doi di qua AB va dit SC,SD tai M,N. 


a) Tvrgiac ABMN la hinh gi? 

b) Chung minh giao diem I cua AM va BN 
djnh. 


Iuon thupc mpt duong th^ng co 


c) Chung minh giao diem K cua AN va BM Iuon thupc mpt duong thSng co 


,»• u AB BC lu . 

d!nh mn'sk gdo1 ' 


41 . Cho hinh lang tru ABC.A'B'C .Gpi I la trung diem cua canh B'C'. 

a) Chung minh AB'//(A'IC). 

b) M la mpt diem thupc canh A'C\ AMnA'C = P,B'MnA'I = Q. Chung 
minh PQ // AB'. Tim vi tri cua M de S (WPQ = ^S AA . C| . 


42. Cho hinh lang tru ABC.A'B’C'. I,G,K lan luot la trong tarn cac tarn giac 
ABC, ACC' va A B C’ .Chung minh 

a) IG//(ABC'). 

b) GK // (BB'C'C). 

43. Cho tu dien deu ABCD canh a. I la trung diem cua canh AC, J la diem 
, thupc canh AD sao cho AJ = 2JD. M la mpt diem di dong trong tarn giac 

BCD sao cho (MIJ) // AB . 


a) Tim tap hpp diem M . 

b) Tinh dipn tich thiet dipn cua tu dipn cat boi (MIJ). 


LOI GIAI - Hl/ONG DAN - DAP SO 

29. 


a ) Ta 


co 


MN // AC 
AC c (SAC) 


MN // (SAC). 


^ |G|,Gj lan luot la trong tarn cac tarn giac SAB va SBC nen 

SG. SG, 2 

SM = SN _ = 3 =:>G,G2//MN m * MN//AC 

=>G,G 2 //AC. 
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Phan /mil mi />/ni>> Hiul i 


Vay 


G,G, // AC 
AC c(SAC) 


.? 


G,G, //(SAC). 


c) Ta co 


B€(ABC)^(BG,G : ) 

NMc(ABC) 

G,G,c(BG1G 2 ) 

MN//G.Gj 


=> (ABC)n( BC ,G, ) = d // MN // G,G,,B6 d . 

D 

30. a) Ta co MN//AB 



Vay 


SA SB 
MN // AB 
ABc(ABCD) 


s 


MN // (ABCD). 


SM PD Q-p^ h 
b) Tuong tu ^ 7 - - A ~ ^ SD // Ml 


SA AD 
ma MPc(MNP)=>SD/(MNP). 


c) Ke NR // BC,R € SC, ke RQ // SB,Q e BC thi ta co 


SN_* (1)vjl * «S (2). 


SB SC 


SC BC 



„ .... SN PD 
mitkhac—= — (3). 

Tu(l).(2),(3) taco = 
Lai co NR = BQ=>NR = PD 


BQ = PD. 


Them nua NR ^ => NR // PD nen PDRN la hinh binh hanh, tu do ta 


NP // DR 
DR c (SCD) 


NP // (SCD). 


31. Gpi (P) la mat phcing qua O va song 
song voi AB va SC 


Ta co < 


Oe(P)n(SAC) 
SC c (SAC) 

SC // (P) 


(SAC) n (P) = OM // SCO e SA. 



D 



Ct\/ TNI III MTV DVVH Khan$ Vic 


Tuong tu 


32. Ta co 


.V 


N e(SAB)r3 
ABc(SAB) 

AB//(P) 

(SAB)rt(P) = MN // AB,N e SB . 

Ne(P)n(SBC) 

SC c (SBC) =>(SBC)n(P) = NP//SC, PeBC. 

SC // (P) 

Trong (ABCD) goi Q = POn AD thi thiet diyn la tu giac MNPQ. 

Me(«)n(ABCD) 

(<*)//BD 
BDc(ABCD) 

(«)n(ABCD) = MN // BD,Ne AD 
Tuang ty (a)n(SAD) = NP//SA,Pe SD 
(a) n (SAB) = MR // SA,R e SB 

Goi E = MNnAC thi: 

(a)n(SAC) = EQ // SA,Qe SC 

Thiet di£n la ngu giac MNPQR. 

M e(«)n(SBC) 

33. Taco jsCc (SBC) 

SC //(a) 

(o)n(SBC) = MP//SC,Pe BC. 

Tuang ty (a)n(SCD) = NQ//SC,QeSD 
Trong (ABCD) goi I = ACnPN thi: 

(a)n(SAC) = IT //SC,T eSA 


n 



- -->/; 


Thiet di£n la ngu giac MPNQT. 





34. 


a) Goi 1 = AOnBC,J = AO’nBD ta co (AOO')n(BCD) = IJ 


Do do OO' // (BCD) <=> OO' // IJ 


OA OA 
OI “ O’J 


(>)• 


m 



















































’linn loai va phnxntg phdp giai l imit hpc I1 


Mat khac ta co (2) 


D 


OI BI 


O'A AB 


O'J BJ 


(3).Tu (l),(2),(3) suy ra BI = BJ. 


. . . IB AB 
Lai co 


IB 


AB 


IC AC BC AB + AC 


va 


JB _ AB JB AB 


JD AD BD AB + AD 


nen IB = JB <=> 


AB.BC AB.BD 


AB + AC AB + AD 


BC AB + AC 



- >B 




BD AB + AD 


?) Truong hop 007/(BCD) va 00'//(ACD) thi taco 


(BCD)n(ACD) = CD 
OO'//(BCD) =>007/CD. 

OO'// (ACD) 


Vi vay OO' va CD dong phang. 

Xet ba mat phang (ABC), (ABD), 


D 


(CDOO') doi mot cat nhau theo- ba 


giao tuyen la AB,CO,DO' nen ba giao 
tuyen nay dong quy. G<?i I la diem 
dong quy nay thi I la chan cac duong 
phan giac cua cac goc C,D trong cac 
tarn giac CAB, DAB tuong ling. Theo 
tinh chat duong phan giac ta co: 


IA _ DA . IA _ CA 
IB " DB Va IB “ CB 


suy ra 


DA CA BC AC 


DB CB BD AD 

♦ 

Ket hop voi dang thuc 6 cau a ta co: 

BC AB+AC AC AB+AC-AC AB 




__ 


= 1 (Tinh chat day ti so bang nhau) 


BD AB+AD AD AB + AD-AD AB 


Vay BC = BD,AC = AD. 


I l? 


CM/ TNHII MTV DVVH Kitting Viet 


r 

35 . a) Gpi O = AC r\ BD,I = SOn AM . 

BD // (a) 

Taco jBDc(SBD) => (o)n(SBD) = EF//BD,E e SB,F e SD,I e EF 
I e (a)n(SBD) 

C 

Thiet dipn la tii giac AEMF. 
b) Do 0,M Ian lupt la trung diem cua 
AC,SC nen I la tr<?ng tarn cua tarn 

giac SAC => ^, mat khac EF// BD 


nen 


SE = SF _ SI _ 2 
SB " SD " SO “ 3 


r .. . . S SN1t SM SE 12 1 
Tu do ta co — K = . — = - 

SC SB 2 3 3 


ASHC 


y ^ ^ASMI _ BM SF _ 

S*sc D SC SD~3 





--p>C 


c) De thay K,A,J la diem chung cua haijn.it phang (ABCD) va (a) nen 


chiing thang hang . Goi d = («)n(ABCD) thi < 


BD // (a) 
BDc(ABCD) 


d // BD, 


ma BD // EF => d // EF . 

Vay K,A,J thuoc duong thang d song song voi EF. 


36. 


a) Ta 


co < 


Me (ABM) n (SCD) 

AB // (SCD) ^ (ABM)n(SCD) = IJ // AB // CD, 

ABn(ABM) 


MeIJ,IeSD,JeSC. 

Gpi E = SN n AB,F = SM nCD p 

=>EF = (SMN)n(ABCD). 

b ) Do M,N la trong tarn cua cac tarn giac 
I SCD va SAB nen: 



SM 2 SN 
SF " 3' SE ' 
=> MN // EF, 
EFc(ABCD) 


2 SM _ SN 

3 ^ SF " SE 


MN // (ABCD) 
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Phan loai va phircmg phap gitii H'ttih hoc 1 7 


, __ SI SM SN 1KT „ 

c) Ta co IJ//CD=> —= — = —=>IN//DE, DE 


(ABC) 


=>IN //(ABC). 
d)G<?i A = (SAB)n(SCD) 


P = CMnA 


PeAc(SAB) 


P e CM 


P = CMr»(SAB). 

Tuong tir goi Q=ANoA thi Q = AN <">(SCD) . 

Ta co S,P,Q thuoc A nen chung thang hang. 

37. a) Trong (ABCD) goi d la duong thang di qua A va song song voi BD 

thi d co' djnh 
Ae(a) 

Taco^Aed =?dc(n). 
d // BD 

9 f 9 m 

Vay (a) luon chua duong thang d co dinh. 
b) Goi 1 = AMnllK, the thi = = 


A SB SD 2SO 
nen — + (1). 

SH SK SI w 
Goi N la trung diem cua MC, 



. SC 

a co- 

SM 


SN + NC SN NC 
-=-+- 


SN SN-SM 
-+- 


SM 


SM SM SM 


= 2 SN_ 1 = 2 SO_, (2). 


SM 


SI 


. SB SD SC .SO 

Tu (l),(2) taco — +-= 2 — - 

' ’ K ’ SH SK SM SI 

.-) Xet cac mat phang (a),(SAB),(SCD) ta 

tha'y (n)o(SAB) = AH,(a)n(SCD) = MK, 

(SAB) n (SCD) = d // AB // CD . 

Do dcS neu AH // MK ^ AH // MK // d AH // AH (vo li). 

Tuong tu , neu AK // MH cung dan den vo li. V£y thie't dipn khong the la 
hinh thang. 
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38. Gia sii (<x) cat cac c^nh AC,CB,BD,DA theo thu tu tai M,N,P,Q thi 
MNPQ la hinh binh hanh. 

Ta ccS MN // AB// 1*0 va MQ//CD//NP 


„ r MN CN 
Do do - - = —— 

AB CB 


K4KI CN.AB a^ NT 

MN =-= —CN 

CB b 


Tuong tu 


NP BN 


NP =- CP BN = - BN . 
BC b 


CD BC 

De MNPQ la hinh thoi ta phai co 
MN = NP => CN = BN hay N la trung 
diem cua BC. Tu do ta suy ra dirc?c 
M,P,Q cung la trung diem cua cac 
canh AC,BD,AD. 



Ta co BM 2 


BA 2 + BC 2 AC 2 2(a 2 + b ; )-c 


Tirong tu DM 2 = 


2 (a 2 + b 2 )-c 


BM = DM => MP1 DB 


Do do MP 2 = BM 2 - BP 2 = 


2 (a 2 + b 2 )- 


^ c 2 


_ 2 i2 ; 

a -f b - c 


Tuong tu ta tinh duoc NQ 2 = 


_ 2 2 .2 
a + c — b 


Vay s„ w = MP.NQ = ij(a ! + b ! -c ! )( 


,r + c 1 




39. a) Ta co < 


M e (a)n(ACD) 
CDc(ACD) 

CD //(a) 


(a)n (ACD) = MN // CD,N e AC 


Tuong tu (n)n(BCD) = PQ//CD,QeBD. 


B 


Thiet dien la tu giac MNPQ. 


Vi 


MN // CD 


PQ // CD 



_ U- -s - -yi) 


• / 


MN // PQ nen MNPQ la hinh thang. 

De thay DQ = CP = x, DM=a-x, Ap dung djnh H Co-sin cho tarn giac 
DMQ ta co 


MQ 2 = DM 2 4 DQ 2 - 2DM.DQcos60° 
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^hait loai va plnvong pimp giai Hinh hoc 7 7 


MQ 2 = x 2 +(a -x ) 2 - 2 x(a - x)- = 3x 2 -3ax + a J => MQ = \J 3x 2 - 3 ax + a" . 


Tuong tg ta ciing tinh dupe NP = yfsx* - 3ax + a‘ => MP - NQ. 

Vay MNPQ la hinh thang can. De thay MN = x,PQ = a-x, dirong cao hinh 

thang h = i\/ 8 x 2 - 8 ax + 3a" . 


MNIXJ 


= i[ a +(a - x)].— n/Sx 2 - 8 ax + 3a 2 = tUnMx 2 - 8 ax + 3a 2 . 


b) Ta co S MNPQ = ^a\/ 8 x 2 - 8 ax + 3a 2 = ^a 8 


/ 


V 


a 

x — 
2 


\ 


2 a 
+ a A >- 


/ 


Vay minS 


a a 

= — o X = — 

MNPQ ? 2 * 


40. 


a) Ta co ■ 


AB // CD 
CDc(SCD) 


AB // (SCD) 


AB//(SCD) 

Do do- ABc(rt) 

(rt)n(SCD) = MN 


MN // AB, hay ABMN la hinh thang. 


b) Ta co I = AM r> BN 


I e AM c (SAC) 
Ie BNc(SBD) 


Goi 0 = ACrxBD 


SO = (SAC)n(SBD), the thi IeSO codinh 


:) Lap luan tuong tu cau b) ta dugc K 
thugc giao tuyen cua hai mat phang 

(SAD) va (SBC). 


Vi MN / /AB 


AB BM 


MN MK 



A 


BC MB AB BC » , . . A!t . 

Tuong tu SK//BC 777 = 7777 suy ra 7777 - 777 - 0 khong doi. 


“ ’ SK MK ' MINI SN 

41. a) Gpi J = AC'nA’C thi IJ la duong trung binh cua tam giat C'B'A 


MN SK 


nen 


IJ // AB'. 
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U e (a IC )_ > ab'//(atc). 


AB' // IJ 


AB'//(A'IC) 
b)Ta co - AB'c(MA’B) =>PQ//A'B. 

(MA'B)n(A’IC) = PQ 


Dat ——^7 = x (0<x<l). 


Ta co 


AC 

. S AIV A'P.A'Q 


S AK . A'CAT 



T v — L ___ \\ 


B 


A'P A'M 

Do A'M // AC nen . . _ = , _ = x . Goi N la trung diem cua AC' thi ta co 


A'Q A'M 


A’C AC 
A'M A'M 


AT A'N A'C’-NC A _. 1 . 

AC- CM 

2 


A'M 


A'M 


2A'M 


. A'C 1 2x 


A'C’-^(A'C'-A'M) 


A’C’+A'M 


, A'M 
1 + 

A’C' 


1 + x 


S 

w ’aixj 


2 x 


*T\ ic 1 + x 


\\ 1*0 

2 2 x 3 


— <=> - 

5 A IC 

9 1 + x 


2 

s , 

= ±s 

.\a r\} 

^ ^AA Cl 


2 q 2 , n l + x/37 

= — <=> 9x —x — 1 = 0ox =- 


18 


Vay de S AAI „ = ^-S AAU thi M nam tren A'C’ saocho A'M = 1 + A'C' 


18 


42. a) Gpi M la trung diem cua canh AC thi — = - va 

IB 3 MC' 


3 


Do do — = => IG // BC’ 


IB MC' 


Vay IG//BC'c(ABC’) 


IG // (ABC'). 




b) Dethay C,G,A' thang hang va AC//A'C' 


A'G C'G 




GC GM 


= 2 
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Phau loai va phtnmg pimp $iiii llittlt Imc 11 


Goi N la trung diem cua B'C' 

Taco K la trong tarn cua AA'B'C' nen 


AK 


= 2 


43. a) Ta co • 


A'N 

Vay GK // CN c(BCCB) => GK // (BCCB). 

Ie(lJM)n(ABC) 

ABcr(ABC) 

AB//(IJM) 

n (ABC) = IE // AB,Ee BC . 

Tuong ty (iJM)n(ABD) = JF // AB,Fe BD 

Tit do ta thay EF = (MIj)o(BCD) 

ma Me(MIj)n(BCD)=>MeEF. 

V£y tap hap diem M l<i doan EF. 

IE // AB 

b) Do { nen thiet diyn IEFJ la hinh thang 

' JF // AB 


De thay JF = ^,IE = ^. Ap dyng djnh liCosin ta co: 


A'G A'K 
GC ” A N 


GK //CN 



2 J.2 - 1 i->-2 


IJ 2 = AI' + AJ 2 -2AIAJcos60" = — + ^—2.^.^-.^ = -^ 
J 4 9 2 3 2 36 


Tuong tu ta ciing co IE 2 = 


13a 2 

36 


, do do IEFJ la hinh thang can va khong kho 


khan gi ta co the tinh duoc diyn tich thiet diyn la S = 


2 5n/51 
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Hai mat ph£ng song song 


A TOM tAt GIAO KHO A. 

1. t>jnh nghia. 

Hai mat phang dupe gyi la song song neu chung khong co diem chung, ki 
hiyu («)//(p)- 

V?y (rt)//(P)^(«) n (P) = 0 - 

2. Dinh ly va tinh chat. 

• Neu nruit phang («) chua hai duong 

thang cit nhaua.b va hai duong 
thing nay cung song song vdi mat 
phang (p)thi («)// (p). 

a c(«),bc(«) 
anb = M =>(n)//(p). 

a//(P),b//(p) 



Vay 



• Qua myt diem nam ngoai mat phang co mpt va chi myt mat phang song 

% 

song vdi mat phang da cho. 

He qua I 

Neu d //(«) thi trong («) co myt duong thang song song vdi d va qua d 
co duy nhat mot mat phang song song vdi (a). 

He qua 2 

Hai mat phang phan biyt cung song song vdi mat phang thu ba thi chung 

song song. 

Hf qua 3 

Cho diem khong nam tren mat phang 
(a).Moi duong thang di qua A va 

song song vdi (a)ddu nam trong mat 

phang qua A song song vdi (<x). 

A«(o),Ae(p) 

A ed , 

, =>d<=(P)- 

d //(«) 



Vay 




(P)//(«) 

Cho hai mat phang song song. Neu myt mat phang cat mat phing nay tin 
cung cat mat phang kia va hai giao tuye'n do song song vdi nhau. 
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Phiift loni va phuxntg phdp giai H'nih hoc 11 


v ^CS-^ (6, " w ' b//a - 

H$ qua 

i f 

Hai mat phang song song chan tren hai cat tuyen song song nhung doan 
bang nhau. 

3. Dinh li Ta-let (Thales) 

Ba mat phang doi mot song song ch3n tren hai cat tuyen bat ki nhirng doan 
thang tuong ung ti I£. 

(«)//(P)//(x) 

d, n(o) = A,,d, n((3) = B |/ d, n(x) = C, 
d 2 n(ft) = A 2 ,d 2 n((3) = B 2 ,d 2 n(x) = C 

A, B, A.B. 

B, C, ' 


B 2 C 2 

Djnh H Ta-Iet(Thales) dao 

Cho hai duong thang d,,d 2 cheo nhau 

va cac diem A^B^C, tren d,, cac diem 


A,,B,,C, tren d, sao cho 


A,B, A : B ; 
B,C 


BjC, 


Luc do cac duong thang A^^B^CjC, 

ciing song song voi myt mat phang. 

4. Hinh lang tru va hinh chop cut. 

4.1. Hinh lang try 

Cho hai mat phang song song (a) va (a ). 

Tren (a) cho da giac A,A r ..A n . Qua 
cac dinh A | ,A 2 ,... / A m ve cac duong 
thang song song voi nhau cSt (a ) lan 

lupt tai A,,A 2 ,..., A n . 

Hinh gom hai da giac A,A,...A n , 

A,A,...A va cac hinh binh hanh 

I 2 n 

A, A| A 2 A 2 , AjAjA^A,,..., A n A n A| A, 

dupe . gpi la hinh lang try 
A,A 2 ...A n .A,A 2 ...A n . 

Lang tru co day la hinh binh hanh dupe gpi la hinh hpp. 
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4.2. Hinh chop cyt. 

Cho hinh chop S-A^.-A,,. 

f 

Mpt mat phang khong di qua dinh, song 
song voi mat pheing day cua hinh chop cit 
cac cynh ben SA,,SA 2 ,..,SA n Ian lupt tai 

A,,A 2 ,..A n . Hinh tao boi thiet dipn 

A,A 2 ...A n va day A,A 2 ...A n cung vdi cac tu 

giac A ( AjAjA,,AjA^AjAj,...,A n A | A,A n gpi 

la hinh chop cyt A,A’ 2 ...A n .A l A 2 ...A n . 

B. LUYEN KI NANG GIAI CAC DANG BAI TAP. 

Bai toan 01: CHLfNG MINH HAI MAT PhAnG SONG SONG 
Phuong phap: 

De chung minh hai mat phing song song ta co the thyc hipn theo mot trong 
hai htrang sau: 

- Chung minh trong mat phang nay co hai duong th3ng cat nhau cung song 
song voi mat phang kia. 

ac(a),bc(a) 

a n b = I 

a // (p) => ( a )//(P) • 

b // (p) 




Chung minh hai mat phang do cung song song voi mat phSng thu ba 

'(«)//(y) 


(P)//(y) 







CAC VI DV 

Vl dy l. Cho hinh chop S.ABCD co day ABCD la hinh binh hanh tarn O, gpi 
M,N Ian lupt la trung diem cua SA,SD. Chung minh (OMN)//(SBC). 

¥ L • • f • 

Lai giai 

Ta co M,0 Ian lupt la trung diem cua SA,AC nen OM la duong trung 
binh cua tarn giac SAC ung voi canh SC do do OM // SC. 

... [OM//SC 

^jsCefSBC) 30 ^ 560 ) W- 





















































Pli au lopi Pit ;>/ii«w,y plu i;> giai Hinh hoc 11 _ 

Tuong tu, ta c6 N,0 lan luot la trung 
diem cua SD, BD nen ON la duong 
trung binh cua tarn giac SBD ung voi 
c^inh SB do do OM / /SB . 

v«r jsMsL) - ON ' < SBC > < 2 > 

OM // (SBC) 

Tir (1) va (2) ta co • ON//(SBC) 

OMnON =0 

=>(OMN)//(SBC). 

V« du 2. Cho hai hinh vuong ABCD va ABEF a trong hai mat phang phan 
bi^t. Tren cac duong cheo AC va BF Ian lu^t lay cac diem M,N sao cho 
AM = BN . Cac duong thing song song vdi AB ve tu M,N Ian luot cat AD 

va AF tai M’ va N\ Chung minh: 
a) (ADF)//(BCE). 

Lai giai 

AD//BC > AD //(BCE) 



b) (DEF) //(MM'N’N). 


a) Ta co 


BCc(BCE) 


Tuong tu 


AF // BE 
BE c (BCE) 


AF // (BCE). 


1afc C (ad^< AOT > //(BCE) - 

b) Vi ABCD va (ABEF) la cac hinh vuong nen AC = BF (l). 

AM’ AM 



Ta co MM' // CD 


NN'//AB 


AD 
AN’ = BN 
AF ~ BF 


AC 


( 2 ) 


( 3 ) 


Tit (l),(2) va (3) ta duoc => M' N7/ DF 

Lai cd NN’ // AB => NN' // EF => EF // (MM'N'N). 
|DF//(MMNNi mm . n . n) 

' y ’EF//(MM’N'N) 


DF//(MM'N'N). 
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Sit dung 


(rt)n(y) = d' //d,M ed'. 


pai toan 02: XAC DINH THIET DI$N CUA (<x) VOI HINH CHOP KHI 
BIET (a) V6l MQT MAT PHANG (p)CHO TRl/OC. 
phuong phap: 

Oc xac djnh thiet di£n trong trudng h<?p nay ta su dyng cac tinh chat sau: 

. Khi (a) // (p) thi (a) se song song voi tat ca cac duong thang trong (p) va ta 

chuyen ve dang thiet di£n song song voi duong thang. 

(«)//(**)• 

(P)//(v) 

(^)n(y) = d 
Me(a)n(y) 

- Tim duong thang d man trong (p) va xet cac mat phang co trong hinh 

chop ma chua d, khi do (a) // d nen se cat cac mat phang chua d (neu co) 
theo cac giao tuyen song song vdi d . 

CAC VI DV 

Vi du 1* Cho hinh chop S.ABCD cd day ABCD la hinh binh hanh va M,N lan 
luot la trung diem cua AB,CD. Xac djnh thiet dien cua hinh chop cSt bdi 
(a) di qua MN va song song vdi mat phang (SAD) .Thiet dien la hinh gi? 

S 


Lot giai 


Ta co 


(Me(SAB)n(<x) 
(SAB)n(SAD) = SA 

(SAB)rv(tx) = MK // SA,K € SB . 

Ne(SCD)n(a) 
(tx)//(SAD) 
(SCD)rv(SAD) = SD 


Tuong tir 



-A B 


=> (SCD) n(a) = NH // SD, He SC. 

DC' thay HK = (<x)rx(SBC). Thiet diyn la tu giac MNHK 

Ba m$t ph/ing (ABCD),(SBC) va (a) doi mot cit nhau theo cac giao tuyen 

la MN,HK,BC, ma MN // BC => MN // HK. 

V^iy thiet diyn la nipt hinh thang . 

dv 2. Cho hinh chcSp S.ABCD co day ABCD la hinh binh hanh tarn O co 
AC = a,BD = b. Tam giac SBD la tam giac deu. Mpt m|t phSng (o) di 


12.3 






























Phan loai va phi rang phap giai Htnh hoc 7 7 


dpng song song voi mat phang (SBD) va di qua diem I tren doan AC va 
AI = x (0 < x < a). 


a) Xac djnh thie't dien cua hinh chop cat boi (a). 


b) Ti'nh diyn tich thiet di£n theo a,b va x. 

Lai giai 

a) Truong hoy 1. Xet ^ thut^ c ^tt t 

I e (n)rv(ABD) 

(o)//(SBD) 

(ABD)n(SBD) = BD 


Ta co • 


(«)n(ABD) = MN // BD,I e MN . 


Tuong tu 



Ne(n)n(SAD) 

(<x) // (SBD) => (SAD)n (a) = NP // SD,P€ SN . 

(SAD)n(SBD) = SD 


Thiet dipn la tarn giac MNP. 

(a) // (SBD) 

Do - (SAB)n(SBD) = SB=>MP//SB. Hai tarn giac MNP va BDS co cac cap 
(SAB)n(«) = MP 

c$nh tuong ling song song nen chung dong dang, ma BDSdeu nen tarn giac 
MNP deu. i ■ 

Trucmg hop 2. Diem I thupc doan OC, tuong tu truong hpp 1 ta dupe thiet 
di£n la tarn giac deu HKL nhu hinh ve. A 

b) Tridmg hop 1. I thuoc doan OA 

"MN V 


Tac6S,„ = ^ = i^. !~- 

^ 4 4 S KD 


BD ) 


Do MN // BD 


MN AI 2x 
AO a 


BD 


MNI' 


2x^ : 


\ / 


bVx/3 


BCD 


Truong hop 2. I thuoc doan OC, tinh tuong tu* ta co 

\2 

c; 

BCD 1 - 1 a - 2 



B <T - 


D 


/ 


MNI’ 


HL 


v 


BD 


/ 


2(a-x) b : 73_ b : (a-x)'\/3 

a 4 
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Vay S, d = 


bV>/3 , 

-5—;Ie(OA) 


b 2 (a - x)' \/3 


;I e (OC) 




Bai toan 03: MQT SO UNG DUNG CUA DJNH LI THALES, 
phuong phap: 

Djnh !i Thales thuong dupe ung dung nhieu trong cac bai toan ti so hay cac 
bai toan chung minh dudng thang song song voi mpt mat ph 3 ng co djnh 

CAC VI DU 

Vi du 1 . Cho tu dipn ABCD va M,N la cac diem thay doi tren cac canh 

ar rn u AM CN 
AB, CD sao cho -=- 

MB ND ‘ 

a) Chung minh MN luon luon song song voi mot mat piling co djnh. 

.. „. AM CN 

b Ch ° MB “ ND > ° Va P Va didm tr§n c?nh AC • Xac d ! nh thiet dipn cua 
hinh chop cat boi (MNP). 

c) Tinh theo k ti so dipn tich tarn giac MNP va di#n tich thie't dipn. 

Lai giai 

■ AM CN A , 

U ° MB = ND nen theo d,nh 11 Thales th 'i cac duong thang MN,AC,BD 

cimg song song voi mot mat phSng (p).Gpi (a) la mat ph5ng di qua AC 

va song song voi BD thi (<x) co djnh va (o)//(p)suy ra MN luon song 
song voi (a) codjnh. 

, Ap 

b ) Xet truong hap — = k,lucnay MP//BC nen BC//(MNP). 


Ta 


co: < 


Ne(MNP)n(BCD) 
BC // (MNP) 

BC c (BCD) 





(BCD) n( MNP) = NQ // BC, Q € BD. 


Thiet di£n la tugiac MPNQ. 
Xet truong hop * k 




- 
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Phan loai va phmntg pMp gidi H'tnh hpc 1 7 


Trong (ABC) g<?i R = BCoMP 

Trong (BCD) g<?i Q = NRrxBD th'i thiet diyn la tu giac MPNQ 
G<?i K = MN r\ PQ 

rj. • S MNp PK 
Ta co —■- 


MPNQ 


PQ 


Do A — = nen theo djnh li Thales dao thi AC, NM,BD lan luyt thuyc 

NB ND 

ba mat phang song song voi nhau va duong thang PQ cSt ba mat ph3ng 
nay tirong ung tai P, K,Q nen ap dyng djnh li Thales ta duoc 

PK 


PK AM CN 
KQ " MB " ND 


= k 


PK 


PK 


= kq_ = 


PQ PK + KQ PK +] k + 1 

KQ 


Vi dy 2. Cho hinh hyp ABCD.A'B’C'D’ co tat ca cac mat deu la hinh vuong 
c^nh a. Cac diem M,N Ian luyt tren AD’ ( BD sao cho AM = DN = x 


( 


0 < x < a 




a) Chung minh khi x bien thien, duong thang MN luon song song voi mgt 
mat phang co djnh. 

c\\f2 


b) CluVng minh khi x = 


thi MN // A'C . 


w x • t ft • 

Loi giai 

a) Gyi (P) la m$t phang qua AD va song song 
vdi (A'D'CB). Goi (Q) la mat phang qua 
M va song song voi (A'D'CB). Gia sir (Q) 
c§t BD tai diem N'. 

ft 



Theo dinh li Thales ta co h) 

AD' DB v ’ 

Vi cac mat cua hinh hyp la hinh vuong canh a nen AD' = DB = 
Tir (l) taco AM = DN', ma DN = AM => DN' = DN => N' = N 

ft 

f(Q)//(A'D'CB) 

Ma( V ; V x ^MN //(A’D'CB). 

MNc(Q) v ’ 

Vay MN luon song song voi mat phang co djnh (A'D'CB). 


as/2 . 

MN 


(Q) 
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b) Gyi O = AC n BD. Ta co 


a^2 a VI 

DN = x =-,DO =- 


DN=—DO 
3 


N la trong tarn cua tarn giac ACD . 

Tirong ty M la tryng tarn cua tarn giac A‘AD. 


Gyi I la trung diem cua AD ta co 


, IN 1 IM 


IC 3 IA' 


l 

3 


IN IM 


IC IA' 


MN//A'C 


Bai toan 04: CHllNG MINH CAC Dl/ONG ThAnG CUNG nAm TRONG 
M0T MAT PHANG HOAG BON DIEM DONG PHANG. 

Phirong phap: 

- De chung minh cac dirong thang cung nam tren myt mat phang ta chung 
minh cac dirong thang do cung di qua myt diem va song song voi myt m$t 

V 

phang. 

- De chung minh 4 diem dong phang ta chung minh cac diem do thupc cac 

» » 

duong thang ma cac dirong thang do di qua myt diem va song song voi myt 

ft 

mat phang nao do. 

- Ngoai ra ta co the su dyng djnh li Menelaus trong khong gian de chung 
minh bon diem dong phang. 

Dinh li Menelaus 


Gpi M,N,P,Q theo thu tu la cac diem tren cac dirong thing 
AB,BC,CD,DA cua tu diyn ABCD(M,N,P,Q khac voi A,B,C,D) thi 


M,N,P,Q dong phing khi va chi khi = 1. 


MB NC PD QA 


CAC VI DV 


Vi dy 1. Chirng minh djnh ly Menelaus. 

m 

V \ • • ft • 

Lai giai 

Phan thuan. 


Gia sir M,N,P,Q dong phang. Tu cac dinh 
A,B,Cdung cac mat phang (a),(p),(y) 


theo thir ty song song voi (MNPQ). 


Tu D dung duong thang d cit(a),(p),(y) 


theo thir ty tai A',B',C' vacit (MNPQ) tai O. 
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Phan ioai va phirang phdp nidi Hinh hoc 7 1 

_ . OA' OB’ OC' OD , 

Taco -.-.-.-= 1 

OB’ OC' OD OA' 


Theo dinh li Thales thi 


. OA' MA 


OB' MB 


OB' _ NB OC' PC OD QD 
OC' _ NC'OD ~ PDOA 7 _ QA * 

MA NB PC QD OA' OB' OC' OD 
MB NC'PD QA - OB' OC'OD OA 7 

Phan dao. 


= 1 . 


. MA NB PC QD , _ . „ , . 

Gia SU MB NC'PD'QA =1 ' Gpl E = ( MNP ) nAD theo Chung minh 

. A . w Mnr ux - MA NB PC ED , QD ED 

tren,do M,N,P,E dong phang nen = 1 =>~— = —— => E = Q 


MB NC PD EA QA EA 

Vay M,N,P,Q dong phang. 

Vi du 2 . Cho hinh chop S.ABC co SA = SB=SC. Cluing minh cac duong phan giac 
ngoai tai S ciia cac lam giac SAB,SAC,SBC cung nam trong mot mat phang. 

Lai giai 

Gpi d c la duong phan giac ngoai cua goc S 

trong tarn giac SAB va I la trung diem cua AB. 

Do tarn giac SAB can tai S nen SI 1 AB va 
SI la phan giac trong ciia goc S nen SI 1 d c . 

Vay trong (SAB), ta co 


d c 1 SI 

{abisi 

=> d c //AB=>d c //(ABC). 

Goi (a) la mat phang qua S va song song voi (ABC). 


Vay 


Sed t . 

d c //(ABC) 
(a)//(ABC) 
Se(a) 



d c c(rx) 


Tuong tu, gpi d A ,d„ la cac duong phan giac ngoai goc S cua cac tam giac 
SBC, SC A thi d A va d B cung nam trong mat phang (a) nen cac duong 
thSng d A ,d„,d c cung niim trong mat phang (a) qua S va song song vdi 
mat phang (ABC). 
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Vi dp 3- Cho tu dipn ABCD. Gpi M,N,P,Q theo thu tp la cac diem tren cac 
c^nh AB,BC,CD,DA (M,N,P,Q khac voi cac dinh cua tu di«?n) sao cho 

= va ^ = Chung minh bon diem M,N,P,Q dong ph3ng. 

mb pc NC QD A 

Loi giai 

, MA PD MA PC t 
Ta co ^777 = — => 7777 — = 1 V) 


= 1 ( 2 ) 


MB PC MB PD 


Tuong tp 


NB QA NB QD 


NC QD NC QA 



B 4- 


, . /-x MA NB PC QD , 

Tu (1) va (2) suy ra-.-.—.-=— = 1 

I I' • v ’ MB NC PD QA 

Theo dinh li Menelaus thi bon diem M,N,P,Q dong piling. 

Vi dy 4. Cho tu dipn ABCD va mpt diem S trong khong gian (S khong trung 
voi A,B,C,D). Goi E,F,H,K Ian lupt la chan cac duong phan giac trong 
goc S cua cac tam giac SAB,SBC,SCD,SDA . 

Chung minh bon diem E,F,H,K dong phSng. 

Loi giai 

Theo tinh chat duong phan giac ta c 6 
EA SA KD SD 

EB ~ SA' KA “ SA It 

HC SC FB _ SB 

HD SD' FC " SC 


c EA FB HC KD SA SB SC SD , 
Suy ra —.—. . =—.—.—.— = 1 

EB FC HD KA SB SC SD SA 



D 



Theo djnh li Menelaus thi bon diem E,F,11,K dong phang. 

CAC bAi toan luyen tap 

• • 

44. Cho hinh chop S.ABCD co day ABCD la hinh binh hanh va M,N,P lan 
lu’Qt la trung diem cac canh AB f CD,SA. 

a ) Chirng minh (SBN)^(DPM). 

k) Q la mpt diem thuQC doan SP (Q khac S,P). Xac djnh thiet dipn cua hinh 
chop c3t boi (a) di qua Q va song song voi (sbn). 


c ) Xac djnh thiet dien cua hinh chop cat boi ((3) diqua MN song song voi (SAD). 
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Plum loai va phucnig phdp gidi Hinh hoc 1 7__ 

45 . Cho hinh chop S.ABCD, day la hinh binh hanh tam O. Gpi M,N Ian lupt 
la trung diem cua SA va CD. 

a) Chung minh (OMN)//(SBC) 

b) Gpi I la trung diem cua SD, J la mpt diem tren (ABCD) each deu AB va 
CD. Chung minh IJ // (SAB). 

46. Cho hinh chop S.ABCD, day la hinh binh hanh tarn O, cac tam giac SAD 
va ABC deu can tai A . Gpi AE,AF la cac duong phan giac trong cua cac 

tam giac ACD va SAB. Chung minh EF // (SAD). 

47. Hai hinh vuong ABCD va ABEF 6 trong hai mat phang khac nhau. Tren 
cac duong cheo AC va BF lan lupt lay cac diem M,N sao cho AM = BN . 
Cac duong thSng song song voi AB ve tir M,N Ian lupt cat AD,AF tai 

a) Chung minh (BCE)//(ADF). 

b) Chung minh (DEF) // (MNN’M'). 

c) Gpi I la trung diem cua MN . Tim tap hpp diem I khi M,N thay doi tren 

AC va BF. 

48. Cho hinh chop S.ABCD co day ABCD la hinh thang, 
AB = 3a,AD = CD = a . Mat ben SAB la tam giac can dinh S va SA=2a, 

mat phang (<x) song song voi (SAB) cat cac canh AD,BC,SC,SD theo thu 1 
tir tai M,N,P ( Q. 

a) Chung minh MNPQ la hinh thang can. 

% 

b) Dat x = AM (0<x<a). Tinh x de MNPQ la tu giac ngoai tiep dupe mpt 

duong tron. Tinh ban kinh duong tron do. 

c) Gpi I = MQnNP. Tim tap hpp diem 1 khi M didpngtren AD. 

d) Gpi J = MPnNQ. Chung minh IJ co phuong khong doi va diem J luon 
thuoc mpt mat phang co djnh. 

49 . Cho hinh chop S.ABC, mpt mat piling (a) di dpng luon song song voi 
(ABC), dit SA,SB,SC lan lupt tai A',B',C'. Tim tap hpp diem chung cua 
ba mat phang (A'BC),(B'AC),(C'AB). 

50. Cho hinh hpp ABCD.A'B'C'D'. 

a) Chung minh (BDA')//(B'D'C). 
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7 ._____ 

BDA ,B'D’C dong thoi chia duong cheo AC’ thanh ba phan b^ng nhau. 

c ) Xac djnh thiet dien cua hinh hpp c^t (A'B'G 2 ) . Thiet di^n la hinh gi? 

51 . Cho hinh hop ABCD.A'B’C'D' co tat ca cac mat deu la hinh vuong canh 
a. Tren cac canh AB,CC',C'D’va AA lay cac diem M,N,P,Q sao cho 

AM = C’N = C’P = AQ = x(0<x<a). 

a) Chirng minh bon diem M,N,P,Q dong ph^ng va MP,NQ cat nhau tai mpt 
diem co djnh. 


b) Chung minh (MNPQ) di qua mpt duong thang co djnh. 

c) Dung thiet di£n cua hinh hop khi cat boi (MNPQ). Tim gia trj Ion nhat va 
gia trj nho nhat cua chu vi thiet dien. 

52. Cho hinh chop S.ABCD co day ABCD la hinh chu nhat va ASAD vuong 
tai A. Qua diem M tren canh AB dung mat ph^ng (a) song song voi 

(SAD) c3t CD,SC,SB tai N,P,Q. 

a) Chung minh MNPQ la hinh thang vuong. 

b) Ggi I = NPnMQ.Tim tap hpp diem I khi M di dpng tren canh AB. 

53. Cho hinh chop cut ABC.A B’C’. Gpi M,N,P lan lupt la trung diem cua cac 
canh A'B'.BB^BC. 

a) Xac djnh thiet di£n cua hinh chop cut voi (MNP). 

b) Gpi I la trung diem cua AB. Tim giao diem cua IC voi (MNP). 

54. Cho hinh hop ABCD.A' B’C' D' co tat ca cac mat deu la hinh vuong canh a . 
Cac diem M,N nam tren AD’,BD sao cho AM = DN = x|o < x < a\fl J 

a) Chung minh khi x bienthienthi MN luon song song voi mpt mat phang co djnh. 

rz 

b) Khi x=^— , chung minh MN//A C. 

3 

^5. Cho hinh lang try ABC.A'B'C' 

a ) Gpi I,K,G lan lirpt la trpng tam cac tam giac ABC, A’B'C' va ACC'. Chung 
minh (IGK)//(BB'C’C) va (A’KG)//(AIB 1 ). 

”) Gpi P,Q lan lupt la trung diem cua BB' va CC'. Hay dpng duong thang di 
qua trpng tam cua tam giac ABC cat AB' va PQ. 
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Phan loai va phiecntg phap giai Hinh hoc 7 1 _ 

56. Cho mat phang (a) va hai duong thang cheo nhau d,,d 2 c3t (a) tai A,B . 

Duong thing A thay doi luon song song voi (a) cit d,,d 2 Ian luc?t tai M 
va N . Duong thang qua N song song voi d, cat (a) tai N'. 

a) Tu giac AMNN’ la hinh gi? Tim tap hyp diem N'. 

b) Xac djnh v| tri cua A de d§ dai MN nho nhat. 

c) Gyi O la trung diem cua AB, I la trung diem cua MN . Chung minh Ol la 
duong thang nam trong mat phang co djnh khi M di dpng. 

57 . Cho tu diyn deu canh a . Gyi I,J lain luot la trQng tarn cac tarn giac ABC va 
DBC. Mat phang (a) qua IJ cat cac canh AB,AC,DC,DB Ian luc?t tai 


M,N,P,Q. 

a) Chung minh MN,PQ, BC dong quy hoac song song va MNPQ la hinh 
thang can. 

b) Dat AM = x, AN = y. Chung minh a(x + y) = 3xy . Tim GTNN va GTLN cua 


AM+AN. 

c) Tinh di^n tich tu giac MNPQ theo a va s = x + y. 

58. Cho lang tru ABCD.A’B’C'D' co day- la hinh thang, AD=CD=BC=a, 
AB = 2a. Mat phang (a) di qua A cat cac canh BB',CC',DD' lan luyt tai 

M,N,P. 


a) Tu giac AMNP la hinh gi? 

b) Sosanh AM va NP. 


LOl GIAI - Hl/ONG DAN - DAP SO 


4^. a) Ta co - 


BN // DM 
DMc(DPM) 


BN//(DPM) (l) 


BS // MP 


Tu ° ng,W |MPc(DPM) = BS//(DPM) ,2) 

Tu (l) va (2) suy ra (sbn)//(dpm). 

[SBc(SBN) . . 

b)TaC6 \a)//(SBN)^ SB//W - 


Vay 


Qe(SAB)n(rt) 
SB c (SAB) 

SB//(a) 



(SAB)n(a) = QR // SB,R e AB 
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Tuong tu (a)o(ABCD) = RK//BN,KeCD 


(a) o (SCD) = KL // SB, L e SD. 


Vay thiet di<?n la tu giac QRKL. 

(M€(p) 

SA // (p) 

SA c (SAB) 


c ) Ta co • 


(p) n (SAB) = MF // SA, F e SB 


Tuong tu (p)o(SCD) = NE//SD,EeSC. 


Thiet diyn la hinh thang MNEF . 

45 . a) Do 0,M Ian luyt la trung diem cua 
AC,SA nen OM la duong trung binh 
cua tarn giac SAC ung voi canh 
SC => OM // SC. 



-V—\- \I> 


Ma SC c (SBC) OM // (SBC) (l). 


Tuong tu ON // BC c (SBC) => ON // (SBC) (2) 


Tu (l) va (2) suy ra (OMN)//(SBC). 


b) Goi H,K lan liwt la trung diem cua 
AD va BC. Do Jc(ABCD) va 


d(j,AB)=d(j,CD) nen JeHK^IJc(lHK). 


B 



- ->/) 


Ta de dang chung minh duoc (IHK)//(SAB). 


Vay 


IJc(lHK) 


(IHK) //(SAB) 


IJ // (SAB) 


46. Ke FI // SA,I e AB 


IF //(SAD). 


T . FS IA / v 
Ta co — = — (1). 

FB IB v ; 


Theo tinh chat duong phan giac ta co 
FS SA AD 


FB AB AC 


( 2 ) 



-> D 


(Do cac tarn giac ASD, ABC can tai A nen SA = AD,AB-AC) 
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Phan loai va phuxntg phdp $iai I huh hoc 11 


LL ' LD AD / \ 
Mat khac -=- (3). 

EC AC V ' 


Tir (l),(2) va (3) suy ra 


IA ED 


IB EC 

Ma AD c (SAD) => IE // (SAD). 


IE // AD. 


. IE// SAD . . 

Ta co < ; '=>(IEF)//(SAD). 

IF//(SAD) v ’ v ’ 


Ma EF c (IEF) => EF // (SAD). 

[ BE // AF 

4 7.a)Tac6| AFc (A DF) - EB //( AD F). 

Tirong ty BC // (ADF). 

Tir do taco (BCE)//(ADF). 
b) Vi MM'//AB=>MM'//CD nen theo 

djnh li Thales ta co = AM_ , \ 

AC AD W 

Tirong tir NN'//AB=>-^^ = -^^- (2) 

BF AF U 

Tir (l) va (2) suy ra 


M'N'//DFc(DEF) =>M'N'//(DEF). 


BF AF 

AM' AN’ 
AD ~ AF 


D 



Lai co MM'//CD // EF => MM’// (DEF) =>(DEF)//(MNN'M'). 

c) G<?i P = MM'n BC,Q = NN'r> BE va J,K Ian lirpt la trung diem cac doan AB 
va CF.Gpi X = N'QnFJ, Y = M'PnCJ thi XY = (MPQN’)n(FCj). Trong 

(M'PQN') g<?i I = XY nMN . 

T . YM CM , XN FN M , . . . . 

Taco -=- ( 3 ) va — = — ( 4 ) ma AJ = BJ,AC = BF nen tir (3),(4) 


AJ CA 


BJ FB 


suy ra YM = XN => XMYN la hinh binh hanh nen I la trung diem cua MN . 
(M'PQN')//(CEFE) 

Do I(CFj)n(M’PQN') = XY => XY// CF ma IX = IY nen I thupc dirong 
(CFj)n(CEFE) = CF 

trung trung tuyen JK cua tarn giac JCF. 
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Gi&i halt: Khi N->B=>M—>A=>I—>J 

Khi N->F=>M->C=>I-»K 
phatt ddo: (ban dpc ty giai) 

Vay tap hop diem I la dirong trung tuyen JK cua tarn giac JCF . 
(n)//(SAB) 

(ABCD)n(SAB) = AB =>MN//AB (l). 

(ABCD)ri(n) = MN 


48. a) Do 


Tirong tu 


(rx)//(SAB) 
(SCD)n(ABCD) = CD 
(SCD)n(o) = PQ 


-> it 








=> PQ // CD (2). 

Lai co AB//CD (3) 

Tu (l)/(2) va (3) taco 


MN // AB // CD // PQ nen MNPQ la hinh thang (*) 

De thay r3ng MQ // SA, NP // SB 

, MQ DM NP CN . DM CN A MQ NP 
dodo-=-;-=- ma -=- nen 



SA DA SB CB 


DA CB 


SA SB 


Mat khac ASAB can tai S => SA = SB 


=> MQ = NP (* *). Tir (*) va (**) suy ra MNPQ la hinh thang can. 
b) MNPQ la tu giac ngoai tiep <=> MQ + NP = MN + PQ 

Ta co — = — = :=>MQ = 2(a-x)=>NP = 2(a-x) 

SA DA a v ’ y ’ 

T . , PQ SQ AM x 

Lai co —- = —=■ =-= — => PQ = x 

CD SD AD a 

Khong kho khan ta tinh dupe MN = 3a - 2x 
Do do MQ + NP = MN + PQ o4 (a-x) = 3a-2x + x<=> 


a 

x = —. 
3 


Khi do tinh dupe r = 


4 ? 


c) Goi E = AD n BC => SE = (SAD) n (SBC). 

IeMPc(SAD) 

I = MP r> NQ => •( ; / => I e SE 

IeNQc(SBC) 
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Phan loqi va phircmg phdp gidi Hinh hoc 1 7 


Gidi hati: 

Gpi I 0 la giao diem cua SE voi mat phang (p) di qua CD va song song voi 
(SAB). 


KhiM-+D^N->B=>I-»I 


0 


Khi M->A=>N->B=>I-»S 
Phan ddo: (b$n dpc ty giai) 

d) Gpi K = IJ r\ MN, vi MNPQ la hinh thang can nen K la trung diem cua MN . 
Gpi F = EKnAB th'i F la trung diem cua AB nen F codjnhdethay IJ//SF 
suyra IJ co phirong khong doi va diem J thupc m|it phang codinh (SEF). 

49. Bo de: 

Cho tarn giac ABC cac diem M ( N thupc cac canh AB,AC sao cho 
MN // BC . Gpi E,F Ian lupt la trung diem cua BC,MN va I = MBnCN thi 
A,F,I,E thing hang. 

Chung mitth: 

_ —. AR- AC 

Taco 2AE = AB + AC =-AM +-AN 


AM 


AN 


= k(AM + AN) = 2kAF. 


Voi k = 


AB AC 


AM AN 
Hay A,E,F th5ng hang. 

Mat khac 2IE = IB + IC = -—IN -—IM 


B 



IN 


IM 


= l(lN + IM) = 2IIF voi l = - 

V$y A,F,I,E thing hang. 

Quay lai bai toan: 

Gpi M = AB'nBA',P = AC'oCA', 

N = BC'nCB' va I = CMn AN 
I e AN c (ABC') 
jleCMc(BCA') 

I e BP = (ABC')n(BCA') 


]B 

IN 


IC 

IM 


I,E,F thang hang. 
S 





Cty TNHH MTV DVVH Khan^ Viet 



V£y I chinh la diem dong quy cua ba mat phang (A'BC),(B’ AC),(C' AB). 


Gpi E,F lan lupt la trung diem cua BC,BA . 

Theo bo de tren ta ccS S, N,E thang hang va I e AN nen I € (SAE). 


Tuong ty Ie(SCF).G<?i G la trpng tarn cua AABC thi SG = (SAE)n(SCF) 
nen I € SG . 

Tir do de dang lap luan dupe quy rich diem I la doan thang SG trir S va G . 
50. a) Gpi 0,0' lan lupt la trpng tarn cac mat ABCD va A'B'C'D'. 


De thay^ DBB'D' la hinh binh hanh nen B’D'//BDc(BDA') 


B D7/(BDA’) (1). 


Tirong ty OCO'A' la hinh binh hanh nen 0'C//0A’c(A’BD) 


CO'//(A'BD) (2). 


Tir (l),(2) suyra (A’BD)//(CB’D') 


b) Ta co A’O la trung tuyen cua tarn giac 


a i np. - G,0 OA 1 „ „ ,, 
A BD va —!— = = — nen G. la 


G.A’ A'C' 2 


trpng tarn cua tarn giac A'BD. 

Tuong ty G ; cung la trpng tarn cua tarn 


giac CB'D'. De thay OG, va O'G, la 
duong trung binh cua cac tarn giac ACG 2 


1 


va A'C'G. nen AG. = G.G, = G.C=- AC. 

I I 1 2 i 3 



c ) Gpi I la trung diem cua CD'. Do G, la trpng tarn tarn giac CB’D' nen 


I e B'G, c(A'B'G : ). 


Vay 


Ie(A , B'G,)r^(CDD'C') 
A'B' // C'D' 
A’B’c(A'B'G : ) 
C'Dc(CDD'C’) 


(A'B'G 2 )r\(CDD'C') = EF //CD' 


EeCC',Fe DD'. Thiet dien la hinh binh hanh A'B'EF 
S l. a) De thay PN//CD' va QM // A'B ma A'B//C'D nen PN//QM hay 
M,N,P,Q dong phing. 

b) Do PC'MA la hinh binh hanh nen MP di qua trung diem O cua AC . 


137 


, 
































Phmi locii va phivon$ phdp gidi Htnh hoc 7 7 


=>Oe(MNPQ). 

Mat khac A'B//MQc(MNPQ) 

=> A'B//(MNPQ). 

Gpi A la duong thang qua O va song 
song voi A'B thi A co djnh va 
Ac (MNPQ). Hay (MNPQ) luon 

chira dirdng thang co djnh A. 

(MNPQ) // (A BC) => BC'//(MNPQ) 

=>BC'//NR 

BR C'N a . a ,x ,, . . * 

<=>-= ——=> x = -. Dao lai x = -, de dang chung irunh dupe 

BC CC 2 2 

(MNPQ)//(A'BC). 

c) De thay A cat BC,A'D’ tai cac trung diem R va S cua chung. 

Thiet dien la luc giac MPNPSQ. De thay luc giac co tarn dot xung la O nen 
MQ = NP,MR = NS,RN = SQ do do chu vi thiet dipn la 



2p = 2(RM + MQ + QS).Taco MR = QS = J^- + (a-x)', QM = x72 


/ 


V£y 2p = 2 




\fl +2 


+ (a-x) 


V 


/ 


Dirt f(x) = x\fl + Ja 2 +4(a -x)‘ ;x €[0;a]. 

Theo Cauchy -Schwarz 

+4(a-x)‘ j(l 2 +l 2 ) >a + 2(a -x)=> Ja : + 4(a-x) 2 >-^-(3a-2x) 
Nen f(x)> x72+-7=(3a-2x) = -yL. D3ng thiic xay ra khi x = ^- 

Vay min(2p) = 3\/2a. 

0 

Mat khac bang bien doi tuong dirong ta co 

X'Jl+^a 2 + 4(a-x) 2 < 72a+ a <=>(a ~x) 2 ^(a-x) 2 -a 2 <0 dung Vxe[0;a]- 
Dang thuc xay ra khi x = a .Vay max(2p) = 2a|72 + l). 



Cty TNHH MTV DVVH Khan$ Viet 


52. a) Ta ccS < 


(a)//(SAB) 

(ABCD)o(a) = MN 
(ABCD)r.(SAB) = AB 


MN // AB. Tirang tu* 


(a) n (SAB) = MQ // SA. 

(a)n(SCD) = NP//SD. 

Thiet dipn la tu giac MNPQ. 

MN//BC 
MNc(n) 

BC c (SBC) 

(SBC)n(n) = PQ 

Taco MN//AD,MQ//SA ma AD ISA nen MN 1 MQ (2) 
Tu (l),(2) suy ra MNPQ la hinh thang vuong. 


Do < 


PQ//MN (l) 



-* li 


b) Gpi d =(SAB)n(SCD), khi do I = NPr>MQ 

day de dang tim dupe qui tich cua diem I. 

53. a) Trong (ABB'A’)gpi J = MNnAB, 

trong (ABC) gpi Q = JPnAC. 

Taco (ABC)//(A'B'C) nen: 

* (MNP)n(A'B'C') = MR//PQ. 

Thiet dipn la ngu giac MNPQR. 
b) Trong (ABC) gpi K = PQnIC thi Ke(MNP) 

^MKc(MNP). 


Ie NPc 
IeMQ 


(SCD) 

:(SAB) 


led tir 


->C 



Do Cl//C'M nen trong (MICC') gpi H = IC’nMK => H = IC'n(MNP). 

D r C' 


54- a) Gpi (tr) la mat phang di qua M va 

song song voi (A’D'CB) va NT=(a)r\BD. 

T . AM DN' /lX 
Pa co-=- (1) 

AD’ DB v ; 

Taco AD' = BD = a72 nen 
AM = DN' ma AM = DN 



- - c 


1 oo 
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Phan l ogi vH phuvmg phdp giai Hinh hoc 11 
DN = DN' => N s N'. 


Vay MNc(a)//(A'D'CB) do do MN song song voi m?t phing co djnh 
(A’D’CB). 

b ) Kb i x = — thi de thay M,N lan liro-t la trpng tam cac tam giac A'AD va 

3 

CAD nen A'M va CN cat nhau tai trungdiem I cua AD. 

Khido M = ^-=>mn//a'C. 

55. a) Gpi 0,M,E,F Ian lupt la trungdiem cua AC,AC,BC,B’C. 

Chung minh (IGK) // (BCC B ). 


Ta co 


MI MG 
MB ~ MC' 


IG // CC* c (BCC’ B') => IG // (BCC’ B’) (l) 


Tuong tir 


A‘G OA'.'OA'JOA' 


AC 


. . - A’K 2 
Lai co —— = — 
A F 3 


A'C AC 

AG A'K 
A’C ~ A'F 


2 

3 



GK//CFc(BCC'B') =• GK//(BCCB') (2 ).JM 
Tir (l)i(2) suy ra (IGK)//(BCCB’) 

Chung minh (A’KG)//(AIB). 

De thay AA’FE la hinh binh hanh nen A’F// AE hay A’F//(AIB’) (3). 
Cung de thay CF//EB’c(AIB’)=>CF//(AIB ) (4) 

Tir (3),(4) suy ra (A’CF)//(AIB’) ma (A’CF) chinh la (A’KG) ^nen 
(A’KG)//(AIB’). 

b)Trong (BCC’B’) gpi R = PQnB’ 

RePQ 

R e B’Ec(AB’E) 

Trong (A?E) gpi S=IRoAB 

thi duong thang IR chinh la 
duong thang can dung. 



Cty TNHH MTV DVVH Khang Vifl 


56 . a) Taco MA//NN* (l) 


Do 


MN // (a) 

(AMNN’)n(a) = AN’ 


AN7/MN (2) 


Tir (l),(2) suy ra AMNN’ la hinh binh hanh. 


Gpi (P) la mat phang chua d, va song 


song voi d, thi NN’c=(p)=> N’e(p) 


tir do ta co N’ thupc giao tuyen d, cua 



(a) va (p). 


b) Ta co MN = AN’ nen MN nho nhat khi AN’ nho nhat <=> AN’ld^. 


Tu do ta xac djnh A nhu sau: 
Di/ng (p) chua d 2 va (P)// d,. 


Dyng giao tuyen d 3 = (a)n(p). 


Gpi N' la hinh chieu cua A tren d 3 . 


Tir N dung duong thang song song voi d cat d 2 tai N. 


1 — 2 

- Tir N dung duong thang A song song voi N’A thi A la duong th3ng thoa 
yeu cau bai toan. 

c) Gpi J la trung diem cua AN' thi (OIj)//(p) ma O co djnh va (p) co djnh 

nen (OIJ) co djnh. Vay OI thupc mat phSng co djnh di qua O va song 

A 


song voi (p). 



57.a) Ta co (ABC),(DBC),(a) doi mpt dit 

nhau theo cac giao tuyen la 
BC,MN,PQ nen theo djnh li ve giao 
tuyen thi BC,MN ( PQ hoac dong quy 
ho§c doi mpt song song. 

Ta chung minh MNPQ la hinh thang 
can trong truong hpp BC,MN,PQ 
dong quy 

El EJ 


Gpi E la trung diem cua BC thi 


EA ED 



- ^9 D 
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Phan loai va pint cm$ phap $iai Hhih hoc 7 7 


Tir do ta co < 


u <=(<*) 

ADc(ACD) 

U // AD 

(a)ri(ACD) = NP 


NP // IJ. 


Tirong tu MQ// IJ nen MNPQ la hinh thang. 

De thay DQ = AM = x, DP = AN = y. Theo djnh If Co-sin ta c6 

MN 2 = AM 2 + AN 2 - 2AM.ANcos60° = x 2 + y 2 - xy . 

Tuong tu- PQ 2 = DP 2 + DQ 2 - 2DP.DQcos60° = x 2 + y 2 - xy => MN = PQ 
Vay MNPQ la h'inh thang can. 

Truong hop BC, MN, PQ song song khong co gi kho khan ban dpc tu kiem tra. 

1 
2 


c) Ta co S 


= S.„. +S..., <=> ^-xysinbO" = ^x.~sin 30" +—y. 


AMN AIM 


AIN 


o 1 a\/3 . , 1 a\/3 . 

— x.-sin30 + —y.-sin30 

2 3 2 y 3 


<=> a(x + y) = 3xy . 


b) Ta co AM + AN = x4-y. Theo BDT Cauchy 


ta 


co 


a(x + y) = 3xy < 3 


/ N* 

x 4- y 


v 


<=>3(x + y) 2 -4a(x + y)<=>x4-y> 


4a 




AM + AN >— . Dang thuc xay ra khi x = y = —, khi do (a) di qua IJ va 

3 3 


song song voi BC . 


2a 


Khong giam tong quat ta co the gia sir x > y khi do x e [—;a] 

3 


Va x + y = x + 


ax 


3x 


x 4- y - 


3x-a 3x-a 

3a _ 3a 2 3a_( a ” x )(2a 

2 3x-a 2 3x-a 


-A< 


<0 


3a 

x 4- y < —. Dang thuc xay ra 


khi x = a => y = L — . Khi do (a) di qua B. 

Vay min(AM4-AN) = —,max(AM +AN) 

3 

c) De thcYy MNPQ la hinh thang can co 
MQ = a - x, NP = a - y, gia sir 
x>y=>a-x<a-y. 

T - UM ( a -y)-( a - x ) X-y 
Ta co HN = -— - = - 
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/- ~\* 


= MN 2 - NH ! = x 2 + y : - xy - 


x-y 
2 


3(x : + y 2 ) ~ 6xy 3s 2 — 


8as 


/ 


\l 3s : - 8as 


Smn,v = ^(MQ + NP)MH 


= V3xy = V a ( x + y) = 

= — (2a-(x + y))\/3s 2 -8as = —(2a -s)\/3s : -8as . 


58.a) Ta co (ABB^A'^/fCDD'C), 
(a)n(ABBA') = AM 
(a)n(CDD'C') = NP 

=> AM // NP (1) do do AMNP la hinh thang 

b) Goi I,J Ian lupt la trung diem cua 
AB,AM thi IC//AD=>IC//(ADD’A') 

laico IJ//BB'//AA' 



=> IJ // AA'cfADD'A'J^CIJNj/y^ADD'A’) 

Matkhac (a)n(ADD'A') = AP va (u)n(CIJN) = JN nen JN//AP (2) 
Tu (l)<(2) suy ra APNJ la hinh binh hanh , do dci PN = AJ = — AM . 


S 
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Phan logi vd phuong phdp giai Hinh hoc 11 


Phep chieu song song — Hinh bieu di£n 
cua mot hinh trong khong gian 

A.TOM TAT GIAO KHOA. 

1. Phep chieu song song. 

Cho mat phang (a) va mot dubng thang A c3t (a). Vbi moi diem M trong 
khong gian, dudng thang di qua M va song song vbi A cat (a) t^ii diem 
M' xac djnh. 

Diem M' dupe gpi la hinh chieu song song cua diem M tren m|t phang 
(a) theo phuang A. 

Mat phang (a) dupe gpi la mat phang chieu, phuang cua A gpi la phuong chieu. 
Phep dpt tuong ung moi diem M voi hinh chieu M' cua no tren (a) dupe 
gpi la phep chieu song song len (a) theo phuong A. 


Ta kihipu Ch A (a)(M) = M'. 


2 . 


Tinh chat cua phep chieu song song. 

0 A | y % ^ • a* f * 

Phep chieu song song bien ba diem thang hang thanh ba diem thang hang 
va khong lam thay doi thu tu cua ba diem do. 

Phep chieu song song bien duong thang thanh duong thang, bien tia thanh 
tia, bien doan thang thanh doan thang. 

Phep chieu song song bien hai duong thang song song thanh hai duong 
th3ng song song ho$c trung nhau. 

Phep chieu song song khong lam thay doi ti so d q dai cua hai doan thang 

% t \ i 

nSm tren hai duong thang song song hoac cung nam tren mpt duong thang. 
Hinh bieu dien cua mpt so hinh khong gian tren mat phang. 

Mpt tarn giac bat ki bao gib cung co the coi la hinh bieu dien cua mpt tarn 
giac tuy y cl\o trubc (tarn giac can, deu, vuong...). 

Mpt hinh binh hanh bat ki bao gib cung co the coi la hinh bieu dien cua mot 
hinh binh hanh tuy y cho trubc (Hinh vuong, hinh thoi, hinh chu nhat, hinh 

binh hanh...) 

• * 

Mpt hinh thang bat ki bao gib cung co the coi la hinh bieu dien cua mpt hinh 
thang tuy y cho trubc, mien la ti so dp dai cua hai canh day dupe bao toan. 
Hinh elip la hinh bieu dien cua hinh tron. 


3. 
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B. LUYEN KI NANG GIAI CAC DANG BAI TAP- 

Bai toan 01: VE HINH BIEU DIEN CUA MQT HINH (H) CHO TRUOC. 


phuong phap: 

De ve hinh bieu dien cua hinh (H) ta can xac djnh cac yeu to bat bien co 


trong hinh (H). 


Xac dinh cac yeu to song song. 

Xac djnh ti so* diem M chia doan AB. 

Trong hinh (H ) phai dam bao tinh song song va ti so cua diem M chia 


doan AB. 

CAC VI DV 

Vi du 1. Hinh thang co the la hinh bieu dien cua mot hinh binh hanh khong 

« % • • f • 

Lai giai 

Hinh thang khong the coi la hinh bieu dien cua hinh binh hanh vi hai canh 
ben cua hinh thang khong song song con cap canh doi cua hinh binh hanh 
thi song song (tinh song song khong dupe bao toan). 

Vi du 2. Ve hinh bieu dien cua tu di(*n ABCD len mat phang (P)theo phuong 


chieii AB( AB khong song song voi (P)). 


Lai giai 

Vi phuong chieu I la duong thang AB 
nen hinh chieu cua A va B chinh la 


giao diem cua AB va (P). 


Dodo ABn(P) = A’s B’ 



Cac duong thang lan luot di qua C,D song song voi AB cat (P) tai C'/D' 


thi C^D’ chinh la hinh chieu cua C,D len (P) theo phuong AB. 


Vay hinh chieu cua tu di^n ABCD la tarn giac A’C'D’. 


Bai toan 02: CAC BAI TOAN VE TINH Ti SO CUA HAI DOAN THANG VA 
CHLfNG MINH BA DIEM THANG HANG. 


Phuong phap: 


De tinh ti so cua diem M chia doan AB( tinh 


MA 


) ta xet phep chieu song 


MB 


song len mat phang (a) theo phuong 1 khong song song vai AB sao cho 
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Phan locfi va phuong phap giai Hinh hoc 77 


anh cua M, A,B la ba diem M',A’,B' ma ta co the tinh dupe 


M'A' 
M’B' 


, khi do 


MA M’A' 


MB M'B' 

cAc VI DV 

Vi dy 1. Cho hinh hpp ABCD.A'B'C'D'. Xac djnh cac diem M,N tuong un g 

, MA 
MC 


tren cac doan AC',B'D' sao cho MN song song voi BA' va tinh ti so 


f % • • * • 

Lai giai 

Xet phep chieu song song len mat 
phang (A’B'C'D) theo phirang 

chieu BA'. Ta co N la anh cua M A 
hay M chinh la giao diem cua B'D' 
va anh AC' qua phep chieu nay . 

Do do ta xac djnh M,N nhir sau: 

Tren A'B' keo dai lay diem K sao 
cho A’K = B'A' thi ABA'K la hinh 
binh hanh nen AK//BA' suy ra K 

la anh cua A tren AC' qua phep 
chieu song song. 

Gpi N = B’D’nKC . Duong thang qua N va song song voi AK dit AC' tai 
M . Ta co M,N la cac diem can xac djnh. 

Theo djnh li Thales, ta co — = — = = 2 

MC’ NC' C’D' 

Vi du 2. Cho hinh hop ABCD.A BCD. Gpi M,N Ian lupt la trung diem cua 
CD va CC'. 

a) Xac djnh duong thSng A di qua M dong thoi c^t AN va A’B. 



b) GQi I,J Ian lupt la giao diem cua A voi AN va A’B. Hay tinh ti so 


W \ * • f • 

Loi giai 

a) Gia sir da dung dupe duong thing A 
cat ca AN va BA'. Goi I,J Ian lupt la 
giao diem cua A voi AN va BA'. 

Xet phep chieu song song len 

(ABCD) theo phuong chieu A'B. 


IM 
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Khi do ba diem J,I,M Ian lupt co hinh chieu la B,I’,M. Do J.I,M thing 
hang nen B,1’,M cung thang hang. Gpi N' la hinh chieu cua N thi AN' la 
hinh chieu cua AN . Vi I e AN T e AN' => I' = BMn AN’. 

Tir phan tich tren suy ra each dung: 

. Lay I' = AN'nBM . 

. Trong (ANN ) dyng H'//NN'(dac6 NN'//CD’)cat AN tai I. 

. Ve duong thang MI, do chinh la duong thing can dung, 
a) Taco MC = CN' suy ra MN' = CD = AB. Do do I' la trung diem cua BM 
Mat khac II'// JB nen IT la duong trung binh cua tarn giac MBJ, suy ra 

IM 


IM = IJ 


IJ 


= 1. 


CAC BAI TOAN LUYEN TAP 

• • 

59. Cho hinh chop S.ABCD co day la hinh binh hanh tarn O. M la trung diem 
cua SC. 

a) Tim giao diem I cua SD voi (AMN) 


b) Tinh 


S[ 

ID 


60. Cho hinh chop S.ABCD co day ABCD la hinh binh hanh tarn O. Cpi N la 
trung diem cua SDcon I,J lan lupt la trung diem cua AB va ON . 

Chung minh IJ // (SBC). 

61. Cho lang tru tarn giac ABC.A'B'C'. Tren duong thang BA lay diem M 

I i 

sao cho A nam giua B va M, MA =—AB. 

a) Xac djnh thiet dipn cua lang tru khi cit boi (ct) qua M,B' va trung diem E 
cua AC. 


b) Gpi D = BC n (MB' E). Tinh ti so 


BD 

CD 


62. Cho tu di?n ABCD. Gpi M,P lan lupt la trung diem cac canh AD,BC con 
N la diem tren canh AB sao cho AN = — AB. 

m 3 

a ) Tim giao diem Q cua DC voi (MNP). 

b) Tinh ti so ^. 

I DC 


+ a rr 
























Phan loai vd phuong phdp gidi Hinh hoc 1 I __ 

63. Cho tu dign ABCD, M la mgt diem tren canh DB, (a) la mgt phang di 
qua M song song vdi AD, BC. 

a) Xac djnh thiet dign cua hinh chop voi (a). 

b) Xac djnh vj tri cua M de thiet dign la hinh thoi. 

c) Xac djnh vj tri cua (a) de dign tich thiet dign Ion nhat. 

64. Cho tu dign ABCDco trgng tarn cac mat doi dign voi cac dinh A,B,C,D 
lan lugt la A’,B,C,D'. Ggi M,N,P,Q,R,S lan lugt la trung diem cac cap 
canh dol cua tu dign. 

a) Chung minh AA',BB' ( CC',DD' dong qui tai G( G ggi la trgng tarn cua tie 
dien, A A’, BB’,CC', DD' dirge ggi la aic duang trgng tuyen cua tie dien). 

b) Chung minh bay dogn thang AA',BB',CC', DD’,MN,,PQ,RS dongquy. 

65. Cho tu dign ABCD, G la trong tarn cua tam giac BCD va M la diem 
thugc mien trong tam giac BCD. Duong thang qua M va song song voi 
AG cat cac mgt phang (ABC),(ACD),(ABD) t$i P,Q,R. 

a) Chung minh MP + MQ + MR khong doi khi M di dpng trong tam giac BCD. 

b) Xac dinh vj tri cua diem M de MP.MQ.MR dat gia trj Ion nhat. 

66. Cho tu dign deu ABCD canh a . Tren cac canh BC,CD lay cac diem M,N 

sao cho = —= —. Tren trung tuyen AP cua tam giac ABD lay 

MB 2 CD 3 



PA 4 

diem I sao cho — = —. Tinh dign tich thiet dien tao thanh khi cat tu dign 

PI 5 

boi (MNP). 

67. Cho hinh hpp ABCD.A'B'C’D'. Xac djnh cac diem M,N tren cac doar 

MA 


AC',B'D' tuong irng sao cho MN // BA' va tinh ti so 


MC’ 


68. Cho hinh chop S.ABCD co day ABCD la hinh binh hanh . Ggi E la trung 
diem cua SC. Mat phang (a) thay doi nhung luon chua AE cat SB,SD Ian 

lugt tai M,N. Xac djnh vj tri cua M,N tren cac canh SB,SD sao cho 

SM SN 
SB + SD 


dat gia trj Ion nhat. 


Cty TNl lH MTV PWH Khang VlFt 


jJlGlAl - Hl/ONG DAN - DAP S 6 


a) Ggi E = ANoCD, F = ANr>BC va 1 = EMnSD thi I = SDo(AMN). 

BF NB 1 BF 1 . FC 

b) Ta co BF // AD =>-= —= --Tu 


AD ND 3 


AD 3 AD 


2 

3 


EC FC 2 
ED AD 3 


Ke CJ / /SD,J e F.I. Ta co 


, MC 


MS 


Q ID ED 
IS' CJ “ EC 




jS = 2 
ID 3 


IS MS EC 2 

ID ~ MC ED 3 
S 


60. Taco ON//SBc(SBC) 

=> ON // (SBC) (1). 

Tuong tu ON / /BC c (SBC) 

=>ON//(SBC) (2) 

Tir (1),(2) suyra (ONl)//(SBC) 
ma IJ c (ONI) IJ // (SBC). 

61. a) Trong (ABB’A') ggi K = MB’nAA'. Trong (ABC) ggi D = MEnCB 



Thiet dign la tu giac DEKB'. 
b) Ke EF // AB(FeCB). Khi do EF la 

dircrng trung binh cua tam giac ABC 
AB 

a EF = ——. Xet tam giac DBM ta co 
2 


C' 


va 


FD EF 1 


BD BM 3 
D la trung 
BD 


= c =>FD = 


iBF = iFC, tire 
2 2 


diem cua FC do do 


CD 


= 3. 



62. a) Trong (ABC) ggi E = AC n NP, trong (ACD) ggi Q = EMr\CD 

[QeCD ->Q = CDn(MNP). 

QeEMc(MNP) V 

b) Ke AF//CD,Fe AD, ke KP//AN,KeAC. 


14 
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, AF MA 
Ta co -=-= 1 

DQ MD 


AF = DQ (1), 


AF EA 


Do KP = —AB = —.3AN = — AN nen 

2 2 2 KP 


QC EC 

AN 2 
‘3 


( 2 ) 


D 


EA AN 2 
EK " KP “ 3 


§4 


Tir (l),(2),(3) suy ra = = 


EA 


QC QC EC 


2 

2 


QD 

DC 


l 

3 



E -X-/_ 


63. a) Ta co 


Me(a)n(ABD) 

ADc(ABD) 

AD//(a) 


(a ) n (ABD) = MN // AD, N e AB. 

I V 


Tuong tir (a)n(ABC) = NP // BC,P € AC. 
(a)n(BCD) = MQ//BC,QeCD. 


Thiet di#n la tir giac MNPQ. 

b) Gia sir co diem M tren canh BD de MNPQ la hinh thoi. 

T , MQ DM __ DM.BC 
Ta co —— =-= 



BF- 


BC DB 


MQ = 


DB 


0 ) 


T . MN MB MB.AD 

Tuong tir - T7r = -^ 77 =>MN =——— (2) 


AD BD 


BD 


Do MNPQ la hinh binh hanh nen no la hinh thoi khi MN = MQ, do do tir 

, /,v . . DM.BC AD.MB _ , , 

(1) va (2) taco ~ ^ p =——— => DM.BC = DA(DB - DM) 


DB 


BD 


DM(BC + AD) = AD.BD <=> DM = 


AD.BD 
BC + AD 


Ro rang 0<DM= 


AD.BD 


BC+AD 


-<BD nen dieu ki^n M nam tren BD duoc thoa man. 


Vay thiet di<?n la hinh thoi khi M nam tren canh BD sao cho DM= 

C ) Ta co MQ = M2 MM - M5 ^ M2 + MM - md+mb _ 


AD.BD 

BC+AD 


BC DB DA DB BC AD DB 
Vi MQ//BC,MN//AD ma BC,AD khong doi nen goc giira MN va MQ 
khong doi, do do S MNIXJ =MN.MQsinc|> (trong do c|) la goc giua MN va 

MQ). Ta thay sin<() khong doi va: 
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MNPQ 


= MN.MQsincf) = (AD.BCsinc|>). 


MN MQ 
AD BC 


/ 


< AD.BCsinc]) 


MN MQ 
AD + BC 


\ 2 


V 


AD.BCsincj) 

4 


/ 


. , , ... MN MQ 1 .. .. A , , __ 

Dane thirc xav ra khi -=-= — => M la trung diem cua BD . 

^ } AD BC 2 6 


Vay thiet dien thiet dipn Ian nhat bang AD.BCsine)* khi M la trung diem 
cua BD. 

64. a) Goi N la trung diem cua canh CD, 
thi ta de thay A'eBN va B'eAN do 
do trong (ABN), AA' va BB' cat 


nhau tai diem G . 


B 



Tuong tir chung minh dupe cac duong 
th3ng AA^BB^CCVDD’ doi mpt cM 
nhau, ma bon duong thang doi mpt cat 
nhau thi chung dong quy. c 

b) De dang chung minh duoc G la trung diem cua MN va tir do ta co bay 
duong thSng AA',BB',CC, DD',MN,PQ,RS dong quy tai G. 
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a) Ggi I,J,K lan lugt la giao diem cua MG voi BC,CD,BD, ke MH // GC, 
H e BC thi ta co: 


~ , MP IG 

Ta co-= — =- 

AG IJ GC S 


3S mhc 


CHC 


Hcr> 


AG S^, AG 

Tirdotaco MP +MQ +MR = 3AG. 


b) Thco BDT Cauchy ta co 


MP.MQ.MR < 


MP+MQ+MRf 


= AG* 


J 


D3ng thuc xay ra khi MP = MQ = MR = AG o M = G 

66. Goi X = MNnBD, E = XPr>AD, F = XPn AB. Thiet di?n la tu giac 
MNEF. Dung MQ // BD, Qe CD. 

Ta co = —— = — -=> N la trung diem cua QD do do DX = MQ 

CD CB 3 A 

DX MQ 1 
DB " DB " 3 ' 


Dung IJ // XF,J e AB 


_ . AF AP 4 

Ta co — = = — 

FJ A! 5 


BF BX 
JF " IX 


BX 


ID + DX 


6BX 6 BX 


5BD 5 3 

4 


AF = -FJ (1) 

BX 

1 BD+ 1 BD 

2 3 

§=>JF-§BF( 2 ). 



-A 


AF 1 


Tir (l),(2) suy ra AF = -FJ = -.-FB = -FB 

wv; ^ 5 58 2 AB 3 

Do — = i=> —= - = -=> FM//AC=> AC//(MXF). 

CB 3 AB CB 3 ) 

=> MF // NE. Vay thiet dien MNEF la hinh thang can co MF = ^,NF 

AAFE co AF = —,AE = —. 

3 - 3 
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EF 3 = AE 2 + AF 2 - 2AE.AFcos60" = ^- => EF = - . 


H 


Duong cao cua hinh thang la h = EF" - 


/ 


\ 


FM-EN 


\ 


2y/5 


1 1 la 2 

Di?n tich thiet diyn S = —h(MF + NE) = ^^—. 


MA _ 

kl -- 2 . 

b MC* 

68 . 





Gpi 0 = ACnBD,G = AEnSO, thi G la trong tam cua tam giac SAC 
Do thay GeMN. 

. S.„. M SG5M 2 SM 
Ta co =-=- 

S VS0B SO.SB 3 SB 

S vscn _ SGSN _2SN 
S,s,« = SQ5D = 3 SD 


SMC. . s\c: _ 


+ 


2( SM SN'I 
+ 


S S 3 

J SOII '-'SOO 


SB SB 


. S 
S 


StW 


S... 
S 


2S. 


Mat khac = ra« + *rs«i - - 


Suy ra — 
3 3 


SM SN 'j 
, SB + SD ; 


son sub 

SM.SN 


2S 

S 


sun 


2S 
S 


2SM.SN 


sun 


SB5D 


SB +^ = 3 (*) 


SB.SD SM SN 


SM SN 1 

-- 1 — 

f SM SN 'i 

SB SDl 

ii 

SB SD 3 

SB SD J 

l^SM ' SN J 

3l 


„ SM.SD SNSB 
2 +-+ 


\ 


SB . SD ,.. . . SM SN 1 

Dat a =-,b = — thi a + b = 3va-+ 


SNSB SM.SD 

r • \ 


SM 


SN 


SB SD 3 




a b 
2 + —+ — 
b a 






























































































Plum loni va phuxmg phap giai Hinh hoc 11 


Do a > 1,b > 1 va a + b = 3 nen ta co ae[l;2], tit do . 

Ta co ^ = — + — = ^^3^^|,Va6|l;2] 
b a 3-a a a(3-a) 2 


SM SN _ 1 
SB + SD _ 3 


a b'j 

1 

f. 5^1 

2 + —+ — 

< — 

2 + — 

b a J 

3 

k 


3 

2 


Vay max( 


5M + —) = - khi M = B, N la trung diem cua SD ho?c NsD, 
SB SD 2 


M la trung diem cua SB . 


i 


Cty TNHH MTV DVVH Khang Viet 


ON TAP & KIEM TRA 

69. Cho tu di£n ABCD. Goi G,,G 2 Ian lirQt la trong tarn cua cac tam giac 
BCD, ACD. 

a) Chung minh AG, va BG 2 dit nhau. G<?i giao diem nay la I. Tinh ~ JiL 

IG, ' IG 2 

b) Chung minh I la trung diem cua doan thling noi cac trung diem cua AB va 

CD. 

c) Chung minh cac duong th5ng di qua dinh cua tu di£n va trpng tarn cua mat 

doi di?n dong quy t?i mQt diem, diem nay gQi la tr<?ng tarn cua tu di£n 
ABCD. 

70. Cho tu di£n deu ABCD canh a. Gpi I,J Ian luQt la trung diem cua cac 
canh AB va CD. 

a) Tinh IJ. 

b) M la mpt diem di dqng tren canh BC. Tim tap hpp giao diem N cua AM 
va (ICD). 

c) G<?i G la trQng tarn cua tam giac ACD. Xac djnh thiet di?n cua tu di?n 

ABCD voi (IGM) khi M la trung diem cua canh BC. Tinh cac ti so ma 

(IGM) chia cac canh CD va AD. Thiet di£n la hinh gi ?. Tinh di£n tich cua 
thiet di£n do. 

71. Cho hinh chop S.ABCD, day la hinh thang ABCD voi AB //CD va 

^■AB>CD. G(?i I la trung diem cua SC. Mat phang a quay quanh AI c«it 
cac canh SB, SD Ian luyt tai M,N. 

a ) Chung minh duong thSng MN luon di qua mQt diem co djnh. 

h) Duong thang IM cat duong thang BC tai P, duong thSng IN cat duong 
thSng CD t$i Q. Chung minh duong thang PQ di qua mQt diem co’djnh. 

c ) Tim tap hQp giao diem J cua IM va AN . 

Cho hinh chop S.ABC. Tren cac canh SA,SB,SC Ian UrQt lay cac diem 

A,,B,,C, di dQng sao cho SA. = —SA ; SB, =—^—SB , SC. =—-—SC 
^Et!/ n 2n +1 3n + 2 

(nla so nguyen dirong). Chung minh rang mat phang (AjBjO) luon chua 


tttQt duong thang co djnh . 


1 (T c 

































Phan loai va phinvng phdp giai Hinh hoc 7 7 


73 . Trong mat phing (?) cho goc xOy. A la mpt diem khong thupc (P) va 
M , N la hai diem di dpng Ian lupt tren Ox, Oy. 

a) Gia sir luon co OM = ON. Chirng minh trung tuyen AI cua tarr giac AMN 

luon chua trong mpt mat phang co d|nh. 

b) Gpi (d) 'a duong thing co djnh qua A, (d) cit (P) tai mpt diem khong 

thupc Ox, Oy va cit duong thing MN . 
j) Chirng minh duong thing MN luon di qua mpt diem co djnh. 
ii)Gpi B la diem co djnh tren (d), B khac A va B khong thupc (P), AM va 

BNcit nhau tai Q. Chirng minh Q thupc hai mSt phang co djnh .Suy ra Q 
thuoc mpt duong thang co djnh. 

74 . Chotudipn SABC.Qua C dung mat phang a cit AB, SB tgi Bj, B’,qua 
B dung mat phing pcit AC, SC tai C,, C'. Hai duong thang CB', BC 
cit nhau t;*i O'; hai duong thing CB,, BC, cit nhau tai O,. Gia sir duong 
thing O'O, cit duong thang SA tai I. 

a) Chirng minh ba duong thing AO,, SO', BC dongquy. 

b) Chung minh I, B,, B' thing hang va I, C,, C' thing hang. 

75 . Cho hinh chop S.ABCD, AD cit BC tai E. Gpi M la mpt diem di dpng 
tren canh SC . M|t phing (ABM) cit canh SD tai N . Gpi I la giao diem 

cua AM va BN, J la giao diem cua AN va BM . 
a) Tim tap hpp cac diem 1. b) Tim tap hpp cac diem J. 

76. Cho tu dipn A BCD. Gpi I,J lan lupt la hai diem co djnh tren cac c<»nh AB, 
AC va 1J khong song song voi BC. Mat phing (P) quay quanh IJ cit cac 

canh CD, BD Ian lirgl tai M,N . 

a) Chung minh du* 6 ng thang MN luon di qua mpt diem co dinh. 

b) Tim tap hop giao diem cua IN va ]M . 

c) Tim tap hpp giao diem cua IM va JN. 

77 . Trong mat phang a cho hai duong thang d va d cat nhau tai O, g^ 

A,B la hai diem co djnh 6 ngoai mat phSng a va AB khong song song vbi 

a. Mot mat phang P quay quanh AB cat d tai M va d' tai N. Chung 

minh rSng 

a) Duong thang MN luon di qua mpt diem co djnh. 

b) Giao diem I cua AM va BN 6 tren mpt duong thing co djnh . 


Ctij TNHH MTV DVVH Khan y Viet 


c ) Giao diem J cua AN va BM 6 tren mot duong thang co'djnh. 

d) Duong thang IJ di qua mpt diem co'dinh. n 

78 . Cho hinh chop S.ABCD, day ABCD la hinh thang ,co cac canh day la AB 
va CD voiAB = 2CD. Gpi I la trung diem cua c^nh SA, J la mpt diem 
tren canh SC voi JS > JC. 

9 £ 

a ) (a) la mat phang quay quanh IJ cat canh SD tai M va canh SB tai N. 

M,N di dong tren phan nao cua cac canh SD va SB ?. Tim *ap hpp giao 
diem cua IM va JN . 

b) (P)l^ m3t phang quay quanh IJ va cat canh AD tai P.Tim giao diem Q 
cua (p) va canh CD va tap hpp cac giao diem cua IQ va JP. 
















Phnti loai va phirang pimp $idi Hinh hoc 11 


Hipong din giai 


69. 


a) Chung rmnh AGj, BG 2 cat nhau. Tinh 

Gpi F la trung diem cua CD, ta co 
AG! va BG 2 cung di qua F. 

=I - g,g 2 //ab 

=> ABG|G 2 la hinh thang 
=> Hai duong cheo AG, va BG 2 ditnhau. 


IA IB 


IG, IG 2 


IA IB 


AB 


IG, IG 2 


g,g 2 


FA 

FG, 


= -3. 


b) Chung minh I la trung diem cua EF. 

Goi H la trung diem cua BGj, vi 

FGj =^FB suy ra G! la trung diem 

w/ 

cua FH. 

Ta co EH la duong trung binh cua 
tarn giac ABG, 

=> EH // IG,. 

Mat khac G, la trung diem cua FH 
nen I la trung diem cua EF. 




H 


c) Chung minh cac duong thang di qua dinh cua tu dipn va trpng tam cua 
mat doi dipn dong quy tai mpt diem. 

Gpi G 3 ,G 4 lan lupt la trong tam cua cac tam giac ABC va aBD. Chung 
minh tuong tp nhu cau a) ta co 


I,A 


DG 3 cat AG, tai diem I, thoa —— = -3. 


I,G 
UA 


* CG 4 ck AG, tai diem I 2 thoa %== = -3. 


I 2 G 


Vay I, s I 2 = I suy ra dpcm. 


Cti, TNHH MTV DVVH Khang Viet 




M 


a) Tinh IJ. 


Cl la duong cao cua tam giac deu ABC, suy ra Cl = — ^ 

2 2 ' 


Tuong tu DI = 


s 


=> tam giac ICD can tai I => IJ 1 CD. 
Trong tam giac vuong IJC ta co 


IJ 2 = IC 2 -JC 2 = 



/ 




b) Tap hpp cac diem N . 

Phan thuan. N thuQC duong thang codjnh IC. 
Giai han . Khi M = C thi N = C. 

I Khi Ma B thi N = I. 


K Khi M di dpng tren canh BC thi N di dpng tren doan 1C . 

Suy ra tap hpp N la doan IC . 

c) * Xac dinh thiet dipn cua tu di?n ABCD vai mp(lGM). 

p Trong mat phang (SBj) duong thang IG cat duong thang BJ tai K, KM 
I c ^t canh CD tai E, EG cat canh AD tai L. Mat phang (IGM) lan luot c3t 

nSJ , 1 

cac mat BCD, ACD, ADB, ABC theo cac doan giao tuyen la ME, EL, 
I LI, IM suy ra thiet di£n cua (IGM) voi tu di£n ABCD la tu giac MELI. 










































Phan loai va phinrmg pimp .ytVti Hinh hoc 7 / 


* Tinh 


EC LA 
ED ' LD 


A 



G<?i F la trung diem cua BJ 
Taco IF//AJ va IF = iAJ, 

mat khac G la trpng tam cua tam giac ACD nen JG = ^AJ => JG = 


JSL = 1^.= ^ iSL = i => j la trung diem cua BK. 

KF IF 3 KB 2 


Trong tarn giac BCK, E la giao diem 
cua hai duong trung tuyen-KM, CJ 
nen E la trong tarn cua tarn giac BCK 
FC 

do do — = 2 , lai co J la trung diem 

EJ 



C 


cua CD suy ra 


EC 

ED 



Vi — = — = 2 => GE // AC 
EJ GJ 


LA = EC _1 
LD " ED 2 



C 


<N | 


Ctij TNHH MTV DVVH Khang Viet 


Hinh tinh cua thiet di£n . 

G la trong tarn cua tarn giac ABK, E la trQng tam cua tam giac BCK suy ra 

= — = -=>LE//IM 
KI KM 3 

Trong tam giac ACD ta co = — => LE = — AC = —a 

66 AC DC 3 3 3 

IM la duang trung binh trong tam giac BAC => IM = — AC = —. 

2 2 


Tu giac MELI co LE H IM va LE > IM nen la hinh thang. 

Hai tam giac AIL va CME co AI = CM = -, AL = CE = -,IAL = MCE = 60° 

2 3 

nen chiing bang nhau suy ra IL = ME . 

Vay thiet di£n MEIL la hinh thang can. 


Di£n tich cua thiet di£n . 

Ap dung djnh H ham so Cosin trong tam giac AIL, ta co 


IL 2 = AI 2 + AL 2 - 2AI.AL.cosIAL = 


/ \2 / \2 

a 

+ ' 


a 


v3. 




\ 


-2 


\2y 


_ \ 


v3. 


2 

2 


7a 2 

36 


M 



Xet tam giac vuong IHL taco 

LH 2 =IL 2 -HL 2 trong do ~ 

2 a a 

EL-MI _ ~3~~2 a = 
2 2 12 " 


7a 2 a 2 


27a 


Di£n tich thiet di£n : S = 


36 144 144 

a 2a 
- + 


IH = 


s 


IM + EL _ 2 ' 3 a V3 _ 7a 2 & 


.IH = 


48 


















































Phan loai va phircmg phdp giai Hlnh hoc 1 7 


71. 



G<?i O la giao diem cua AC va BD, E la giao diem cua SO va AI (dyng 
trong mat phang (SAC)) 

Ta co M,E,N la ba diem chung cua hai m|t phiing phan bi£t a va (SBD) 
nen chung thang hang suy ra duong thang MN di qua diem co djnh E. 


b) Chung minh PQ di qua diem co djnh. 

A,P,Q la ba diem chung cua hai mat phiing phan bi?t a va (ABCD) nen 

chung thiing hang suy ra duong thang PQ di qua diem co djnh A. 

c) Tap hpp giao diem cua IM va AN . 

Phan thudn. 

G(?i J la giao diem cua IM va AN, ta co 

IM c (SBC) ^ 6 (sad) n(SBC) = SK({K) = ADnBC). 

AN c (SAD) V 


Giai hqn . 

No la giao diem cua BE va SD, Mo la 
giao diem cuaDE va SB, vi MN luon 
di qua E nen de M thuQC canh SB va 
N thuQC canh SD thi M chi di dpng 
tren do^n BMo va N chi di d<?ng tren 
do^n DNo. 



O 


Chf TNHH MTV DWH Khang Viet 





K 


Khi M=B thi JsJ n (J n la giao diem cua BI voi SK). 




Khi M=Mo thi J=Jj (J, la giao diem cua IMo voi SK). 


Khi M di dong tren doan BMo thi J di d<?ng tren [j 1/ j () ] 


Vay tap hop cac diem J la doan[jj,J 0 ]. 


72. A, n3m tren canh SA va SA, = —SA => SA = nSA,. 

n 


Tirongtv SB = (2n + l)SB, , SC = (3n + 2)SC,. 


Truoc het ta chung minh duong fining A,B, di qua mot diem co djnh. 


Trong mat phang (SAB) goi D la diem thoa hp thirc SD = SB-2SA thi 


diem Deo dinh . 


ay 


Taco: SD = SB-2SA = (2n + l)SB,-2nSA, = 2n(SB,-SA,) + SB, 


= 2nA,B, +SB,. 


SD-SB, =2nA,B, => B ( D = 2nA|B| 


B,D cung phuong voi A^, => A,,B,,D thSnghang. 


V^y duong thang AjB, di qua diem co djnh D. 


Chu y. Ta co the giai hai todn tren theo each sau mac du ddi hern nhttng qua 
each giai nay ta thdy duoc diem D duoc chon nhu thendo. 

1 =r 1 rr 1 r 




Taco A,B, =SB, -SA. = —!—SB--SA = - 7 —^- A nSB-( 2 n + l)SA 

11 1 1 2n +1 n n(2n + l)L v ' J 
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Phan loai va phirong phdp gidi Hinh hpc 11 


■ ;^bj[ n ( SB - 2SA ) - SA ] ■ ^bi)[ n ( SB - 2SA ) - nSA . 1 


= —-—(SB-2SA-SA,) 
2 n +1\ */ 


(!)• 


GQi D la diem xac djnh boi hp thuc SD = SB - 2SA thi diem D co djnh 

Ttr(l)suy ra A,B, = —-—(SD-SA,) = —?—A,D. 

1 1 2n + l\ */ 2n + l 1 

. 4 ■■ 4 

=>A,B, cung phuong voi A,D => A,,B,,D thing hang. 

Chttttg itiinh ducmg thting A,C, di qua ntQt diem codinh. 


A,C, =SC,-SA 1 =—?—SC--SA: 

' 3n + 2 n 

= n(3n + 2)[ n ( SC " 3SA )" 2SA ] = 


1 


n3(n + 2)[ nSC ( 3n + 2 ) SA ] 

1 r n(sC-3SA)-2nSA 


n(3n + 2) 


l 


Gpi E la diem xac djnh boi hp thuc 2SE = SC-3SA thi diem E co djnh . 


Tir (2) suy ra AjC, = 


1 


3n + 2V 


(2SE-2SA 


SA,)- 


3n + 2 1 


A,E. 


Vay Aj,Cj,E thang hang hay duong thang A,C, di qua diem co djnh E. 
Mat philng (AjBjCj ) chura mpt ducmg thang co dinh. 

Vi hai diem co djnh D,E thupc mpt phang (A,B,C,) nen mSt phSng 
(AjBjCj) chua duong thang co djnh DE. 



73. 


Cty TNHH MTV DWH Khang Viet 


a ) Chung minh AI chua troug mat phtittg co ditth. 

Tam giac OMN can tai O (do OM = ON) nen I thupc duong phan giac 


Ot cua goc xOy,suy ra AI chua trong mat phang co djnh (A,Ot). 


h) i) Ducmg thang MN di qua m<?t diem cd'djnh. 

Gpi E la giao diem cua (d) va duong thang MN thi E cung !a giao diem 


cua (d) va (P)nen E cd'djnh. Vay MN di qua co'djnh E 


ii) Giao diem Q cua AM, BN thuQC hai mat phang co ditth. 


A ' 


Q e AM => Q e mp( A,Ox) co djnh. 


Q € BN => Q € mp(B,Oy) co djnh. 


Suy ra Q thupc duong thang co djnh la giao tuyen cua hai mat phang 
(A,Ox) va (B,Oy). 


I 



Taco BC = (ABC)n(SBC), SO'= (lAO,)r»(SBC), AO, =(lAO,)n(ABC), 


lai co AO, cat BC suy ra ba duong thang AOj, SO', BC dong quy. 


b) I,B,,B' thang hang, I,C^C'thang hang. 


B,eAB, B'ffSB, IeSA nen ba diem I,B,,B' thupc mSt phang (SAB) . 


I€0,0', 0,0' chua trong mat phang a nen lea, suy ra ba diem I,B,,B 


thupc m3t phing a . 

Vay I,B,,B' la ba diem chung cua hai mat phang phan bipt a va (SAB) do 


do chung thang hang . 















































Phiin loai va phircmg phdp tfidi Hinh hoc 7 7 


Tuong tu I,C,,C' la ba diem chung cua hai mat phang phan bi£t Pva 
(SAC) nen chung thang hang. 

S 


75. 




a) Tap hgp cac diem I. 

Phiin thudn. 

{!} = AMnBN 
AMc(SAC), BNc(SDB) 

=> I e(SAC) /I (SBD) = SO ({O} = ACnBD). 

Gift han. 

# 

Trong mat phang (SAC), I la giao 

diem cua AM voi SO,suy ra khi M di 
dpng tren canh SC thi I di dong tren 
doan SO. 

Phan ddo. 

Lay mQt diem I tuy y tren doan SO, ta phai dyng diem M sao cho I la 
giao diem cua AM va BN, trong do N la giao diem cua mat phang 
(ABM) voi canh SD. 

Dung M la giao diem cua AI va canh SC, N la giao diem cua BI va canh SD. 
Taco N la giao diem cua (ABM) voi SD va I la giao diem cua AM, BN. 



V.ay tap h^p cac diem I la doan SO . 



Cty TNHH MTV DVVH Khmi$ Viet 


b) Tap hgip cac diem J. 
phan thudn. 

(j) = ANoBM zc Je(SAD)n(SBC) = SE. 

AN c (SAD), BMc(SBC) 

Gifthan. 

Trong mat phang (SBC), J la giao 

diem cua BM voi SE, suy ra khi M di 
dpng tren canh SC thi I di dQng tren 
doan SE. 

Phan ddo. 

Lay mpt diem J tiiy y tren doan SE, ta phai dung diem M aao cho ] la 
giao diem cua AN va BM, trong do N la giao diem cua mat phang 
(ABM) voi canh SD. 

Dung M la giao diem cua B] vacanh SC, N la giao diem cua A] vacanh SD. 
Ta co N la giao diem cua (ABM) voi SD va J la giao diem cua aN , BM . 

Vay tap hop cac diem I la doan SE. 

Nhdn xet: 

* Khi xet $icri han tap hop diem ,ta chi can xet tren mot mat phiing co dinh, tot nhat 
Id mat phting chira diem phdt sinh chm/en dong. 

* Trong phuong pimp gidi han tap hop diem b tren ta nhan then/ co sir ttrong irng 2-2 
gifra diem phdt sinh chuyen dong va diem can tim tap hop do do trong hai todn tren 
khbng can xet phan ddo chi can xet xong birbe gibi han la dii. 

76. 

A 




K 




167 



















Whan loai va phi fang phdp giai Hitilt hoc 11 


a) Duong thang MN di qua diem co dinh. 

Gpi E la giao diem cua IJ voi BC thi E co djnh . Ba diem F,M N la ba 
diem chung cua hai mat ph^ng phan bipt (P) va (BCD) nen chung thing 

hang, suv ra duong thing MN luon di qua diem co djnh E. 

b) .Tap hpp giao diem cua IN va JM. 

Phan thuan .Gpi K la giao diem cua IN va JM . Ta co 


{K} = INn JM 

IN c (ABD), JM c (ACD) 


K e (ACD)n(ABD) = AD. 


Giai han . 



Vi theo gia thiet bai toan ,m(it phang 
(P) di dpng nhung luon cit cac canh 

BD va CD do do ta phai xet xem co vj 
tri nao cua N tren canh BD thi M 6 
ngoai doan CD khong ? Neu co thi vj 
tri nay cua N phai loai ra. 

Ta co M la giao diem cua EN voi canh CD, EC cit BD tijiB, ED cit 
BD tai D do do khong co vj tri nao cua N tren canh BD ma M khong 
thupc c^nh CD. 

Trong mat phing co djnh (ABD), K la giao diem cua duong *hing IN va 

duong thing AD do do khi N di dpng tren canh BD thi K di dpng tren 
hai tia Ax, Dy n3m tren duong thang AD nhu hinh ve ben. 

Phan dao 

Suy ra tap hpp cac diem K la hai tia Ax, Dy. 


c) Tap hpp giao diem cua IM va JN. 

IE} = IMn JN 
IM c (ICD), JN c (JBD) 

=> L e (ICD) n (JBD) = DF ({f} = IC n BD) 

Giai han. • 

Trong mat phing co djnh (ICD), L la giao diem cua IM va DF, do do khi 

M di dpng tren c?nh CD thi L di dong tren doan DF. 

Suy ra tap hpp cac diem L la doan DF. 



M 
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77. 




a) MN di qua mpt diem co dinh . 

Gpi E la giao diem cua duong thang AB 
vamatphanga thi E la diem co djnh. 

Ba diem M,N,E la ba diem chung cua hai mat phang phan bipt a va p nen 
chung thang hang ,vay MN di qua diem co djnh E. 

b) Giao diem I cua AM va BN thupc mQt duong thang co dinh 

{l} = AMnBN 

AM c mp(A,d),BN c mp(B,d ) 

Suy ra I f hupc duong thang co djnh Om la giao tuyen cua hai mat phang 
(A,d) va (B,d'). 

c) Giao diem J cua AN va BM thupc mpt duong thang co dinh. 

{j} = ANnBM 

AN c mp( A,d'),BM c mp(B,d) 

f t 

Suy ra J thupc duong thang co djnh On la giao tuyen cua hai mat phang 
(A,d') va (B,d). 

d) Duong thang IJ di qua mpt diem co djnh. 

Trong mat phang (AMN), IJ cat AB tai K . Vi IJ chua trong m3t phang 
(Om,On) nen K la giao diem cua duong thang AB va m^t phang 
(Om,On), AB co djnh , mp(Om,On) co djnh nen K codjnh .V$y IJ di 
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Phan locti va phiravg phap giai Hinh hoc 11 


I 


qua diem co djnh K la giao diem cua duong thang AB va m?t phang 
(Om,On). 


78. 



H 


a) M,N di d<?ng tren phan nao cua canh 
SD, SB . Tap hgp giao diem cua IM 
va JN. 

Goi O la giao diem cua AC va BD, K 
la giao diem cua SO va 1J thi K co 
djnh . Ba diem M,K,N la ba diem 
chung cua hai mat phSng (a) va 

(SBD) nen chung thang hang. 




Trong tarn giac SBD, gpi M„ la giao diem cua BK va SD, N 0 la giao diem 
cua DK va SB vi M,K,N thcing hang nen neu N thupc doan BN 0 thi M 


thupc doan DM 0 , neu N thuQC doan 
SN 0 (N khac N 0 ) thi M 6 ngoai doan SD. 

Tuong tv de N 6 tren canh SB la M chi 6 tren doan DM 0 . 

Vay N chi di dong tren doan BNq va M chi di dong tren doan DMg . 

G<?i H la giao diem cua AD va BC. 

{E} = IMnJN 
' IM c (SAD), JN c (SBC) 

=>Ee(SAD)n(SBC) = SH. 


Ctt/TNHH MTV DVVH Khang Viet 


Qicri han . 





Trong m3t phang (SAD) E la giao diem cua IM va SH . 


Khi M = M () thi E = E () (E 0 la giao diem cua IM () va SH). 

Vi D la trung diem cua AH, I la trung diem cua SA nen ID /^SH do do 


khi M tien ve D thi tia IM tien den tia ID suy ra E tien ve vo ci^c tren tia 
E 0 t ciing chieu voi tia SH . 

Khi M di dQng tren doan DM (J thi E di dpng tren tia E 0 t . 

Suy ra tap h<?p cac diem E la tia E () t. 

b) Tim {Q} = (p)nCD va tim tap hgp giao diem cua IQ va JP ^ 

s 




Trong tarn giac SAC, I la trung diem cua SA , J thupc canh SC va JS>JC 
nen duong thang IJ cat duong thang AC, goi giao diem cua chung la F, 




















Phan loai va phucmg phdp gidi Hbth hoc 11 

Ta co FP la giao tuyen cua hai mat phlng (p) va (ABCD) , CD chura trong 
(ABCD) nen giao diem Q cua CD va (p) cung la giao diem cua FP va CD 

Trong mat phang (SAC), AJ cat IC tai mQt diem gpi la R . 

|{L} = IQnJP 
jlQc(lCD),JPc:(jAD) . 

=> L e (ICD) n(jAD) = DR 


Vi P 6 bat ki vi tri nao tren canh AD thi Q cung thu<?c canh CD, trong 
mat phang (JAD) L la giao diem cua JP va DR nen khi P di dpng tren 

doan AD thi L di dong tren doan DR suy ra tap hop cac diem L *a doan DR . 






Cti/ TNHII MTV DWH Khang Viet 


CHU VECTO.TRONG KH ONG GIAN 

QUAN11$ vu6ng g6c trong 

KHONG GIAN 


V ecta trong khong gian 

A.TOM tAt giao khoa. 

1 . Dinh nghla. 

Cac khai ni?m va cac phep toan cua vec to 
trong khong gian dirge djnh nghla hoan toan 
giong nhir trong mat phing. Ngoai ra ta can 
nho them: 

Qui t3c hinh hgp: Neu ABCD.A'B’C'D' la hinh 
hop thi AC' = AB + AD + AA' = a + b + c . 

2. Qui tac trQng tam tir di^n. 

G la trQng tarn tu di^n ABCD khi va chi khi mpt trong hai dieu ki?n sau 
xay ra: 

• GA+GB+GC+GD=0 

• MA + MB + MC + MD = 4MG, VM 



3. Ba vec to a, b,c dong phang neu gia cua chung song song voi mQt mat phing. 


Dieu ki^n can va du de ba vec to a,b,c dong phang la co cac so” m,n,p 
khong dong thoi bang 0 sao cho ma + nb + pc = 6. 

Cho hai vec to khong cung phirong khi do dieu ki£n can va du de ba vec to 
a,b,c dong phang la co cac so” m,n sao cho c = ma + nb. 

Neu ba vec to a,b,c khong dong phSng thi moi vec to d deu co the phan 
tich mQt each duy nhat diroi dang d = ma + nb + pc . 

B - LUYEN KI NANG GIAI CAC DANG BAI TAP. 

B ai toan 01: CHLfNG MINH dAnG THlfC VEC TO. 

^huong phap: 

If' p dyng qui tac CQng, qui tac trir ba diem, qui t3c trung diem doan thang, 
trQng tam tam giac, trQng tam tu 1 giac, qui tac hinh binh hanh, qui tac hinh 
hQp... debien doi venay thanh vekia. 






































Phan Ioni va pinions pthap $idi hlinh hoc U 


CAC VI DV 

Vi du 1. Cho hinh chop S.ABCD co day ABCD 
minh r&ng SA +SC =SB +SD . 

W \ • • t • 

Lai giai 

Gpi O la tarn cua hinh chu nhat ABCD 


la hinh chu* nhat . Chung 

S 




Ta co OA = OB = OC 


OD 


. v 2 


SA =(sb + OA) =SO +OA +2SO.OA (1) 




SC =(sb + OC) =SO +OC + 2 SO.OC ( 2 ) 

Tir (l) va (2) suy ra SA +SC =2SO +OA +OC +2SC)|OA + OCj 



-2 


-2 


= 2SO +OA +OC (vi OA + OC = 0). 


2 —- -2 


Tuongtu SB +SD =2SO + OB +OD . 


_ .+ 1 


TirdosuyraSA +SC = SB +SD . 

Vi du 2. Cho tu dign ABCD, M va N lan lu<?t la cac diem thupccac canh AB 
va CD sao cho MA = -2MB,ND = -2NC; cac diem I,J,K lan lug* thugc 
AD,MN,BC sao cho LA = kID,JM = kJN,KB = kKC. 

— ] — 2pr- a 

Chung minh voi m<?i diem O ta co OJ = -OI + —OK • 

Lai giai 


Vi MA = -2MB nen voi diem O bat ki ta co: 


OA-OM = -2(oB-OM) oOM = 


OA + 20B 


Tuong tir ta co: ON = 


0D+20C 


,a= 


OA-kOD 

1 -k 


- = OB-kOC /5] = OM-k°N 



B 4 ~ -- 




1 -k 


1 -k 


Tird6tacoOj =—(OA + 20B-kOD 2kOCj 

1-k 3' 

= - k)oi+2(1 - k)ok]=I(oi+20k) 

1 ” K 3 


Vay OJ = idi + |ok. 



CM/ TNHH MTV DVVH Khans Viet 


B ai toan 02: CHLlNG MINH BA VEC TO DONG PHAnG VA BON DIEM 

dong phAng. 

phirong phap: 

De chung minh ba vec toa,b,c dong phang ta co the thuc hien theo mQt 
trong cac each sau: 

# Chung minh gia cua ba vec toa,b,c cung song song voi mQt mat phang. 


# Phan tich c = ma + nb trong do a,b la hai vec to khong cung phuong. 

De chung minh bon diem A,B,C,D dong phang ta co the chung minh ba 


vec to AB,AC,AD dong phang. Ngoai ra co the sir dung ket qua quen 
thuQC sau: 

Dieu ki£n can va du de diem De(ABC) la voi mQi diem O bat ki ta co 


OD = xOA + yOB + zOC trong do x + y + z = 1. 

CAC VI DV 

Vi du 1. Cho tu di£n ABCD, cac diem M,N lan luot la trung diem cua 
AB,CD. GQi P,Q lan luQt la cac diem thoa man PA = kPD, 


QB = kQC(k * l). Chung minh M,N,P,Q dong phang. 


Lai giai 

Ta co PA = kPD => MA - MP = k(MD - MP) 


MP = 


MA - kMD 
1 -k 


Tuong tu QB = kQC => MQ = 


MA-kMC 
1-k 


Suy ra MP + MQ = 


MA - kMD + MB - kMC 

1-k 

-^-(MC + MD)(Do ma + mb 



->D 


= 0 ) 


Mat khac N la trung diem cua CD nen MC + MD = 2MN 

2 k 


MP + MQ = 


k -1 


MN suy ra ba vec to MP,MQ,MN dong phang, hay 


bon diem M,N,P,Q dong phang. 
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Phan loai va phuang phdp giai H'trth hoc 11 


Vi dy 2. Cho tu difn ABCD, cac diem M,N xac djnh boi MA = xMC, 
NB = yND (x,y * l). Tim dieu ki<?n giira x va y de ba vec to AB,CD,MN 

dong phang. 


W \ • • 1 • 

Loi giai 


D5t DA = a,DB = b,DC = c thi a,b,c khong dong phSng. 


MA = xMC=>DA-DM = x(DC-DM) 


dm = pa ' xDC ^ (1). 


1 — x 


1 — x 


B 


Lai co NB = yND 


DN = ^—DB = —!—b (2) 
1-v 1-v 



D 


Tir (l) va (2) suy ra MN = DN-DM = —a + —b + —c 
w v ; 1 1 — x 1 — v 1-x 


Taco AB = DB-DA = b-a,CD = -c ; AB va CD la hai vec to khong ciing 


phirong nen AB,CD,MN dong phang khi va chi khi MN = mAB + nCD, 

tire la ——a + —-—b + —c = m(b-a)-nc 
1-x 1 — v 1-x ' ’ 


m - 


1 




1-x 


/ 


a + 


/ 


1 




\ 


i-y 


- m 


/ 


b + 




\ 


n + 


1-x 


c = 0 <=>< 


m = 


1 


j 


m = 


1-x 

1 

i-y 

X 


x = y 


n = - 


1-x 


Vay ba vec to AB,CD,MN dong phang khi va chi khi x = y . 

Lira y: Ta co the sir dung dieu ki<?n dong phang cua ba vec to de xet vj tri 
tuong doi cua dirdng thang vdi m§t phSng: 

Cho ba dirdng thang d,,d 2 ,d 3 lan lupt chira ba vec to u,,u 2 , u 3 trong do 
d,,d 2 cat nhau va d 3 <z mp(d 1 ,d :! ). U) > 


Khi do: 


d 


• d 3 //(d„d 2 ) ou, / u 2/ u 3 la ba vec ta dong phang. 

• d 3 nmp(d |/ d 2 ) = Mou )/ u 2 ,u 3 la ba vec to 
khong dong phang 






Ctif TNHH MTV DVVH Khan g Viet 

Vi dy 3. Cho hinh hop ABCD.A'B'C’D’, M,N la cac diem thoa MA = — Mb, 

4 


NA =--NC. Chung minh MN//(BCD). 

Lai giai 

—--.- -Ah) - - - 

Dat BA = a,BB = b,BC = c thi a,b,c la ba vec to khong dong phSng va 
BD = BA + AD = BA + BC = a + c 4 M 



D' 


Tuong ti^ BN = 


3a + 3b + 2c 


B MN - BN - BM = ~ ^ a + ^ + C = -^(a + cj + -(b + c) = -—BD + -BC 1 

^ 5 5 

Suy ra MN,DB,BC' dong phang ma N «(BCD)=> MN H (BCD) 

Nhan xefc Co the sir dung phirong phap tren de chung minh hai mat phSng 
song song. 

Vi dy 4. Cho lang tru tarn giac ABCA’B’C’. G<?i M,N Ian krq>l la trung diem 
cua A A CC va G la tr<?ng tarn cua tarn giac A’B'C. 

Chung minh (MGC) // (AB N). 


Leri giai 

E>at A A' = a, AB = b, AC = c 

Vi M,N Ian lir^t la trung diem cua 

AA',CC' nen AM = -AA' = —a. 

2 2 

AN = I(AC + AC) = ia + b 

Vi G la trQng tarn cua tarn giac A’B’C' nen 

AG = UaA' + AB’ + AC’) = a + - b + -c 
H • 3' / 33 
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Phan loai va phucmg phap giai Hinh hqc 1 7 


1- 1r 1- 


1 


1 


Ta co MG = AG - AM = —a + —b + —c=> MG = — AB' + -AN suy ra MG,AB', 

2 3 3 2 3 

AN dong phang. Mat khac G g (AB'N) MG // (AB'N) (l) 


- - 1- 1- r 


Tirang tu MC' = AC — AM = a + c- — u = — u + k = AN =>MC//(ABN) (2). 
Tu (1) va (2) suy ra ^ ( MGC> ) ^ ( AB ’ N ) • 


Bai toan 03: TINH DQ DAI CUA DOAN ThAnG. 

Phuorng phap: 

.,v De tinh dp dai cua mpt doan thSng theo phuong phap vec to ta sir dyng co 
so a = a |a| = . Vi vay de tinh dp dai cua do^n MN ta thyc hipn 

theo cac buoc sau: . 

• Chpn ba vec to khong dong phang a,b,c sao cho dp dai cua chung co the 
tinh dupe va goc giira chung co the tinh dupe. 

• Phan rich MN = ma + nb + pc 


Khi do MN = 


MN 


= VmN =J( ma + nb + pcj 


= . m 



2 


2 


a 

+ n 

b 

+ P 

c 


+ 2mn cos(a,b) + 2npcos(b,cj + 2mpcos(c,a). 


CAC VI DV 

Vi dp 1. Cho hinh hpp ABCD.A'B'C’D’ co tat ca cac m?t deu la hinh thoi canh 
a va cac goc BAA' = BAD = DAA' = 60° .Tinh dp dai duong cheo AC’. 

T % • • 1 • 

Loi giai 


D 


Dat AB = a,AD = b / AA' = c 


thi 


=a,(a,b)=(b,c)=(c,a)=60°. 


B 


Ta co AC' = a + b + c. 


2 —2 -2 -2 


AC' =a +b +c + 2ab + 2bc + 2ca 


/j\ 

7 

i \ 

• 

/ \ 

/ \ 

/ 


D' 


= 3a 2 +2 


cos 60° +2 


cos 60° + 2 


B' c 

cos60° = 6a 2 AC' = aV6 . 


Vi dv 2. Cho hinh hpp ABCD.A'B'C’D' co tat ca cac mat deu la hinh vuong 
c^nh a. Lay M thuQcdoan A’D, N thuQcdoan BD voi: 

AM = DN = x(o<x<a>/2 j. Tinh MN theo a vax. 
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w \ • • 2 • 

Loi giai 


d' 


Dat AB = a,AD = b ; AA' = c 


Ta co 


= a,(a,b) = (b,c) =(c,a}= 90° 


DN = 


DN 


AM = 


DB 

AM 


.DB = 


*^( AB - AD )=^- g ) 


AD' 


.AD’ = 




( 


AD + A A 





C' 


Suy ra MN = MA +AD +DN = -J=(a-b) +b + -^(b + c) 


x - | . x 
a+ 1- 






r x - 
b-—c. 


/ 




MN : = 


/ / 
X - 

a + 


v 


fi 


i- 




r x 
b-—c 




/ 




X 2 -2 


J 


2a 


a + 


1- 




r 2 x" -2 

b +- rC 


J 


2a 


/ 


x 2 + 




. 72x x : 

1-+ 


2a 


a 2 = 


3x 


-4i 


ax + a 


/ 


MN=.ly-\S 


ax+a . 


Bai toan 04: Si/ DyNG DIEU KIEN DONG PhAnG CUA BON DIEM DE 
GIAI BAI TOAN HINH KHONG GIAN. 

Phuong phap: 

Sir dung cac ket qua 


• A,B,C/D la bon diem dong phSng o DA = mDB+nDC 

• A,B,C,D la bon diem dong phang khi va chi khi voi mpi diem O bat ki ta 


co OD = xOA + yOB + zOC trongdo x + y + z = l. 

CAC VI DU 

Vi dM 1. Cho hinh chop S.ABCD co day ABCD la mpt hinh binh hanh . Gpi 
B',D' lan lupt la trungdiem cua cac canh SB,SD. Mat phiing (AB’D') cSt 

SC' 


SC tai C'. Tinh 


SC 



Dat a = SA,b = SA,c = SD va m = 


Loi giai 

SC' 


SC 
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Phan loai va phirang phap giai Hinh hoc \ 1 


1 r 


1 - 


Taco SB' = — b,SD' = — c va 

2 2 

SC' = mSC = m(SB + BC) = m(b-a + c) 

=> SC = 2mSB' - mSA + 2mSD ; 

Do A,B',C',D' dong phang nen 

2 m + (-m) + 2m = lom = — 


Vyy 


SC' 1 
SC 3 



-V-1-> D 


Vi du 2. Cho hinh chop S.ABCD co day ABCD la mpt hinh binh hanh. Gpi K 
la trung diem cua cgnh SC. Mat phang qua AK cat cac canh SB,SD Ian 

lupt tai M,N. Chung minh -p^ + ^- = 3. 

° SM SN 

Lai giai S 

D|it a =SA,b = SA,c = SD va -^^m, —— = n. 


SM 


SN 
1 


- CM- 1 -- CM -. 

Ta co SM = —SB = —SB;SN = ^SD = -SD 

SB m SD n 

SK = ^SC = i(SD + DC) 

= i(SD + AB) = i(SD + SB -SA) 


n 


m 


1 


= —SN + —SM - -SA. 

2 2 2 

Mat khactaco A,M,K,N dong phSngnen —+ —+ 

Lm mm 

... SB SD _ 

Vay -+ — = 3. 









1 > 

2y 


= lo m + n = 3. 


SM SN 

Vi dy 3. Cho tu dipn ABCD, tren cac canh AB,AC,AD lay cac diem K,E,F. 
Cac m|t phSng (BCF^CDK^BDE) cat nhau t^i M. Duong th3ng AM 

cat (KEF) t$i N va cat m|t phang (BCD) t?i P. Chung minh = 

Leri giai 

- Chi ra sy ton t?i cua diem M. 
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Gpi I = CFnBK =>Cl = (BCF)o(CDK) 


GQi J = DE r \CF => (BCF) r> (BDE) = BJ 


Khi do M =CIoBJ chinh la giao diem 
cua ba mat phang (BCF^CDK^BDE). 




NP MP 
Chung minh — = 3 


NA MA 




Gia sir AB = aAK,AC = pAE,AD = yAF 


Do M,N thupc doan AP nen ton tai 



D 


cac so m,n>l saocho AP=mAM=nAN. 




Ta co B,C/D,P dong phang nen ton tai x,y,z voi x+y+z=l (l) saocho 




AP = x AB + y AC + z AD = ox AK + fty AE + yzAF =>AN =—AK+—AE+—AF 








n n 

Mat khac Ng(KEF) nen — + — + — = 1 <=>nx + By + yz = n (2). 

n n n 

Lam tirong tir ta co M € (BCE) => x + y + yz = m (3) 


n 



M g (CDK )i^x + Py + yz = m (4) 


Me (BDE) =>ax + y + z = m (5) 


Tir (3),(4),(5) suy ra 2(x + y + z) + ax + (3y + yz = 3m 


Ket hpp voi (l),(2) ta dupe: 2 + n=3m 


. AP AP _ NP MP 

<=> 2 + = 3-<=>3 +-= 3 1 + 


AN AM 


NA 


MA ) 


NP = 3^ .(dpcm) 


NA MA 


Vi dy 4. Cho da giac loi A,A 2 ...A n (n >2) n3m trong (P) va S la mpt diem 


n3m ngoai (P). Mot mat phang (a)cat cac canhSA,,SA 2 ,...,SA n cua hinh 


S^\ SB SA 

chop S.A,A 2 ...A n tai cac diem B,,B 2> ..,B n saocho -—*- + — 2 - + ... + —- = a 


SB, SB 2 


SB 


n 


(a >0 cho triroc). Chirng minh (a) luon di qua mQt diem co djnh. 


Lai giai 



Tren cac canh SA ( lay cac diem X ( (i = l,2,..n) saocho SX ( = 


SA 


Gpi I la diem xac djnh boi SI = SX, + SX 2 +... + SX n thi I la diem co djnh 


(do cac diem S va X ]f X 2 ,..,X n codjnh) 


Iftl 







































































Phati loai va phtrcmg phfip $iai H'inh hoc 2 2 


Ta co SI = SX, + SX 2 + ... + SX^ = 


n 


SX, 

—*- 513 . + 
SB ' 


i 


SX, —- 

— —-SB, +... + 
SB 2 


Do 


SX. SX 


i 


+ 


SB, SB, 


, SX„ SA, 

* + -2- =-L + 


SA, 


2 

SA 


SB 


SB n aSB, aSB, 


— + ... *+* 


aSB 


“- = 1 nen cac diem I,B,,B, / ...,B 

1 * n 


n 


dong phang suy ra mat phang (a) di qua diem I co djnh. 


CAC BAI TOAN LUYEN TAP 


1. Cho tu dien ABCD . Goi E,F la cac diem thoa man EA = kEB,FD = kFC con 


P,Q,R la cac diem xac djnh boi PA = IPD,QE = 1QF,RB = IRC. Chung minh 
ba diem P,Q,R thang hang. 

2. Cho tu di£n ABCD. Goi I,J lan luot la trung diem cua AB va CD, G la 
trung diem cua IJ. 

a) Chung minh 2lj = AC + BD 

b) Chung minh GA + GB + GC + GD = 6 


c) Xac djnh vj tri cua M de 


MA + MB + MC + MD 


nho nhat. 


3. Cho hinh hop ABCD.A'B'C'D'. Xac djnh vj tri cac diem M,N lan luot tren 

AC va DC sao cho MN // BD’. Tinh ti so —. 

BD’ 

4. Cho hinh hpp ABCD.A'B'C'D' co cac canh deu bang a va cac goc 

BTVD' = 60°, = D^A^A = 120". 

a) Tinh goc giua cac cap duong thang AB voi A'D; AC' voi B'D. 

b) Tinh dien tich cac tu giac A'B'CD va ACC'A’. 

c) Tinh goc giua duong thang AC' voi cac duong thang AB, AD, AA'. 

5. Chung minh rang dien tich cua tam giac ABC dupe tinh theo cong thuc 


S = i^AB 2 AC 2 -(AB.AC ) 2 . 

6. Cho tu di£n ABCD . Lay cac diem M,N,P,Q lan lupt thuoc AB,BC,CD,DA 

^ i ^ -t 

sao cho AM = - AB, BN = - BC, AQ = - AD, DP = kDC. 

3 3 2 

Hay xac djnh k de M,N,P,Q dong phang. 

7. Cho hinh chop S.ABC co SA=SB = SC = a, ASB = BSC = CSA = a . Goi (p) 

la mat phang di qua A va cac trung diem cua SB,SC. Tinh dien tich thiet 
dien cua hinh chop cat boi mat phang (p). 


Cty TNHH MTV DVVH Khang Viet 


—^j^hinh chop S.ABC, mat phing (a) c3tcactia SA,SB,SC,SG(G la trpng 
tam tarn giac ABC) lan lupt tai cac diem A',B',C',G'. 


I . .SA SB SC = SG 

Chung minh sa , + SB> sc J SG . ■ 

1 rho hinh chop S.ABCD co day ABCD la hinh binh hanh . Mpt mat phang 
(a) cat cac canh SA,SB,SC,SD lan lupt t$i A,B,C,D . 

. SA SC _ SB SD 

Chung minh gA , + sc> SB . SD . 

t 0. Cho hinh chop S.ABC co SA = a,SB = b,SC = c . Mpt mat phang (a) luon di 
qua trpng tam cua tam giac ABC, cat cac canh SA,SB,SC lan lupt tai 


A',B',C'. Tim gia trj nho nhat cua —C + —^ + 


SA' 2 SB' 2 SC' 2 ' 

11. Cho tu dien ABCD, M la mpt diem n5m trong tu dien. Cac duong thang 
AM,BM,CM,DM cat cac m$t (BCD),(CDA),(DAB),(ABC) lan lupt tai 

A',B',C',D’ . Mat phang (a) di qua M va song song voi (BCD) lan lupt 


cat A'B',A’C',A'D' tai cac diem B,,C,,D,.Chung minh M la trpng tam 
cua tam giac B^D, . 

12. Cho tu di£n ABCD co BC = DA = a,CA = DB = b,AB = DC = c. G$i S la 
dien tich toan phan (tong dien tich tat ca cac mat) . Chung minh rang 


1 


+ 


1 


+ 


1 


2 • 


a z b 2 b 2 c 2 c 2 a S z 

13. Cho hinh hpp ABCD.A'B'C'D' va cac diem M,N,P xac djnh boi 

MA = kMB'(k*0),NB = xNC',PC = yPD\Hay tinh x,y theo k debadiem 

M,N,P thang hang. 

14. Cho hinh hpp ABCD.A'B'C'D'. Mot duong thang A cat cac duong thang 

MA 


AA',BC,C’D' lan lupt tai M,N,P sao cho NM = 2NP. Tinh 


MA' 


15. Gia sir M,N,P la ba diem lan lupt niim tren ba canh SA,SB,SC cua tu dien 
SABC.Gpi I la giao diein cua ba mat phang (BCM),(CAN),(ABP) va J la 

giao diem cua ba mat phang (ANP),(BPM),(CMN). 

I , .... MS NS PS . JS 

Chung minh S,I,J thang hang va — + + pc + JI ' 
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Phan loai va phiremg phrip gidj Hinh hoc 11 

l 6 i GIAI - Hl/ONG dan - DAP so 


1. Ta CO PQ = PA + AE + EQ (l) 

PQ = PD + DF + FQ (2) 

Ti,(2) taco 1PQ = ]PD + IDF + IFQ (3) 

Lay (l)-(3) theovetaco 

(l-l)PQ = AE-IDF^PQ = J-AE-J-DF 
Tirong tir QR = y—y EB - FC 



Mat khac EA = kEB,FD = kFC nen: 


PQ = 


l 


l 


AE-DF = 


1-1 1-1 
Vay P,Q,R thang hang. 


— L . U — __ 

EB-—-FC = -kQR 


1-1 


1-1 


2. a) 


jlj = IA + AC + CJ 
lj = IB+BD + Dj 


2IJ = AC + BD. 


b) ga+gb+gc+gd=(ga+gb)+(gc+gd) 

= 2Gi + 2GJ = 2(Gi + Gj) = d. 


c) Ta co 


MA + MB + MC + MD =4 


MG 


nen: 



ma+mb+mc+md 


nho nha't khi M = G. 


3. BA = a, BC = b, BB' - c . 


D 


Gia sir AM = x AC, DN = yDC*. 

% % - m ^ ^ 

Do dang co cac bieu dien BM = (l - x)a + xb va 
suy ra MN = (x-y )a + (l-x)b + yc (l) 

De MN // BD’ thi MN = zBD' = z(a + b + c) (2) 

Tir (l) va (2) ta co: 

V 

(x - y)a + (l - x)b + yc =z(a + b + c) 

<=> (x - y - z)a + (l - x - z)b + (y - z)c=0 


BN = (l - y)a + b + yc. Tir do 
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x - y - z = 0 
1 - x - z = 0 
y-z = 0 


x = — 


y = T 


z = — 


2 

3 

1 

3 

1 

3 


»< 


1 


Vay cac diem M,N dirge xac dinh bdi AM = -AC,DN = -DC' 

3 3 


1 


MN 1 


Ta cung co MN = zBD' = — BD' 

3 BD’ 3 


4. a) Dat AA' = a,A'B' = b,A’D' = c 
Taco A D = a + c nen 


cos(AB,A'D) = cos(AB,A'b) 



Iab.a'dI 

| 

a(a + c) 


AB 

AD 


|a||a + c| 


a 

7 


De y r3ng |a + c= a, a(a + c) = 

Tir do cos(AB,A’D) = i=>(AB,A’D) = 60 
Taco AC’ = b + c-a,B D = a-b + c 



Tu do tinh dime AC’B'D = (b + c-a)(a-b + c} = 0=>(AC',B'D) = 90 
k) A C = a + b + c,B'D = a- b + c=s> A'C.B'D = ^a + b + cj(a-b + cj = 0 


A'CIB'D nen S A . rDC = yA'C.B'D. 


De dang tinh dupe A'C = a>/2,B'D = a V2 => S A . rCD = Ia>/2a.V2 = a 2 

S AACC = AA'ACsin(AA',AC), AA' = a,Ac = aV3. 


Tinh dirge sin(AA',AC) = ^l-cos 2 (AA’,AC) = — 

% s a Ac c = A A ' AC sin ( A A', AC ) = a .a n/ 3. — = a 2 V2 . 


C) DS: (AC', AB) = (aC,Ad) = ( AC', AA') = 


a rccos 
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Phan loai va phuang phdp gidi HUih hoc 7 1 


5. S ABC =-ABACsin A = ^ VAB 2 AB 2 sin 2 A = i^AB 2 AC 2 (l - cos 2 A) 


= 1Jab 2 ac 2 -(ab.ac) 2 . 

6. Cach 1. 

Ta co AM = — AB => BM - BA = -—BA 

3 3 


2- 


BM = - BA. 
3 


Lai co BN = -BC do do MN// AC. 

3 



B - 


- 


Vay neu M,N,P,Q dong phang thi (MNPQ)n(ACD) - PQ//AC 


PC QA 


1 


= 1 hay DP = — DC 
PD QD 2 


k = -. 
2 


Cdch 2. Dat D A = a, DB = b, DC = c thi khong kho khan ta co cac bieu dien 


2 - 2 . 


1 


1 - 1 r 


MN = —a + —b, MP = —a — b + kc, MN ab 
3 3 3 3 6 3 


Cac diem M,N,P,Q dong phing khi va chi khi cac vec to MN,MP,MQ 
dong phang <=> 3x, y: MP = xMN + yMQ 

2 - 1 - . 
o —a —b + k 
3 3 

Do cac vec to a,b,c khong dong ph £ ing nen dieu nay tuong duong voi 

2 _ 1 _ _2 
3 X 6 y " 3 



( 2- 2~) 


l - l A 

= X 

—a + -c 

+ y 

—a —b 


l 3 3 J 

j 

l 6 3 J 


1 


1 


-I y= "3 

—x = k 
3 


3 i v 1 
o x = -,y = l,k = —. 

4 y 2 


7. Gpi B',C' Ian lirpt la trung diem cua 
SB,SC. Thiet dien la tam giac AB C’. 

Theo bai tap 5 thi: 

s AB . c =^ab-*ac 2 -(ab\ac) 2 

Ta co AB’ = SB' - SA = -SB - SA 

2 


B 



CtyTNHH MTV DVVH Khang Viet 


. ab ,j =lsB 2 + SA 2 -SASB =— (5-4cosa). 
f' 4 4 , 

^■B _ 

Xinh tuong tp, ta co: AB'AC' = —(4-3cosn). 

I | C* 2 ^ 2 a 2 I - 

V?yS ABC = 2 y^( 5 ~ 4cosa ) -^(4-3cosa) = — x/7cos 2 a-16cosa + 9 . 

c 

g Do G la tr<?ng tam cua AABC nen 


GA + GB + GC = 0=>3SG = SA + SB + SC 
SG; 


»3 


SG*' = — SA' + —SB ; + 


SC 

sc 


SG' SA’ SB’ SC' 
Mat khac A',B’,C',G’ dong phang nen 

SA SB SC . SG 
+-+-= 3 


SA' SB' SC' SG’ 

Chu y: Ta co mpt ket qua quen thupc 
trong hinh hpc phang: 

Neu M la diem thuoc mien 



b r= - 


trong tam giac ABC thi 
S,MA + S b MB + S i MC = 0 trong do S i ,S b ,S c Ian lupt la dipn tich cac tam 
giac MBC,MCA,MAB. Vi vay ta co bai toan tong quat hon nhu sau: 

Cho hinh chop S.ABC, mat phang (a) cat cac tia SA,SB,SC,SM(M la diem 

thupc mien trong tam giac ABC) Ian lupt tai cac diem A',B',C’,M'. 

S SA S b SB S t SC S.SM 


Chung minh: 


—. (Voi S,,S b ,S c Ian Iirpt la dipn 


SA' SB' SC’ SM 
tich cac tam giac MBC,MCA,MAB va S la dipn tich tam giac ABC). 

9- Gpi O la tam cua hinh binh hanh 

ABCD thi SA + SC = SB + SD = 2SO 

o —SA' + —SC' = — SB ; + —SC 


SA' SB' SB SC' 

Do A',B',C',D’ dong phSng nen dang 

L , . SA SC SB SD 

tnuc tren <=>-+-=-+-. 

SA' SC' SB' SD' 


Goi G la trong tam cua tam giac ABC. 

__ ---- — .—. CA-QR 

Taco 3SG = SA + SB + SC = —SA' + —SB' + 



- 


SA' 


SB' 


SC 

SC' 


SC' 


1 ft 7 I 









































































Phan loai va phieang phap giai H'tnh hoc 77 


Ma G^VB’X' dong phang nen + -^?r + = 3<=> = 3 


SA' SB’ SC' 


SA* SB' SC' 


Theo BDT Cauchy-Schwarz: 


Ta co 




\ 


1 


1 


SA' 2 SB’ 2 SC 


.2 


+ 


1 


\ 


.2 


(a 2 +b 2 + c 2 )> 


/ 




\ 


+ 


\ 


SA’ SB' SC'; 


1 1 1 ^ 

+-r +-> 


SA' 2 SB' 2 SC 


• 2 


• 2 


Dang thuc xay ra khi 


a 2 + b 2 +c 2 
1 1 


aSA’ • bSB’ cSC 


du<?c SA’ = — + b - + — ,SB' = ^ + b , + C -,SC' = 


3a 


3b 


-— ket h(?p voi —— + -^- + — 

F SA’ SB' SC' 

a 2 +b 2 +c 2 
3c ' 


= 3 ta 


V$y GTNN cua 


1 


+ 


1 


+ 


1 


la 


.2 * 


SA’ 2 SB' 2 SC' 2 a 2 + b 2 +c' 

11. Vi M nam trong tir di£n ABCD nen ton tai x,y,z,t>0 sao cho 


xMA + yMB + zMC + tMD = 0 (l) 

G<?i (a) la mat phdng di qua M va 
song song voi m^it phang (BCD). 


Ta co < 


(a)//(BCD) 
(BB’A')n(rt) = MB, 
(BB'A')n(BCD) = BA' 


MB, //BA’. 


BA' BB' 


( 2 ) 


Trong (l), chieu cac vec to len duong 
thang BB’ theophuong (ACD) tadu<?c: 



- -yv 


B Z. 


xMB' + yMB + zMB' + tMB' = 0 => (x + y + z)MB’ + yMB = 0 


(x + y + z + t)MB' = yBB' 


MB' 


BB' x + y + z + t 


Tir (2) suy ra MB, =---BA’ (3) 

X *4* y *4" Z 4* t 


Tuong ty ta co MC, = 


x+y+z+t 


CA' (4) 


MD,=- - -DA’ (5) 

X + V + z + t 


Ctu TNHH MTV DVVH Khang Viet 


khac chieu cac vec to trong (l) len mat phSng (BCD) theo phirong AA' 
thi thu du<?c yA'B + zA'C + tA D = 6. Vay tir (3),(4),(5) ta co 

I 

MB +MC.+MD, =---(yBA' + zCA' + tDA') = 6, hay M la tr<?ng 

' x + y + z + t v ’ 

tarn cua tarn giac B^D,. 

12. Do tLr di?n ABCD co BC = DA = a, CA = DB = b, AB = DC = c nen 
ABCD = AADC= ADAB = ACBA. GQi S' la di£n tich va R la ban kinh 

duong tron ngo^ii tiep moi mat do thi S = 4S' = —, nen bat dang thuc can 


R 


chung minh 


-^7 + —i-r- + < -^- <=> a 2 + b 2 + c 2 < 9R 2 . 

a 2 b 2 b 2 c 2 c 2 a 2 S 2 


Theo cong thirc Leibbnitz: Voi diem M bat ki va G la trQng tarn cua tarn 
giac ABC thi: 

MA 2 + MB 2 + MC 2 = GA 2 + GB 2 + BC 2 + 3MG 2 = i(a 2 + b 2 + c 2 + 9MG 2 ) 


Cho M trung voi tarn duong tron ngoai tiep tarn giac ABC ta duqc 
9R 2 =a 2 +b 2 +c 2 +90G 2 >a 2 +b 2 +c 2 . * 

13. D5t AD = a,AB = b,AA' = c. 

nn % • t , • • A - / 

Tu gia thiet ta co: 

AM = ^(b + c ) (1) 

AN = b .--^(a «) (2) 

AP=4*bt-7r(c-b)(3) 


Tir do taco MN = AN-AM 


x - 1 r 

a-b+ 


x—1 k-1 


\ 


/ 


[x-1 k-1 

y 1 


c + 

X y 

x-1 y-lj 
y k 


)b+ 

ly-1 k -1 


MP=AP-AM=a-(- i -+ 
f y-1 k-1 

Ba diem M,N,P thang hang khi va chi 
khi ton tai A sao cho MN = AMP (*). 
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Phan loai va phiraiig phdp giai Hinh hoc 11 


Thay cac vec to MN,MP vao (*) va luu y a,b,c khong dong phang ta tir^ 


. 1 + k 1 

d w cx = — .y-r 



14. Dat AD = a,AB = b,AA' = c . 


Vi Me AA' nen AM = kAA' = kc 


N e BC => BN = 1BC = la , PeC'D'=>CP = mb 


Taco NM = NB + BA + AM = -la-b + kc 


NP = BN + BB' + B'C' + C'P = (1 - l)a + mb + c 


Do NM = 2NP =5. -la - b + kc = 2[(l - l)a + mb + c] 


<=> < 


f-U 2(1-1) 

-1 = 2m 


k = 2 


k = 2,m = -—,1 = 2 . 

2 


... MA 

Vay- = 2. 

* MA' 


15.Gpi E = BP n CN, F = CM n AP, T = AN n BM 
Trong (BCM) co I = BFnCT 

trong (ANP) co NFnPT = J. 


Dat SA = a,SB = b,SC = c va 


SM = xMA,SN = yNB,Sp = zPC 


Ta co SM = 


X a, SN = —b, 



x + 1 


y + i 


B 


SP= Z c (x >0,y >0,z>0) 


Do T = AN n BM nen 


Te AN 
T e BM 


ST = aSM + (l-a)SB 
ST = pSN + (l-p)SA 


aSM + (1 - a)SB = pSN + (l -p)SA 


^■a + (l-a)b = ■ ^ b + (l -(3)a . Vi a,b khong cung phirong nen ta co'- 
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a = 


p= 


x + y +1 

y 

x + y+ 1 


™ x y u 

ST =-a b . 

x+y+1 x + y+ 1 


Hoan toan tuang tir ta ci: 


SE = 


b + 


C/ SF = 


c + 


z+x+1 z+x+1 


a. 


y+ z +1 y+z+l 
Lam tuang tu nhu tren do! vai hai giao diem I = BFnCT va NF n PT = J ta dirge 


SI = 


1 


x+y+z+ 


y|xa + yb + zcj, SJ = 


1 


x+y+z+2 


^xa + yb + zcj 


Suy ra SJ = X - + - y - + - Z - + - SI ^SJ = (x + y + z + l)lJ 

x+y+z+2 

C , I n-i . « - si , SM SN SP - 

Vay S,I,J thang hang va — = x + y + z + l = ^ + ^ + -j^ + 1 
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Phan loai va phircnig phdp giai H'inh hoc 11 


Hai duong thing vuong goc 

A.TOM TAT GIAO KHOA. 

Djnh nghia: 

t . 

Hai duong thang gpi la vuong goc voi nhau neu goc giira chung bang 90° 


B. LUY$N Kl NANG GIAI CAC DANG BAI TAP. 

Bai toan 01: TINH GOC GlCTA HAI Dl/ONG ThAnG. 

Phirang phap: 

De tinh goc giira hai duong thang 
d,,d 2 trong khong gian ta co the thpc 

hipn theo hai each 

Cdch 2. Tim goc giira hai duong thang 
d,,d 2 b^ng each chpn mpt diem O 

thich hpp (O thuong nam tren mpt 
trong hai duong thing). 

Tir O dpng cac duong thangd,,d 2 lan lupt song song (co the triing neu O 

% i 

nam tren mpt trong hai ducrng thang) voi d, va d 2 . Goc giira hai duong 

f i • | 

thang d^djChinh la goc giira hai duong thlngd,,d 2 . 

Luu y 1: De tinh goc nay ta thuong sir dung djnh li Cosin trong tarn giac 

U 2 , J2. 2 

b + c -a 



cos A = 


2 be 


Cdch 2. Tim hai vec to chi phuong u,,u 2 ciia hai duong thing d^d 
Khi do goc giira hai duong thang d,,d 2 xacdjnhboi cos(d,,d 2 ) = 



u . 

U 2 


— 



u . 

U 2 


Luu y 2: De tinh u u 2 . 


1 2 


U 


U 


ta chpn ba vec to a,b,c khong dong phlng ma 


co the tinh dupe dp dai va goc giua chung,sau do bieu thj cac vec to u,,u 2 

qua cac vec to a,b,c roi thpc hipn cac tinh toan. 

CAC VI DV 

Vi dy 1. Cho tir dipn ABCD . Goi M,N lan lupt la trung diem ciia BC va AD, 
biet AB = CD = a,MN = . Tinh goc giira hai duong thang AB va CD. 
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Loi giai 

Cdch 1 . 

Gpi I la trung diem cua AC . Ta co 
f IM // AB (XbXD)=(IMJN) 


IN // CD 


D£t MIN = a . Xet tarn giac IMN co: 


IM=~ = - ,IN = —= i ,mn = — 
2 2 2 2 2 




Theo djnh li cosin, ta co: 








V* 


cos a = 


IM 2 +IN 2 -MN 2 U> 


V 


a 

2 




\ 




2IM.IN 


/ 




^ a a 
2 .-.- 

2 2 


-I<0 

2 


MIN = 120° suy ra (AB,CD)=06°. 


Cdch 2. cos(AB,CD) = cos (im,in) = 


IM 

.IN 

|im| 

IN 


MN = IN - IM => MN' = (iN - IM) 2 = IM 2 + IN 2 - 2IN.IM 


IN.IM = 


im 2 +in 2 -mn 2 


8 


cos(AB,CD)= cos(IM,IN) 



IM 


IN 


1 

2 


Vay (AB,CD)=60°. 


dy 2. Cho tu dipn ABCD co tat ca cac cynh bang m . Cac diem M,N lan 

lupt la trung diem cua AB va CD. Tinh goc gua duong thang MN voi cac 
duong thiing AB,BC va CD. 


¥ l. 1 • t • 

Loi giai 


Dlt AD = a, AB = b, AC = c. 


Khi do, ta co lal = b = |c| = 


m 


va (a, bj = (b,cj = (c,aj = 60°. 


Ta co a.b = b.c = c.a = m 
pi 2 





- ZD 




i no 



























































































Phan loai va phuong pimp giai Htnlt hoc 11 



Vi M,N la trung diem cua AB va CD nen MN = — ^ AD + BCj 


-I(a^-b) 


1 / -2 -«2 -2 •- •— — -A m 

MN : =-la +b + c + 2ac-2ab-2b.cJ = — 


MN = 


m 




ab + bc-b 1 = 0 


MNAB = —+ c-bjb = ^ 

Vay goc giira hai duong thang MN va AB bang 90°. 
MNCD = -(a + c - b|(a - c| = ^a + ac-ab-ac-c +bc 

Vay goc giua hai duong thang MN va CD bang 90". 


= 0 


•« § 


MNBC = -(a + c-b)(-b + c) = — =>cos(MN,BC) = 


MNBC 


MN 


IM 


m 

2 


m. 


m 


12 


2 


Vay goc giua hai duong thang MN va BC bang 45°. 


Bai toan 02: DUNG TICH VO HlfONG DE CHLfNG MINH HAI Dl/CING 
THANG VUONG GOC. 

Phuong phap: 

De chung minh d, 1 d 2 ta co the thyc hi#n theo cac each sau: 

• Chung minh d, J.d 2 ta chung minh u,u, =0 trong do u,,u 2 lan luyt la cac 
vec to chi phuong cua d, va d 2 . 

• Sir dyng tinh chat | ^ ^alb. 

ale 


Sir dyng djnh li Pitago 


I lUtIL AdC 


* 




CAC VI Dy 

Vi dy 1. Cho tir diyn deu ABCD canh a. 
Goi O la tarn duong tron noai tiep tarn 
giac BCD. Chirng minh AO 1 CD. 

W \ • • t • 

Loi giai 


Ta co CD = OD-OC , ta luu y trong 
tarn giac ABC thi: 


ABAC = 


AB 2 + AC 2 - BC 2 
2 



1 0/1 



C/y TNI IH MTV DVVH Kitting Viet 


suy ra AOCD = AO(OD-OC) =-OAOD +OAOC 


OA 2 +OD 2 -CD" OA 2 +OC 2 -AC 2 _ 
- +-= 0 


(Vi AC = AD = a,OD = OC = R ) 
Vay AO 1 CD. 


Vi dy 2. Cho tir diyn ABCD co CD = —AB. Goi I,J,K Ian luyt la trung diem 

3 


cua BC,AC, BD. Cho biet JK = -AB. Tinh goc giua duong thang CD voi 

6 


cac duong thang IJ va AB. 


Lai giai 


Taco IJ = — AB, IK =—CD = —AB 

2 2 3 


2 1 A o2 4 . 25 


IJ" + IK' = —AB' 1 +1AB* = —AB 2 (l) 

4 9 36 w 


2 25 


Ma JK = lAB=> JK 2 = —AB 2 (2) 
6 36 V ' 


Tir (l) va (2) suy ra IJ : + IK : =JK : =>JI1IK. 



Mat khac ta co IJ // AB ( IK // CD => AB 1 CD 


_ , IJ // AB 

Tuong tu ^ => IJ 1 CD. 

' AB 1 CD 


Vi dy 3. Cho tir di£n ABCD co AB = AC = AD. G<?i O la diem thoa man 
OA = OB = OC = OD va G la trong tarn cua tarn giac ACD, gpi E la trung 
diem cua BG va F la trung diem cua AE. Chirng minh OF vuong goc voi 
BG khi va chi khi OD vuong goc voi AC. ^ 

w % -• • I • 

Loi giai 

Dat OA = OB = OC = OD = R(l) va 


OA = a,OB = b,OC = c,OD = d . 
Ta co AB = AC = AD nen: 


AAOB = AAOC = AAOD(c - c - c) 


Suy ra AOB = AOC = AOD (2), 


Tir (l) va (2) suy ra a.b = a.c = a.d (3). 





B 4T= - 
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Phan loai va phucrng phdp gidi Hinh hoc 11 


G<?i M la trung diem cua CD va do AG = 2GM nen 
3BG = B A + 2BM = BA + BC + BD 

= OA-OB + OC-OB + OD-OB = a + c + d-3b(4) 

GQi E,F theo thir tir la trung diem cua AE,BG taco 

120F = 6(OA + 6e) = 60A + 3(OB + 5g) = 60A + 30B + 30G 

= 60A + 30B + OA + 20M = 70A + 30B + OC + OD = 7a + 3b + c + d (5) 
Tir (4) va (5) taco 36BG.OF = (7a + 3b + c + d)(a-3b + c + d) 

= 7a -9b 4 - c + d -18ab + 8ac + 8ad + 2cd . 

Theo (3) taco 36BG.0F = 2d|c-aj = 20D.AC suy ra BG.OF = 0 

<=> OD.AC = 0 hay OF 1 BG o OD 1 AC . 

CAC BAI TOAN LUYEN TAP 

4 • 

16. Cho tir di£n ABCD co hai mat ABC va ABD la cac tarn giac deu 

a) Chirng minh AB1 CD. 

b) GQi M,N,P,Q lan luQt la trung diem cac canh AC,BC,BD,DA. 

Chung minh MNPQ la hinh chu nh?t. 

17. Cho hinh lap phuong ABCD.A’B'C'D' canh a . Tren cac canh DC va BB 

lay cac diem M va N saocho MD = NB = x(0< x <a). Chirng minh 

# 

a) AC’lB'D' b) AC'IMN. 

18. Cho hinh chop S.ABC co SA = SB = SC = a va BC = ay/2 . Tinh goc giira hai 
duong thang AB va SC. 

19. Cho hinh chop S.ABCD co day ABCD la hinh thoi, SA = AB va SA 1 BC . 

a) Tinh goc giira hai ducmg thang SD va BC. 

b) GQi I, J lan luQt la cac diem thuQC SB va SD sao cho IJ // BD. Chung minh 
goc giua AC va IJ khong phy thuQC vao vj tri cua I va J. 

20. Cho hai tarn giac can ABC va DBC co chung canh day BC n3m trong hai 
mat ph3ng khac nhau. 

a) Chung minh AD 1 BC . 

%' 

b) GQi M,N la cac diem lan luQt thupc cac duong th3ng AB va DB sao cho 
MA = kM^ND = kNB. Tinh goc giua hai duong thang MN va BC . 

21. Cho hinh hQp thoi ABCD.A'B'C'D' co tat ca cac canh deu bang a va 
ABC = B’BA = B BC = 60°. Chung minh AC 1 B'D'. 
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22 Cho tu di£n ABCD . Goi M,N lan luQt la trung diem cac canh BC va AD . 
Cho biet AB = CD = 2a va MN = a%/3 . Tinh goc giua hai duong thang AB 
va CD. 

23. Cho tu di£n deu ABCD co canh b2ng a . GQi M,N,P,Q,R lan luQt la trung 
diem cua AB.CD^D.BC va AC. 


a ) Chung minh MN 1 RP,MN 1 RQ. 

b) Chung minh AB 1 CD. 

24. Chotudi^n ABCD co AB = CD = a, AC = BD = b, AD = BC = c . 
a ) Chung minh cac doan noi trung diem cac cap canh doi thi vuong goc voi hai 
canh do. 


t 

t>) Tinh goc giua hai duong thang AC va BD . 

25. Cho hinh chop S.ABCD co day la hinh binh hanh voi AB = a,AD = 2a. 
Tam giac SAB vuong can tai A, M la mQt diem tren canh AD(M khac A 
va D). Mat phang (a) di qua M va song sog voi (SAB)c3t BC,SC,SD lan 

luQt tai N,P,Q. 


a) Chung minh MNPQ la hinh thang vuong. 

b) Tinh di£n tich cua hinh MNPQ. 






LOI GIAI - HI/6NG DAN - DAP SO 




16. a) Dat AB = AD = AC = a 




Ta co CD. AB = (AD - AC) AB 


AB 


AD 


cos60° - AB AC cos60° 


1 1 n 

= a.a.— a.a.—= 0 

2 2 


Vay AB 1 CD. 


b) Ta co MN//IX3//AB va MN=PQ=^=^ 

4i to 


nen tu giac MNPQ la hinh binh hanh. 


co < 



MN // AB 

NP//CD => MN 1 NP, do do 
AB1CD 


MNPQ la hinh chu nhat. 



1Q7 
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17. Dat AA' = a / AB = b,AD = c. 


a)Taco AC' = a + b + c, B'D' = c-b nen AC.B'D ; =(a + b+c)(c-b) 


_ a ( c _b) + c 2 -b'=a : -a : =0 


AC'IB'D'. 


b) mn = an-am = (ab + bn)-(ad + dm) 


/ 


V. 


b + —a |-| c + —b ] = —a +1 1 - — Ib-c 


Tu do ta co AC'.MN = |a + b + cj[f b + —a 


fr x-) 

b + -a 


( \ 

X U 

c + —b 

x - 

= —a + 

Vi 

l a J 


l a J 

a 

l a ) 


b-c] 


X *2 

= —a + 
a 


'in*' 


b -c =x.a+f 1-j |a 2 -a 2 =0. 


v “ / 

Vay AC’IMN. 

18. G<?i M,N,P Ian Iirpt la trung diem cua 
SA,SB,AC, khi do MN // AB nen 


I n\~ 


B 


(ab,sc)=(mn,sc) . 

Dat (J> = NMP, trong tarn giac MNP co 

, MN 2 +MP 2 -NP 2 ,,v 
cos d> - (1) . 

1 2MN.MP v ’ 

Ta co MN = MP = —, AB 2 + AC 2 = BC 2 = 

2 

5a 2 'll 2 

PB‘ = AP‘ + AC 2 =-, PS 2 = —.Trong tam giac PBS theo cong thuc tinh 



AABC vuong tai A, vi vay 


duong trung tuyen ta co 


n .. 2 PB 2 + PS 2 SB 
PN =- 


5a 2 3a 2 

2 -+- 

4 4 


a__ 3a 
4 “ 4 


Thay MN,MP,NP vao (l) ta dirpc cosc{) = -^ => c)i = 120°. 


Vay (AB,SC) = (MN,SC) = 60°. 


19. a) (BC,SD) = 45 0 


b) (IJ,AC) = 90°. 



Cti) TNHH MTV DVVH KhaVX Viet 


20. a) G<?i P la trung diem cua BC, thi cac 
tam giac ABC va DBC can nen 

AP1BC 
DP 1 BC 

Ta co BC.AD = BC(PD - PA) = 0 

Vay BC 1 AD . 

b) Ta co MA = kMB 


MA 

MB 


= |k|, ND = kNB 


ND 

NB 


-M 


MA ND 
MB " NB 





Suy ra MN // AD => (MN,BC) = (AD,BC) = 90° (Theo cau a) 

21. HS tu giai. 4 

22. Gpi O la trung diem ciia AC, ta co OM = ON = a . 

Ap dyng djnh li cosin cho tam giac OMN ta co 

OM 2 + ON 2 - MN 2 


cos MON = 


20M.0N 


a 2 +a 2 


-(W3) ! _ , 

2 





2.a.a 


Vay (AB,CD) = 60°. 


23. a) Ta co MC = MD = 


s 


nen tam giac 




MCD can tai M, do do MN 1 CD. 
Lai co RP // CD => MN 1RQ . 
b) Tirong tir ta co QP 1 AD 

Trong tam giac vuong PDQ taco 


/ 


QP 2 = QD 2 - DP 2 = 




V- 




/ 


V 

v2, 



fix- 


- ~^D 


Ta co: RQ 2 + RP 2 = 


/ \2 / \ 

a 

— + 

v2j 


- =a 2 =QP : 

2 
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Do do tam giac RPQ vuong tai R, hay RP1 RQ. 

AB//RQ 

CD//RP=>AB±CD. 

RP1RQ 


Vi vay 


24. G<?i M,N,P Ian lu< 7 t la trung diem cua 
caccanh AB,CD,AD. 

a) Do hai tam giac ACD va BCD co CD 
chung va AC = BD,AD = BC nen 
chung blng nhau, suy ra MC = MD 

Vay tam giac MCD can tai M va co 
trung tuyen MN nen MN1CD. 

Tirong ty MN 1AB. 

Chung minh tuong tu cho hai cap canh dol con lai. 

. f PM // BD 

b) Ta co ^ 

PN // AC 



£ V =r 


(bd, ac)=(pm,pn) 


Theo cong thuc tinh duong trung tuyen ta co: 


CM : 


_ CA 2 + CB 2 AB 2 _ 2(b 2 +c 2 )-a 


Tuong tu DM* = 


2(b 2 + c 2 )-a 2 


, nen: 


MH 2 _ MC 2 +MD 2 CD 2 2(b 2 + c 2 )-a 2 

2 4 4 4 

* 

Ap dyng djnh If co sin cho tam giac PMN ta co 


b 2 +c 2 - a 


/ i - u .1 . -2 _2 


cosMPN = 


PM 2 + PN 2 -MN 2 
2.PM.PN 


b 

v2y 


b +c -a 




2(a 2 -c : 


b¥b 

2J 


J 


Vay (AC,BD) = arccos 


2( a >-c>) 
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25- a) Ta co ' 


Tirong tu 


(a)//(SAB) 

(SAB)n(ABCD) = AB =>MN//AB. 
(<x)n (ABCD) = MN 

(a)//(SAB) 

(SBC) n (SAB) = SB = 

(a)n(SBC) = NP 

(a)//(SAB) 

(SAD)n(SAB) = SA 
(a)n(SAD) = MQ 


NP // SB 


MQ // SA 


• / 


Lai co < 


De thay MN // PQ // AB // CD nen MNPQ la hinh binh hanh 
MN // AB 

MQ//SA =>MN1MQ. 

AB1SA 

S 

Vay MNPQ la hinh thang vuong. 

b) Ta co MN = AB = a , MQ = — = —, PQ = — = a 

2 2 2 

vay S M N no = ^( MN+P Q) M Q 


a _ 3a 
2~~8 


1 

/ \ 

a 

= — 

a + — 

2 

l 2 ) 


B 



_> I) 
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Duong thdng va mat phang vuong goc 

A.TOM TAT GIAO KHOA. 

# 

1. Dinh nghia. 

Duong thing d dirpc goi la vuong goc voi mat phlng (a) neu no vuong 
goc voi mpi duong thang nam tromg (a). 

Vay d i(a)od ia,Va c(a). 

2. Dieu ki£n de duong thing vuong goc voi mat phlng. 

Dinh li: Duong thang d vuong goc voi 

mat phang (a) neu no vuong goc voi 

hai duong thang cat nhau nam tromg 
d la 

d 1 b , x 

> a 1 (a). 


(a) 


a c(«),bc(a) 
anb = M 



3. Tinh chat. 

• Co duy nha't mQt mat phing di qua mot diem cho truoc va vuong goc voi 
m<?t duong thang cho triroc. 

• Co duy nha't mpt duong thing di qua mpt diem cho truoc va vuong goc voi 

f 

mpt mat phang cho truoc. 

4. S\f lien quan giua quan h£ song song va quan h£ vuong goc. 

a * b 

al(a)=>a//b ( h2) 


a // b 

1. <, v . =>(o)lb (hi) 

(ajla 


2 . 


b 1 (a) 


3.<( a )^)=*al(p) (h3) 
al(n) 


(«MP) 

4. i(n)JLa =>(«)//(p) ( h4) 

(P)la 


a// a) 

5.1 \ '=>b±a (h5) 

b 1(a) 


6 . < 


a <z(a) 
alb 
(a) lb 


a//(a) (h6) 



TNHH MTV DVVH 


Khang Viet 






5. Phep chieu vuong goc va djnh ly ba duong vuong goc. 
5.1. Dinh nghia: Cho duong thang d l(a). 





\r 


Phep chieu song song theo phirong d 
len melt phlng («) dupe goi la phep 

chieu vuong goc len mat phang (a). 

5.2. Dinh li ba duong vuong goc. 

Cho duong thang a nam trong mat phang (a) va b la duong thang khong 

thuoc (<x) dong thoi khong vuong goc voi (a). Gpi b’ la hinh chieu cua b 

tren (<x). Khi do alboalb'. 

5 -3. Goc giua duong thing va mat phlng. 

Cho duong thang d va mat phang (a). 

vuong goc voi mat phang (<x) thi ta noi goc giua duong thang d 
nSt phang (<x) bang 90°. 


Neu d 


va 


Sleu d khong vuong goc voi mat phang (rx) thi go 


a 


, . . « ■ A ' 
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B. LUYEN KI NANG GIAI CAC DANG BAI TAP. 

Bai toan 01: CHLrNG MINH DURING ThAnG VU6NG G6C V6l MAT PHANG. 
Phuang phap: 

Muon chimg minh duong thang c’l(a) ta co the dung mpt trong hai each sau 
Cdch 1. Chung minh d vuong goc voi hai duong thang a,b cat nhau trong (a) 


d la 
dlb 

a c(a),bc(a) 
anb = I 


1(a) 


Cdch 2. Chung minh d vuong goc vdi duong thang a ma a vuong goc vdi (a). 


d //a 
(a)± 


d 1 (a). 


CAC VI DV 

Vi dy 1. Cho hinh chop S.ABCD co day la hinh vuong ABCD tarn O va co 
SA l(ABCD). Goi H,K lan lupt la hinh chieu vuong goc cua diem A tren 

caccanh SB,SC va SD. 

a) Chung minh BC 1 (SAB),CD ±(SAD),BD l(SAC). 

b) Chung minh SCl(AHK) va diem I thupc mat phang (AHK). 

c) Chung minh HKl(SAC) va HK1AI. 

v \ • • t • 

Lai giai 

a) Vi ABCD la hinh vuong nen BC 1AB 
Lai co SA 1 (ABCD) => SA 1 BC . 

Vay | BC 1 AB => BC 1 (SAB). 
y [BCISA v ’ 

Tuong ty ^ 1 SA ^ CD1 ( SAD ) ‘ 

Ta co day ABCD la hinh vuong nen BD1 AC, BD 1 SA => BD 1 (SAC) 

% 

BCl(SAB) 

b) Ta co ( V \ => BC 1 AH. 

AH c (SAB) 



-\-JV D 


Vay 


AH 1 BC 
AH1SB 


AH 1 (SBC) => AH 1 SC. 


Tuong ty 

.. fsc 


Cty TNHH MTV DVVH Khang Viet 


i 


AK1SD 

AK1CD 


AK 1 (SCD) => AK 1 SC . 


Viy{^t*” = SCl(AHK). 


SCI AK 


Ae(AHK) 

All SC => Ale (AHK). 
SCI (AHK) 


c ) sai(abcd) 


JSA1AB 
SA 1 AD 


Hai tarn giac vuong SAB va SAD bang nhau (do co SA chung va 
AB = AD) suy ra SB = SD,SH = SK=>|^ = f^=>HK//BD 


SB SD 


Mat khac BD 1 AC => HK 1 AC. 


Vay 


?y | 


[ HK 1 SC 


HK1 AC 


HK 1 (SAC). 


Ale (SAC) 
HK 1 (SAC) 


HK 1AI. 


Vi dy 2. Cho tu 1 diyn OABC co OA,OB,OC doi mpt vuong goc vdi nhau. Gpi 
H la hinh chieu vuong goc cua O tren mat phang (ABC). Chimg minh: 

a) BCl(OAH) 


b) H la tryc tarn cua AABC 


c) 


1 


1 1 1 
+-r + 


OH 2 OA 2 OB 2 OC 


2 • 


W \ • • | • 

Lai giai 


op , I OA 1 OB y V y v 

a )Taco-I =>OA 1 (OBC) =>OA 1 BC (l) 


OAIOC 


Lyi co 


OHl(ABC) 

BCc(ABC) 


OH 1 BC (2) 


Tir (l) va (2) suy ra BCl(OAH). 
b )Do OHl(ABC)=>OHl AC (3) 

JOBlOA , , 

OBIOC " 061 * 0 ^^ 061 '' 0 



o ^ cr 


B 


M 
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Tu (3) va (4) suy ra AC 1 (OBH) => AC 1 BH (5) 
L;?i co BC 1 (OAH) => AH 1 BC ( 6 ). 

Tir ( 5 ),( 6 )suy ra H la true tam cua tam giac ABC . 

Ole (OAH) 

c) G<?i I = AH BC, do ( ' '=>BC±OI 

' v 'BCl(OAH) 


1 


Ta giac OAI vuong tai O co duong cao OH nen ta co j 


1 


1 


oa 2 a 


(1 


Tuong tir cho tam giac OBC ta co 


1 


^ + ——r- thay vao (*) thu dupe 


OI 2 OB OC 


1 


1 1 1 
+-r+ 


OH 2 OA 2 OB 2 OC 
Vi dvi 3. Cho duong tron (C)duong kinh AB trong mat phang (a), mot 

duong thSng d vuong goc vdi (a) tai A; tren d lay diem SM va tren 
(C) lay diem M ( M kliac A,B ). 

a) Chung minh MB 1(SAM). 

b) Dyng AH vuong goc voi SB tai H ; AK vuong goc vdi SM tai K . Chung 
minh AK 1 (SBM),SB i(AHK) 

c) Goi I la giao diem cua HK va MB. Chung minh AI la tiep tuyen cua 
duong tron (C). 

v * • • 

Loi giai 

SA l(n) , x 

a) Ta co i , =>SA1MB (l) 

MBcIrt 

L?i co MB 1MA (2) (t/c goc chin nira duong tron) 

Tir (l),(2) suy ra MB 1 (SAM). 

b) Ta co AK ISM, 

MB 1 (SAM), AK c (SAM) => MB 1 AK . 

Suy ra AK 1 (SBM). 

[AKl(SBM) b 

Tuong ty ( . ; =>AK±SB, 

' [SB c (SBM) 

lai co AH X SB suy ra SB 1 (AHK). 
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jAIc(AHK) 
0 Ta C ° |SBl(AHK) 


All SB (3) 


Alc(a) 

SAl(n) 


AI 1 SA (4). Tir (3),(4) suy ra AI ±(SAB)=> AI 1 AB hay 


AI la tiep tuyen cua duong tron (C). 

yj dy 4- Cho tam giac ABC can tai dinh A co goc A = 120°, canh BC = a\/3 . 
Lay diem S«(ABC) sao cho SA = a . G<?i O la tam duong tron ngoai tiep 

tam giac SBC. Chung minh AO 1 (SBC). 


W \ • • f • 

Lai giai 

De giai bai toan nay, truoc tien chung ta chung minh mpt ket qua sau: 

Trong khong giatt tap hop ede diem each deu ba dinh cua mot tam giac la duong 
thing di qua tam duong tron ngoai tiep va vuong goc voi mat phang chua tam giac 
do (duong thing nay dupe goi Id true cua duong tron ngoai tiep tam giac do). 

Chung minh: GQi M la diem each deu ba 
dinh cua tam giac ABC va O la hinh 

chieu cua M tren (ABC). 

Cac tam giac vuong MOA,MOB,MOC 
co MO chung. 

Vay MA = MB = MCoOA=OB=OCoO la A 
tam duong tron ngoai tiep tam giac ABC. 

Vay tap hop cac diem M each deu ba 

f 

dinh cua tam giac la duong thang vuong 
goc voi mat phang (ABC) tai tam 

duong tron ngoai tiep tam giac ABC 
Quay lai bai toan 

Goi M la trung diem cua BC, ta co 
AABC can tai A => AM 1 BC. 



s 


AB = = — 7 =- = a. Mat khac AC = a 

sin 60° V 3 



- 


B 


suy ra AS = AB = AC = a, diem A each deu ba dinh S,B,C cua ASBC, do 
do gQi O la tam duong tron ngoai tiep ASBC thi AO la true duong tron 

ngoai tiep ASBC suy ra AOl(SBC). 
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Bai toan 02: THIET DI?N DI QUA MQT DIEM VA VUONG GOC V6j 
MQT Dl/ONG THANG. 

Phuang phap: 

De xac djnh thiet di£n cua mat phSng (a) di qua diem O va vuong goc v6j 


duong thang d voi mQt hinh chop ta thuc hi£n theo mQt trong hai each sau 
Cdch 1. Tim tat ca cac dudng thang vuong goc voi d, khi do (a) se song song 

hoac chua cac duong thang nay va ta chuyen ve dang thiet di£n song song 
nhu da biet. 


Cdch 2. Ta dyng mat phang (a) nhu sau: 


Dung hai duong thang a,bcat nhau cung 
vuong goc voi d trong do co mot duong thang 
di qua O, khi do (a) chinh la mat phang 


m 


p( a /b). 



CAC VI DV 

Vi dy 1. Cho hinh chop S.ABCD co day ABCD la hinh thang vuong tai A,B 
voi AB = BC = a,AD = 2a; SAl(ABCD) va SA = 2a.Gpi M la mQt diem 


tren canh AB, (a) la mat phang di qua M va vuong goc voi AB. Dat 


AM = x(0< x <a). 


a) Xac djnh thiet di£n cua hinh chop khi cat boi (a). 


b) Tinh di£n tich thiet di£n theo a va x. 


Lai giai 


a) Ta co - 


Be(a) 

BC1AB 


(a)lAB 


BC // (a) 


Tirang tu 


A e(a) 
SA1AB 


(a)lAB 


SA // (a). 


Do < 


Me (ABCD) 

BC c (ABCD) => (a) n(ABCD) = MQ // BC,Q e CD. 
BC//(a) 





90S 
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Me(SAB)n(a) 

Tirang tir • 

SA c (SAB) => (n)n(SAB) = MN // SA, N e SB, 

SA //(a) 


N e (SBC)n(n) 

BC c (SBC) => (a)n(SBC) = NP // BC,PeSC 

BC // (a) 


Thiet di£n la tii giac MNPQ. 


, [ MQ // BC 

b) Ta C ° NP // BC ^ MQ11NP ndn ** giic MNP Q lk hinh thang. 


Mat khac 


MQ // AB 

MN // SA => MQ 1MN suy ra thiet di£n la mpt hinh thang 
SA1 AB 


vuong tai M va N 


^MNPQ — 2 (h^Q+ NP)MN 


Gpi I la trung diem cua AD va K = Cl n MQ. 


Do MN // SA nen = -^1 => MN = 


SA BA 


BM.SA 2a(a-x) 

” BA = a ~ = 2 ^ 3 " 


NP SN AM BC.AM ax 

BC SB AB ^ AB " a ~ X ' 


Xet trong hinh thang ABCD ta co: 

KQ CK AM . _ ID.BM a(a-x) 

BA a 


ID Cl AB 


a - x 


MQ = MK + KQ = a + (a - x) = 2a - x. 


g M\TQ — 2 x + x)2(a-x)-2a(a-x). 


dy 2. Cho hinh chop S.ABC co day ABC la tarn giac deu canh bJing a, 
if, SA-L(ABC) va SA=2a. Gpi (a) la mSt phang di qua B va vuong goc vdi SC. 


a ) Xac djnh thiet difn cua hinh chop S.ABC khi cSt boi (a). 


h) Tinh di«?n tich cua thiet di£n nay. 

v * • • » • 

M Lon giai 

a )G<?i I la trung diem cua AC, dyng IH ISC, He SC. 
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Ta co t BI1 AC => BI1 (SAC)P. 

BI1SA v ’ 

Mltkhac IH ISC nen (BIH)lSC. 

Vpy (BIH) chi'nh la mat phang (a) di 

qua B va vuong goc voi SC. 

Thiet dipn la tarn giac IBH. 
b)Do BI 1 (SAC)=> IB 1 IH nen AIBH vuong tyi I. 



->C 


B 


aV3 

BI =-( duong cao cua tam giac deu canh a ). 


Hai tam giac CHI va CAS co goc C chung nen chung dong dyng. Tir do 


IH Cl ru CI.SA 
suy ra — = — => IH 


CI.SA 


3 .2a 
2 


5n/5 


SA CS 


v ?y S B, H =r 


1 a73 a75 a 2 7l5 


CS VSA 2 + AC 2 7i 

2 ' 


2 2 
a + a 


2 2 
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Bai toan 03: TINH GOC GltfA Dl/ONG THANG VA MAT PhAnG 
Phuong phap: 

De xac djnh goc giua duong thang a 
va mat phang (a) ta thpc hipn theo cac 

buoc sau: 

- Tim giao diem 0 = an(a) 

- Dung hinh chieu A’ cua mpt diem 
Aea xuo'ng (a) 



Goc AO A’ = (f> chi'nh la goc giua duong th3ng a va (a). 


Luu y: 


De dung hinh chieu A’ cua diem A tren (a) ta chpn mpt duong thang 
bi(a) khi do AA'//h. 

De tinh goc (J) ta sir dyng hp thuc lupng trong tam giac vuong AOAA’. 
Ngoai ra neu khong xac djnh goc <{) thi ta co the tinh goc giua duong thang 





Cty TNHH MTV DWH Khcmg Viet 


a va mat phiing (a) theo cong thirc sintj> = 


u.n 


u 


n 


trong do u la VTCP cua 


a con n la vec to co gia vuong goc voi (a). 


C AC VI DV 

yi dy 1- Cho hinh chop S.ABCD co day la hinh vuong canh a, SA ± (ABCD) 
va SA = a76 . Tinh 

a) Goc giua duong thang SB voi mat phang (SAC). s 


b) Goc giua AC voi mat phang (SBC). 


Lai giai 


a) Ta co 


, [ BO 1 AC 


BO ISA 


BO 1 (SAC) suy ra 


SO la hinh chieu cua SB tren (SAC). 


Vyy (SB,(SAC)) = BSO = p. 



sin = 


BO 


OB 


a 72 

_2 _ 7l4 


SB 7AB 2 + AS 2 a 77 14 


<}> = arcsin 


1 


Til - 


b) Trong (SAB) goi H la hinh chieu cua A tren SB 


Vi ^ BC1 AB ^BC1(SAB)^BC1AH. 
BC1 SA V ’ 


Tir do ta co AHl(SBC), hay CH la hinh chieu cua CA tren 

ah i bc \ ) y 


(SBC). Vay ( AC,(SBC)) = ACH = a . 


1 


AH 


1 1 
+ — 


2 AS 2 AB 2 6a 2 a 2 6a 2 


1 JL = 7 

6a 2 a 



sina = 



Tri 


. 721 

a = arcsin 


AC a 71 7 . ' 7 

Vi dy 2. Cho hinh chop S.ABCD co day la hinh vuong canh a, O la tam cua 
day , SO ±( ABCD); M,N lan lirgt la trung diem cua SA,CD . Biet goc gma 



MN voi (ABCD) bang 60°. Tinh goc giua MN va (SBD). 
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Phan loqi va phucmg phdp giai Hinh hoc 11 


w \ • • 2 • 

Lon giai 


Cach 1. Ke MH // SO, H € OA . 


MH //SO . 

Do < , ,=>MH±(ABCD) 

so_l(abcd) v ; 


NH la h'inh chieu cua MN tren 


(ABCD) =>MNH chinh la goc giua 
duong thang MN voi (ABCD). 



- 


/ 


Ta co HB 2 = OH 2 + OB 2 = 


V 2 Y (aJl) 


\ 


/ 


_ 2 2 

a a 

~~ 8+~2 


5a 

8 


/ 


NH = 


aS 

2\l2 


a 75 » 

Xet AMHN co MN = HN ■ = 

cos 60° 1 

2 


71 


, MH = NH tan 60 u = 


0 aVl5 


i4i ’ 


GqI I la trung diem cua OB, J la trung diem cua SO thi MJ//IN va 
MJ = IN.GQi K = IJnMN=>JK = ^IJ va MJl(SBD)=> MKJ la goc giua 

MN va (SBD). 


Ta co IJ 2 = JO 2 + OP = MH 2 + OP = 


2 /"\t 2 15a 


/-\ 2 


8 


S 


= 2a 2 . 


\ 


IJ = a72 va IK = 


a^2 


Dat MKJ = cj) => tan <|> = 


MJ 

JK 


7 * 

4 _1 

TTz 


V^iygoc giua MN va (SBD) la cj> = arctan^. 


Cach 2. Ta co MN = -(SC + AB) = i(sO + OC + AO + OB) = ^(SO + AC + OB) 


Suy ra MN 2 = i(S0 2 + AC 2 + OB 2 ) = ijsO 2 + 


5a 


MN = —JsO 2 + 5fl2 

2 V 2 


Ctij TNHH MTV DWH Khcmg Viet 



MN.n 


9 la goc giua MN va (SBD) nen sin(f> = i 


9 

r( n la vec to co gia 


MN 

n 

O 

, ( 


vuong goc voi (SBD)). 


Do •{ . ^ => AC 1 (SBD) nen ch<?n n = AC, tu do ta co 


AC1BD 




sin <J> = 


1 ( 7 . 


2 (SO + AC + ob) AC 


1 AC 2 

2 


2a 


1 ./SO 2 + * .a 72 

2 V 2 


1 

2 


'SO 2 + —* .a 72 


V 2 SO 2 + 


5a 


(*) 


Do goc giiia duong thang MN va (ABCD) bang 60° nen: 





MN.SO 

2 

MN 

SO 


’so 2 

2 


1 

» 

2 


SO 2 + 5a - .SO 


S 
2 


8S0 2 =3(2S0 2 +5a 2 ) 


o 2S0 2 = 15a 2 . Thay vao (*) suy ra sin cf> = -i- 


k • 1 

cp = arcsi 


Vay goc giua MN va (SBD) la cj> = arcsin 


1 


7 T 


VI dy 3. Cho hinh chop S.ABCD co day la hinh vuong canh a, tarn O va 
SOl(ABCD). M?t phang (a) di qua A va vuong goc voi SC c3t hinh 

chop theo mot thiet di£n co di£n tich S M = —a 2 . Tinh goc giua duong thang 
j SC va m3t phSng (ABCD). 




T ' • • * • 

Loi giai 

Gia su (a) cat cac canh SB,SC,SD Ian 
luqt tai cac diem 11,J,K . 

^ [BD1SO 

Do \ =$ BD1 (SAC) => BD1 SC 

[BD1AC v ’ 

ma (a)±SC=>(a)//BD. 

BD c (SBD) 

Vay JbD//(«) 

(SBD)n(n) = HK 





KH // BD => HK ± (SAC) => HK1AJ 
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Phatt loai va phurnig phap gidi Hinh lt£c 1 i 

Do do S A ,„ K = ^HK.AI. 


Do SO 1 (ABCD) => OC la hinh chieu cua SC tren (ABCD) suy ra 

(sc,( ABCD))=SCO= 4> . 


J2 

Ta co AJ = ACsin<)) = a\/2sin(t>; SO = OC tan cjr = —— tanc}). 


ASOC-ASJI => SIJ = SCO = <])=> AIO = SIJ = <j>. 

aJ2 

Tir do ta co OI =OAcot(J) =-cotcf>. 




HK 


BC SO 


SI =!- — = ! 


cotcj> 


SO 




= 1 - cot 2 cj) 


tancj) 


=> KH = BD(l - cot 2 <p) = asll (l - cot 2 c|>). 

Vay S AH|k =^HKAI = aV2sinc|>.aV2(l-cot 2 <j)) = 2a 2 sin(|>(l-cot 2 (^ 


Tirgia thietsuy ra 2a 2 sin(j)(l -cot 2 cf») = —a 2 <=>4sin 2 <j>-sincj>-2 = 0 

. . 1 + V33. , n . n , . . , . l + >/33 

sm<() = —-—( do 0 < cj> < — nen sinc^> > 0) <=> (f> = arcsin—-— . 

Vay goc giira dirong thang SC va mat phang (ABCD) la <j> = arcsin—-—. 

Vi du 4. Cho hinh hpp chir nhat ABCD.AjB^D, co day ABCD la hinh 
vuong. Tim goc Ion nhat giira dirong thang BD, va mat phang (BDC,). 

Lai giai r • 

Cdch 1. 

Gpi I = ACnBD,0 la trung diem cua 
BD, thi Oe(CAA,C,). 

Do |bd1cc= bd1 < caa ' c ‘) 

ha OH±IC,,HeIC, thi OH 1 (BDC,) ,_ 

B _ A 

Vay goc giira dirong thing BD, va mat phang (BDC,) la goc OBH = a . 
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Dat AB = AD = a, A A, = b thi 


BD, = ^AB 2 + AB 2 + DDj = V2a 2 + b 2 


OB = 


s[2^b 


♦ « 


De thay HO = 


1 


*44 


=> sin a = 


OH 

OB 


1 


f a 2 b 
+ 


2 ^ 


2 • ^2 


+ 5 


v 




2 t-2 


Do ^r + ^r->2=>sina <-=>a <arcsin^ (Do 0<a<^-) 


1 

Vay maxa = arcsin— khi a = b. 


Cdch 2. CB = x,CD = y,CC, = 


= a, 


= b 


BD, =-x + y+ z. 


BD 


= \jx + y + z = yjla 2 + b 2 


Gpi H la hinh chieu cua C tren C.I thi CH1C,I va CH±BD 


CHI (BDC,). 


Tac6 £»,£££! 
IH IH.IC. 


CC 


1 


2b 


Cl 


r~ 


nen 


J~2 


j 


CH = 


1 


1 + 


"rCC, + - , 

2b 2 1 , 2b 2 

1 + —r- 


2b 2 

a * a= . * ■—CC.+ .h 2 — .20 


a 2 + 2b 2 1 a 2 + 2b 2 




a 2 + 2b 2 CC| + a 2 + 2b 2 C * = a 2 + 2b 2 * + a 2 + 2b 2 7 + a 2 + 2b 2 


CH 


b 4 


-2 
X + 


b 4 


-2 

y + 


-2 

X = 


ab 


(a 2 +2b 2 ) (a 2 + 2b 2 ) (a 2 +2b 2 ) 


Va 2 +2b 


Vay sina = 



^-x + y+ zj 


/ 


v 


b 2 - b 2 - 

-r-rX + -2-TTY + 

a 2 + 2b 2 a 2 + 2b 2 y 


\ 


a 2 +2b 


/ 




CH 


BD 


\[2a 2 + b 


ab 


\fa^+2b 


ab 


^a i +2b I )(2a I + b I | 


2 












































































































Phan loqi va phirong phdp giai H'mh hoc 7 7 


Theo BDT AGM ta c6 


ab 


ab 


\/( a ' + 2b")(2a 2 + b? ) \J3\fa*b* 3\fb 


V 


2 

3 


Vay sin« < —=>« <arcsin —=> maxa = arcsin — khi a = b. 

3 3 3 

Bai toan 04: TIM TAP HQP HINH CHIEU CUA MQT DIEM TREN MQT 
DUONG THANG HAY MQT MAT PHANG DI DQNG. 

Phuang phap: 

De giai cac bai toan dang nay triroc tien ta can nam ch3c loi giai cua hai bai 
toan goc sau: 

Bai toan 1: Trong khong gian cho(a) va hai diem co djnh A va O voi 

A«(a),Oe(a), d la mot duong thang di dpng trong (a) va luon di qua 

O. Gpi H la hinh chieu cua A tren duong th^ng d . Tim tap hpp diem H 
khi d di dpng. ^ 

f ' • • f • 

Lai giai 

Dung AHl(a) suy ra H codjnh. 

_ , .dlAH , , . 

Ta co -i =>dl(AMH) 

d1AM v ’ 

=> d ±HM. 

Trong mat phang (a) diem M nhin doan OH co’ djnh duoi mpt goc 
vuong suy ra M thupc duong tron duong kinh OH trong (a). 

Bai toan 2: Trong khong gian cho duong tiling d va diem A co djnh (a) la 

t 

mat phang di dpng nhung luon chua d . Tim tap hpp hinh chieu vuong goc 
cua A tren (a) khi (a) di dpng. 



V ' • • y • 

Lai giai 

Gpi (p) la mat phang qua A va vuong 
goc voi d va a=(a)n(p). Trong (p) 

gpi H la hinh chieu cua A tren a va 

E = dn(p). Ta co A,E co djnh va 

% 

trong mat phclng (p) diem H nhin 

doan AE duoi mpt goc vuong nen H 
thupc duong tron duong kinh AE . 
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C \C VI DV 

yji dM Cho hinh hpp ABCD.AjBjCjD, co tat ca cac mat deu la hinh vuong 

voi O la tarn cua hinh hpp va M la mpt diem chuyen dpng tren doan AB 
Gpi H la hinh chieu cua C xuong duong thang OM . Tim quy tich diem H. 

Lai giai 4 M B 


pltdtt thuan. 


Gpi I^.BnBC^do 


AB1BC 


D 


AB1BB 


AB 1 (BCC,B,) => AB 1 Cl 


ma C11BC 1 ^CI1(ABC,D 1 ) 



Pi C, 

Cl 1 OH, mat khac OH 1CH nen OH 1 (CHI) => OH 1IH . 


Diem H nhin doan thang OI co djnh duoi mpt goc vuong dong thoi 
H eOM c (ABC,D 1 ) co djnh nen H thupc duong tron duong kinh OI 


trong (AB^D,). 


Giai hatt. 


Khi M = A thi H = H, trong do H la hinh chieu cua C tren AC.. 


Khi MsB thi H = H 2 trong do H, la hinh chieu cua C tren DB. 


Vay H chay tren cung H,H, 

Phan ddo. 


Gia su H’ la mot diem bat ki tren cung H,H 2 , ta chung minh ton tai diem 
M’ tren doan AB sao cho H’ la hinh chieu cua C tren OM’. 

Gpi M’ = OH'n AB . De thay IC±(ABC,)=> ICTOM’ 


... .OM'IIC 

Vay _ _=>OM l(lCH’)=>CH , 10M , / hay H' la hinh chieu cua 


OM’IIH’ 


C tren OM’. 


^ hum: Tap hpp diemH la cung H,H 2 . 

^ du 2. Trong mat phang (a), cho mpt diem O co djnh , mpt duong thang d 


c 6 djnh khong di qua O, mpt goc vuong xOy quay xung quanh diem O. 
Cac tia Ox,Oy cat d theo thu tu tai A,B . Tren duong thang vuong goc voi 
^at phang. (a) va di qua O, lay mpt diem S co dmh . Dp*ng 

OE1 SA,OF 1 SB . Tim quy tich cac diem E va F khi goc vuorg xOy quay 
* Un g quanh diem O. 
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Phan logi va phircmg phdp giai Hinh hoc 11 _ 

Lai giai 

Dung OHJL(SAB)thi H co djnh . Do 

OH 1 (SAB) => OH 1SE, met khac 

OE1SE =>SE± (OEH) => SE 1 EH . 

Diem E nh'in doan SH co djnh trong 
mat phang mp(S,d) nen E thupc 

dudng tron dudng kinh SH trong mat 
phang mp(S,d). 

Tuong tu F thupc duong tron duong kinh SH trong mat phang mp(S,d). 



Phan ddo.( ban dQC tvr giai) 

Vay tap hpp cac diem E va F la duong tron duong kinh SH trong mat 
phang mp(S,d) bo di hai diem S va H . 

Vi dvt 3. Cho hinh chop S.ABC co SAl(ABC), tarn giac ABC vuong tai B. 

GQi M la mpt diem tren canh SA . Tim tap hpp hinh chieu vuong goc cua 
S tren (MBC) khi M di dong tren doan SA. 


t V • • 2 • 

Loi giai 


Phan thuan. 

Taco ^ BC1SA =* BC±(SAB). 

BC1AB v ’ 

Dyng SH 1 MB,H e MB, khi do ta co 


SHc(SAB) 
BC 1 (SAB) 


SH ± BC => SH 1 (MBC) 



_ __ C 


Vay H la hinh chieu cua S tren mat ph2ng (MBC). 


B 


Trong mat phang (SAB) diem H nhin doan SB duoi mpt goc vuong nen 
H thupc duong tron (C)dudng kinh SB nam trong (SAB). 

Giai han. 


Khi M = S=> H sS . 

Khi M = A => H s A. 

Vay M di d<?ng tren doan SA thi H di dpng tren cung nho SA cua dudn£ 
tron (C). 
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pit an dao. 

Gc?i H’ la mpt diem bat ki tren cung nho SA cua duong tron (C), gQi 

fSH'lBM' , , 

M’ = BH’nSA. Ta co < t =>SH'l(M’BC) hay H' lu hinh chieu 

I SH _L BC 

cua S tren (MBC). 

Ket luan: Tap hpp cac diem H la cung nho SA cua dudng tron (C). 


CAC BAI TOAN LUYEN TAP 

26. Cho tu dipn SABC co ABC la tarn giac vuong tai B va SA 1 (ABC) 
a)Chungminh BCl(SAB). 


b) Gpi AH la dudng cao cua tarn giac SAB . Chung minh AH 1 SC. 

27. Cho hinh chop S.ABCD co day ABCD la hinh thoi tarn O. Biet 
SA = SC,SB = SD. Chung minh rang: 

a) SO ± (ABCD). b) AC 1 SD . 


28. Cho tu dipn OABC co OA,OB,OC doi mot vuong goc. Ke OH 1 (ABC). 
Chung minh: 

a) H la try’c tarn cua AABC. 

b) AABC la tarn giac nhpn. 


c \ C2 = C2 . C2 , C2 

} ^AABC <\OAB ^AOHC ^AOCA 


d) Tim tap hpp cac diem M trong khong gian sao cho: 
I MA 2 + MB 2 + MC 2 = 3M0 2 . 


29. Cho hai hinh chu nhat ABCD va ABEF nam trong hai mat phang khac 
nhau sao cho hai dudng thang AC va BF vuong goc vdi nhau. Gpi CH va 
FK lan lupt la dudng cao cua hai tarn giac BCE va ADF. Chung minh rang: 

a ) AACH va BFK la cac tarn giac vuong. 

b) BF1AH va AC1BK. 

30. Cho hinh chop S.ABCD co day ABCD la hinh vuong canh a, 
SA ±(ABCD) va SA = a . Goi I,K Ian hr<?t la trung diem cac c^nh AB va 

SC . Chung minh IK 1 (SCD) va tinh IK. 

31. Cho tir di<?n ABCD co DA,DB,DC doi mpt vuong goc . G<?i a,p,y lan 
lupt la goc giua cac duong thang DA,DB,DC vdi mat phang (ABC). 

, Chung minh (2 + cot 2 «)(2 + cot 2 |3)(2 + cot 2 y)>64 . 
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32. Cho hinh chop S.ABCD co day ABCD la hinh vuong. Gpi H la trung dierri 
cua AB va SH ± (ABCD). Gpi K la trung diem cua canh AD. Chung minh: 

a) ACl(SHK) b) CK 1 SD. 

33. Cho h'mh chop S.ABC co SAl(ABC). Gpi H,K lan lirpt la tryc tam ca c 
tam giac ABC va SBC. Chung minh rSng: 


a) AH,SK va BC dongqui. b) SBl(CHK). 


c) HKl(SBC). 

34 . Trong mat phang (a) cho duong tron duong kinh co dinh BC va M la 
diem di dong tren duong tron nay. Tren duong thang d vuong goc voi (a) 


tai B lay mpt diem A . 

a) Chung minh cac mat cua tu dipn ABMC la tam giac vuong. 

b) Gpi H,K Ian luot la hinh chieu cua B tren AM va AC. Chung minh 


ACl(BHK). 

c) Tim tap hop diem H khi M di dpng. 

d) Tim vj tri cua M de doan AM Ion nhat. 

e) Tim vj tri cua M de dipn tich tam giac BHK Ion nhat. 

35. Cho hinh chop S.ABCD co day ABCD la hinh vuong c$nh a, mat ben 

SAB la tam giac deu va SC = a\/2 . Goi H,K lan lupt la trung diem cua cac 
canh AB va AD . Chung minh rSng: 


a) SHI (ABCD). 


b) AC 1 SK va CK 1 SD. 


36. Cho hinh chop S.ABCD co day ABCD la hinh chu nhat voi 
AB = a,BC = a>/3, mat ben SBC la tam giac vuong tai B, mat ben SCD 

vuong tai D va SD = a>/5. 

a) Chung minh SA 1 (ABCD). Tinh SA . 

b) Duong thang qua A vuong goc voi AC cat CB,CD lan lupt tai I,J. Gpi H 
la hinh chieu cua A tren SC .Gpi K,L la cac giao diem K,L cua SB,SD voi 

(HIj). Chung minh AK 1 (SBC), AL1 (SCD) 

c) Tinh dipn tich tu giac AKHL . 

37. Cho hinh chop S.ABC co day ABC la tam giac vuong can tai 
AB = a,SA = a\/3 va SAl(ABC). Gc?i M la diem tren canh AB O 

AM = x (0 < x <a), mat ph3ng (a) di qua M va vuong goc voi AB 


non 


Cty TNHH MTV DVVH Khaug Viet 


a ) Tim thiet dipn cua hinh chop S.ABC voi (a). 


k) Tinh dipn tich thiet di<?n theo a va x. Tim x de dipn tich thiet dipn Ion nhat. 
jg Cho hinh chop S.ABCD co day ABCD la hinh vuong canh a, 

SAl(ABCD) va SA = aV2. Xac djnh thiet dipn cua hinh chop voi mat 


phiing (a) di qua A vuong goc voi SC. Tinh dipn tich thiet dien. 


39 . Cho hinh chop tam giac deu S.ABC co c$nh day biing a, duong cao 
SO = 2a . G<?i M la diem thupc duong cao AA' cua tam giac ABC. Xet mat 
phang (a) di qua M va vuong goc voi AA'. Dat AM = x. 


a) Xac djnh thiet di£n cua hinh chop khi c£t boi (a). 


t>) Tinh dipn tich thiet di<?n theo a va x. Xac djnh vj tri cua M de dipn tich 
thiet di?n Ion nhat. 

40. Cho tam giac ABC vuong tai C co canh huyen nam tren m?t phang (P) 


va cac c^nh goc vuong tao voi (P) cac goc a,p. Tinh goc giua duong cao 


CK voi (P). 


41. Cho hinh chop S.ABCD co day ABCD la hinh vuong canh a, tam O. 
SO ±( ABCD), duong thang SA tao voi hai m^t phang (ABCD) va (SBC) 


cac goc bang nhau. G<?i H la hinh chieu cua A tren (SBC). 


a) Chung minh SO = AH va SA khi HB = — 


b) Tinh goc giua duong thang SA voi (ABCD). 


42. Cho hinh chop S.ABCD co day ABCD la hinh chu nhat, SAl(ABCD), 


SC = a. Goc giua duong thang SC voi cac mat phang (ABCD) va (SAB) 


lan lupt la a va p. 


a) Tinh SA 


b) Chung minh AB = a^cos(a +p)cos(a -p) 


4 3. Cho tu di?n OABC co OA,OB,OC doi mpt vuong goc . Gpi H la tn_rc tam 
cua tu dipn . Gpi A,B,C la ba goc tuong ung cua tam giac ABC. 


Dat a = AOH,p = BOH,y = COH. 


r., , . . sin‘a sin‘p sin 2 v 

Chung minh:-=-— =- — 

sin 2 A sin2B sin2C 
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Phan loai va phitcmg phap $iai Hinh hyc 11 _ _ 

44. Cho tu di£n ABCD co BDC = 90 (I . Hinh chieu H cua D tren mat phan^ 
ABC la true tam tam giac ABC . 

a) Chung minh CDA = 90°. 


b) 6 (DA 2 + DB 2 + DC 2 )>(AB+BC + CA) 2 . 

45. Cho tu di£n OABC co cac canh OA,OB,OC doi mpt vuong goc. M la mpt 
diem bat ki thuQC mien trong tam giac ABC. 


a) Tim gia trj nho nhat cua 


MA 2 MB 2 MC 2 
OA 2 + OB 2 + OC 2 ' 


b) Gq'\ H la tryc tam tam giac ABC va a,ft ,y 
thang OH vai cac duong thang OA,OB,OC. 

Chung minh rang: cotacot^ooty ^— . 


Ian luQt la goc giua duong 


, - cosa + cosB cosB + cosy cosy + cosa 

c) Tim GTNN cua S =-r-— +-—-- L +- i —-- 


cos y 


cos a 


cos‘ p 
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Tjl giai - HI/6NG DAN - DAP so 

26 . a) Ta c ° SA ( AB ^) n ^ n SA 1 BC . 

Do do BC 1SA 1 => BC 1 (SAB) 
BC-LABJ v ; 

b ) Ta co BC 1 (SAB) => BC 1 AH 


D 


Vay 


AH1BC 

AH1SB 


AH ISC. 





B 


27 . a) Ta co O la trung diem cua AC va 
SA = SC => SO 1 AC. 

Tuong ty SO ± BD . 

SOI AC 

V$y 


SO 1 BD j 


SOI (ABCD). 


b) Ta co AC 1 BD ( do ABCD la hinh thoi). 
Lai co AC 1 SO ( do SO 1 (ABCD)) 

Suy ra AC 1 (SBD) => AC 1SD. 

28 . 

a) Ta 06 OA 1 oc ^ OA1 (OBC) ^ 0A1BC 


Lai co OH 1 (ABC) => OH 1 BC 

Vay BClOA j=>BC±(OAH) 

J BCIOHJ 1 ’ 

=>BC 1 AH (l). 

„ AC 1 OB 1 . . . 

Tuong ac ^ qh J => AC 1 (OBH) => BH ± AC (2). 

Tu (l),(2) suy ra H la tryc tam cua tam giac ABC. 
b )E>at OA = a,OB = b,OC = c 
Ta co BC = VOB 2 + OC 2 = >/b 2 +c 2 



-\- -ZD 



->C 


B 


Tuong ty AC = Va 2 + c 2 , AB = Va 2 + b 2 
Ap dung djnh li cosin cho tam giac ABC ta co 
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Phati loai va phwcnig phap giai Hinh hgc 7 7 


. AB 2 + AC 2 -BC 2 (a 2 + b 2 ) + (a 2 +c 2 )-(b 2 +c 2 ) 
2AB.AC 2 ^(a 2 + b 2 )(a 2 + b 2 ) 


^/(a 2 + b 2 )(a 2 + b 2 ) 


> 0 suy ra A nhQn. 


Tuong ty cac goc B,C nhpn. 

c) Ta co S 2 1K . =^AI 2 BC 2 = ^(OI 2 +OA 2 )(OB 2 +OC 2 ) 

- ioi’BC’ + Ioa'OB' * Ioa’OC’ = Sj„ A „ + 

d) Gpi I la diem each deu 4 diem O, A,B,C va G la trpng tarn cua tarn giac 
ABC thi ta co: MA 2 + MB 2 + MC 2 = 3M0 2 

(MI + IA) 2 + (MI + IB) 2 + (Mi + IC) 2 = 3(MI + IO) 2 
o (iA + IB + IC)lM = 3IO-MI <=> 3IG.MI = 310JM o OGMI = 0 

oMUOG (do IA + IB + IC = 3IG) 

Vay M thuoc mat phang di qua I va vuong goc vdi OG . 


29. 


a) Ta co 


. AB1BC 


AB 1 BE 


ABl(BCE) 


V*y 


AB1CH. 
|CH1AB 


[CHI BE 


CH-L(ABEF) 


CH 1 AH ,hay AACH vuong tai H . 
FK 1 AD 


Tuong ty 


FK1AB 


FKl(ABCD) 



ABFK vuong t?i K . 


b) Ta co CHl(ABEF)=>CHlBF,m3t khac 
AC 1BF => BF1 (ACH) => BF 1 AH. 

AC -L KF] 

Tuong ty AC Bp => AC 1 (BKF) => AC 1BK 
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/ \ 


v2y 


2 a 

+ a =- 




3 O. Ta co IS = VaI 2 + AS 2 — 

Tuong ty ID = IC = ^ suy ra 

IS = ID = IC nen I thupc tryc duong tron 
ngoai tiep tarn giac SCD. 

M3tkhac|^^CD±(SAD) 

=> CD 1 SD => ASCD vuong tai D, lai co 
K la trung diem cua SC nen K la tarn 
duong tron ngoai tiep tam giac SCD, do do KI 1 (SCD). 



- 


Ta co IK 2 = ID 2 - DK 2 = ID 2 - -SC 2 

4 


= ID 2 -i(SA 2 + AC 2 ) 


5a 


-i(a 2 + 2a 2 ) = 


IK = 




31. Gpi H la hinh chieu cua D tren (ABC) 
Khi do H la tryc tam cua tam giac ABC. 


Va (DA,(ABC)) = (DA,AH) = DAH = a 
Dat DA=*a,DB = b,DC = c 


Gpi I = AH n BC thi DI la duong cao cua tam 

DB.DC bc_ 

2 


giac DBC nen DI = 


BC ViT+e 


.2 DA 
cot a = - 

DI 


a 2 (b 2 +c 2 ) 


2 _2 


be 


2 + cot 2 o = 2 + 


a^b 1 +C 1 


2.2 


be 


) - 2a 2 4a ... 
' Z2 + - —>- 7 = Va 

vbc 



be 


y 2 + cot 2 a > 


’- 4a 0 ) 


J be 


4b 


4c 


Tuong tu 2 + cot 2 13 > —?= ( 2 ) va 2 + cot 2 y > —j= (3) 

vac vab 

Nhan theo ve cac BDT (l),(2),(3) ta du<?c* 

(2 + cot 2 a)(2 + cot 2 13)(2 + cot 2 y) > 64 ( dpcm) 
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Phan loai va phinrng phap $iai Hinh hoc TT 




B 


32. 

a) Ta co SH 1 (ABCD) => SH 1 AC 
lai c6j HK//BD =.AClHK 

AC1BD 
ACl(SHK). 

b) De thay AAHD = ADKC => AHD = DKC 

ma AHD + ADH = 90" 

DKC + ADH = 90° hay DH 1CK , mat 
khac ta co 
SH 1 CK CK ± (SDH) => CK 1SD. 

33. 

a) G<?i I = AHnBC, de chung minh AH,SK va BC dongqui. 

Ta can chung minh SI la duong cao cua tam giac SBC, nhung dieu nay 
dung do BC1SA va BC1AI. 

b) Ta co SB 1 CK 
them nua ta co 



CH 1 (SAB) => CH1 SB 


CH1AB _ 

{CHISA" 

Vay SBl(CHK). 

b) Theo cac chung minh tren ta co 
SB 1 (CHK) SB 1 HK va 


BC 1 (SAl) ^ BC 1 HK do do HK 1 (SBC). 



34. 


B 


a) Ta co ABl(a)=>< 


AB1BM 

AB1BC 


suy ra cac 


tam giac ABM va ABC vudng tai B. 
Tiep theo ta co 
MCI MB 


MCI AB 


MCI (ABM) 


MC1 AM hay tam giac ACM 
vuong tai M . 
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\ZT\f rrv nn jyt t v v n ttti 


BH1AM 


unT aco => BH l(ACM) 

*>) 1 ‘ BH1 MC V ' 


BH 1 AC. 


Vay ^ 1 ™) => AC 1 (BHK). 


AC1BK 


c ) De thay BK co djnh va BHK = 90° nen diem H thuoc duong tron duong 
kinh BK .Tu do ta co tap hop cac diem M la duong tron duong ki'nh BK. 

d) MA : = AB + BM ma AB khong doi nen AM Ion nhat khi MB Ion nhat 
<=> BM = BC <=> M = C. 


1 


e ) Ta co S rotK = — BH.HK < 


BH 2 + HK 2 BK 


khong doi nen maxS 


BK 


HI IK 


o BH = HK, luc nay AHBK vuong can tai H nen BH = 


BK 




Ta co 


1 


1 1 
—- + — 


1 


BH' BA' BM 2 'BK' AB' BC 


1 1 
-- + - 


/ 


nen 2 


1 1 ^ 

+ 


\ 


BA 2 BC 2 j 


1 1 1 

+-- <=> 


1 2 
+ 


BM 2 BA 2 BM 2 BA 2 BC 2 


o MB = 


BA.BC 


V2BA 2 + BC 2 


Vay maxS 


BK 


111 IK 


<=> o MB = 


BA.BC 


=■ o M la cac giao diem cua 


\/2BA : + BC 2 


duong tron duong kinh BC voi duong tron tam B ban kinh. 


35. 


a ) Vi H la trung diem cua AB va tam giac 
SAB deu nen SH 1 AB 


Lai co 


SH = ^,SC = av / 2, 


HC = x/DH 2 + DC 2 = 


£ 


Do do 


HC 2 + HS 2 = —+ —= 2a 2 


= SC 





AHSC vuong tai H =>SH 1HC 
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man loai va phirctng phap gini Hinh hoc 11 


Vgy j SH iHC =>SHl(ABCD). 

3 [SH1AB v 1 

b) Ta co AC 1 HK va AC 1SH => AC 1 (SHK) 

=> AC ± SK . 


Tuong ty CK 1 HD ( nhu bai 32) va CK _L SH => CK ± (SDH) CK1SD . 
36. 

a) ASBC vuong tai B => BC1 SB ma BC1 AD => BC1 (SAB) 

=>BC±SA. S 



Lai co AH±SC=>(HIJ)±SC=>AK1SC (l) 
De thay BC 1 (SAB) => BC 1AK (2) 

Tu (l),(2) suy ra AK 1 (SBC). 

Lap luan tuong ty ta co AL1 (SCD). 


. , ((a)lAB , . 

37. a Taco \ y ’ =>SA/f(a) 

SA ± AB V ’ 


Do do < 


M e (SAB)n(a) 
SA c (SAB) 

SA //(a) 

(a) n (SAB) = MN // SA 


(a)lAB 

Tucmgty^ ; =>BC^(a) 
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Cty TNHH MTV DVVH Khang Viet 


M e (a)n(ABC) 
BCc(ABC) 

BC // (a) 


(a ) n ( ABC) = MQ // BC, Q g AC 


Ne(SBC)o(a) 

BCc(SBC) => (a) n(SBC) = NP // BC, P € SC. 

BC// (a) 


Thiet di£n la tu giac MNPQ. 

b) Ta co MN // SA, PQ // SA => MN // PQ va MQ // BC, NP // BC => MQ // NP 
nen MNPQ la hinh binh hanh. 


Mat khac 


MN // SA 

NP // BC => MN 1 NP . Vay MNPQ la hinh chu nhat. 
SA 1 BC 


. „ , ... MN MB .... 

b) Ta co MQ = AM = x, -=- => MN 


SA AB 


= MBSA = (a-»)a73^ (ax) 


AB 


S MNPQ = MN.MQ = V3 (a - x) x = >/3[ j - 


/ 


V 


a 

x — 
2 


\ 2 -2 




s 


/ 


maxS 


2 S .. . a 


MNI’Q 


khi x = —. 
4 2 


38. a) G<?i K la hinh chieu cua A tren SC 
thi Ke(a).Trong (SAC) gyi 


I = SO n AK . 


Ta co BD1SA l => bd 1 (SAC) 
BD 1 AC' v ’ 


BD 1 SC, mat khac (a) 1 SC nen 


BD//(a). 


Ie(n)n(SBD) 


Vay 


BD c (SBD) 
BD // («) 



_,>/? 




(a ) n (SBD) = HL // BD, H € SD, L g SB 


Thiet di£n la tu giac AHKL . 






, 















































Phan loai iui phumtg phAp giai Hinh hoc 11 


b) Do 


HL // BD 
BD1 AK 


HL 1 AK 


AIIKl. 


= —AH.KL 


Ta co SA = AC = a\/2 => ASAC can tai A, ma AKTSC nen K 


diem cua SC 


. v SC 2a 
AK = — = — = a . 


la trurij- 


HL // BD 


HL SH 


BD SD SO 3 


s, .2=»hl^bd 


... c 1 2asl2 a 2 \/2 

V ‘?>' S amk:. = 2 3 ’ 3 = ’ 

39. a) Vi S.ABC la hinh chop deu nen 
SOI (ABC) ( O la tam tam giac 

ABC).Do do SOIAA, ma 

(<*)// AA, =>SO//(a). 

Tirang tu ta cung co BC // (a) 

Truong hoj > 2. x = 0 thi thiet dien la 
diem A. 


Truong Itoj) 2. 0 < x < 


S 


thi M 


thuoc doan AO(M * A). 



"V*C 


Ta co: 


M e (ABC)n(a) 
BC c (ABC) 

BC // (a) 


(n)n(ABC) = IJ // BC,I e AB,J e AC 


Tuong tir 
M e (o)n(SAA,) 

SOc(SAA,) 

SO//(a) 

=>(<x)n(SAA,) = MK//SO,KeSA 
Thiet di£n la tam giac KIJ. 



->C 


Cty TNHH MTV DVVH Khang Vi] 


JrUCMg hap 3. < x < —^ khi do M thuoc doan OA(M * 0;M * A) 

3 2 

Tuong tu nhu truong hpp tren ta co: 

Me(ABC)n(a) 

BCcr(ABC) 

BC // (a) 

=>• (<x)o( ABC) = IJ // BC, 

I e AB,J e AC 


M e (<t)ri(SAA | ) 
SOc(SAA,) 

SO//(a) 

N e (n)n(SBC) 

BC c (SBC) = 
BC//(a) 

Thiet di£n la tu giac IJEF. 

a\[3 ... 


((x)n(SAA,) = MN // SO,N eSA,. 


(rx)n(SBC) = EF // IJ,N e EF 


Truong hoj} 4. x = 


b) Xet cac truong hop: 


x = 0 => S (il = 0, x = 


thi thiet diyn la doan BC. 


s 


s.. =o 


Id 


0<x< —, thi S IIIC =—IJ.MK 
3 ^ 2 


Ta co IJ // BC 


IJ AM 


BC AA. a%/3 


U = 


2x^3 


Tuong tu 


MK AM 


SO AO a \[3 


MK 


= 2x\/3 . 


Vay S n .. = -^^-.2\S = 2\ 2 . 

J IJ K t o 


2 3 

< x < , de thay IJEF la hinh thang nen S I)EF 


= 1(IJ + EF)MN 


3 


3 

























































Phati loai vd phucmg phdp gidi Hhih hoc 11 


u = 


2x75 EF SN OM 

3 ' BC “ SA, " OA, 


X - 


73 


75 


EF = 2(x75-a) 


75 


MN MA 


i 


SO OA 


2 _ 

a75 


- x 


MN = 2(3a-2x73) 


Vay S m = -(4x73 -3a)(3a-2x75). 


Xet cac trirong h<?p ta thay S UJ lan nhat trong trirang h< 7 p 


a75 


< X < 


x c 3a 2 ... 3a>/3 

va rnaxS,.,,. =- khi x =- 

m 4 g 


40. Ke CH ±(P) thi CKH la gocgiira CK va (P) va de thay 
(CA,(P)) =CAH = a / (CB / (P)) =CBH = (3 

D5t CH = h, ta co CA = ——,CB = h 


sin a 


sinp 


AB 2 = CA 2 + CB 2 = —+ — 




= h 


1 


+ 


sin a sin 2 (3 


1 


v sin a sin (3 y 


Xet tarn giac ABC co CK.AB = CA.CB 


CK = 


CA.CB 

AB 


sina sin(3 


1 




2n\ 




sin a + sin (3 

• 2 • 2 m 

sin asm p J 



7sin 2 a +sin 2 p 
CH 


Ta co sin CKH = —— = 7sin 2 a +sin 2 p . 


CK 


Cty TNHH MTV DVVH Khang Viet 


41* _ _ 

* De thay (SA,(ABCD)) = SAO = (f> nen 

SO = SAcosc(> (l). 


v ;■ 

qq\ I la trung diem cua BC thi ta co 

f °1 1BC => BC 1 (SIO) 

SOI BC V ' 

Ke OK1SI thi OK1BC nen OKl(SBC). 

Ke At//OK cat CK tai H, khi do ta co 
l AH // CK 


CKl(SBC) 


AH 1 (SBC) 



nen (SA,(SBC)) = SAH = cj) dodo AH = SAcos<}> (2) 
Tir (1)72) taco AH = SO. 


Khi BH = — thi trong tam giac vuong HAB co 


ah = 7ab 2 -hb 2 = 


a 2 - 


/ \2 

a 

X 


75 


SO = AH = 


a75 


SA = 7s0 2 + OA 2 = 


b) tan cf» = 


a75 

SO 2 
OA a 72 ~ 
2 


| <J> = arctan J|. 


42. 


a ) Do SA 1 (ABCD) 


(SA,(ABCD)) = SAC = a. 


Tirong tu 


BC1 AB 
BC1SA 


BCl(SAB) 


^ (SC, (SAB)) = SBC = p. 
Sa = SCsina =asina 



















































































Phan loai va plunmy phap giai Hinh hoc 1 7 




b) SB = SC sin |3 = a sin p 


l —:- - rz -, . ,— 1 - cos 2 B 1 - cos 2 a 

AB = VSB -SA' =^/a sin p-a sin n =aJ----- 


= aJcos(a + f$)cos(n -($) 


43. ( HS tu' gi.ii) 

44. 

f BC 1 DH 
a) Vi \ 

BC 1 AH 


D 


BCl(ADH) 


=>BC1DA (1) 

Tirong tu ta c 6 

(BDH) 1 AC => DB 1 AC, vi vay: 


A 


1 


DB 1 DC 
DB 1 AC 


DBl(ACD) 



DB 1 DA (2). 


Tu (l),(2) suy ra DAI (BCD) 

DA 1 DC hay CDA = 90°. 

b) Til cau a) ta thay tu dipn ABCD cocaccanh DA,DB,DC doi mpt vuong goc. 
Theo BDT Cauchy-Schwraz ta co 

(ab+bc+ca) 2 <3(ab 2 + bc 2 + ca 2 ) 


Ma 


AB : 

BC 2 


DA 2 + DB 2 
DB 2 + DC 2 


CA 2 = DA 2 + DC 2 


nen (AB + BC + CA ) 2 < 6 (DA 2 + DB 2 + DC 2 ). 

Dang thtrc xay ra khi AB = BC = CA 

=> AABC deu, ket hop voi chan duong cao cua D trung vo : tarn day 1,1 
dupe D.ABC la hinh chop deu dinh D. 


CM/ TNHH MTV DVVU Khang Viet 


45 . a) Goi N = AM n BC , ke MM, // OA thi ta co 


OAl(OBC) 


MM, l(OBC) 


MM, //OA 
ke MA, X OA, A, e OA . 

Khi do 

AM 2 = AA; + MA; = AA; + MO’ - OA, 
i =OM 2 +(AA,-OA,)(AA,+OA,) 
| =OM 2 +0A(0A-20A,) 

[ = OM 2 + OA 2 -20A.0A. 


B 



- 


Suv ra 


AM 




OA 2 OA 2 OA 
Tuong tu goi B,,C, la cacdiem tuong tu nhu A, thi taco 


MB 2 OM 2 2QB, , . 

OB 2 OB 2 + OB * ’ 

Ti. (1),(2),(3) taco 


MC 


OC OC 


OM 2 , 20C 
+1 - 


OC 


(3) 


/ 


T = OM 2 


1 


+ 


1 


+ 


1 


v 


OA z OB OC 


\ 


/ 


-2 


/ 


v 


OC. 'i 


OA, OB, 

OA + OB + OC 


+ 3 


y 


Goi H la true tarn cua tarn giac ABC thi ta da biet ket qua quen thupc 


1 1 1 

+-- + 


1 


2 f 


OA 2 OB 2 OC 2 OH 


. „ OM 
nen T =---2 


OH 


OA. OB. OC.^ 


+ 


+ 




OA OB OC 


+ 3 


/ 


Matkhac ° A| 


nm_s„ bc 


OA NA S 


ABC 


T , OB i 

I uonc tu — L 
h OB 


S OC s 

^MAC ‘At AM 

S ' OC s 

AHC A\BC 


nen 


OA, OB, OC 


+ 


+ 


1 


OA OB OC 


= 1 


OM 2 

Dodo T = ——^ +1 >2 do OM>OH. 


■ OH 2 

Vpy minT = 2 khi M = H . 

Cach 2. Dat OA = a,OB = b,OC = c . 

Do A,B,C,M dong phang nen ton tai x,y,z saocho: 

OM = xOA + yOB + zOC (x + y + z = l). 

Ta co AM = OM - OA =(x - l)a + b+ c, binh phuong vo huong ta dupe 
AM 2 = (x -1)" a 2 + y 2 b 2 + z 2 c 2 


































































Phan locii va phuong phap giai H'mh hoc 11 


MA 

OA : 


= (x-l) 


+ 


2 1 _ 2 2 2 
z c 


y b 


Tirang tir 


MB 


2 2 2 
x a 


OB 


+ 


l z 2 c 2 MC 2 

< y - ,) 


x 2 a 2 y 2 b 2 


+ 


+ 


( z -i) 


Vi vay T = 


1 


+ 


V 


J r + JLj(aV + b 2 y 2 +c 2 z 2 ) + l 


/ 


V 


1 1 u 1 

—.ax-f-.by-f-.cz 

a b c 


\ 


/ 


-f 1 = 2 ( Theo Cauchy-Schwarz) 


Vay minT = 2 . 


b) De thay a = AOH,p = BOH,y = COH. 


~ , 1 1 1 
Ta co-- -»--- + 


1 


/^r\2 / 


<=> 


OA 2 OB 2 OC 2 OH 
<=> cos : a + cos 2 (3 -f cos 2 y = 1 (l). 

Lai co If tan 2 x = ——— <=> cos 2 x = 

cos x 


OH 
\OA j 


+ 


OH 
v OB j 


r\ 2 / 


+ 


OH 


K OQ 


\2 


/ 


= 1 


1 


cot X 


l + tan 2 x 1 + colx 


(*) 


Ap dung CT (*) cho x nhan cac gia trj a,(3,y va ket hyp voi (l) thu duyc 


cot a 


+ 


cot 2 (3 cot 2 y 


+ 


= 1. 


1 + cot a 1 + cot |3 1 + cot y 

Dat x = cot 2 a,y = cot 2 (3,z = cot 2 y (x,y,z>0) thi bai toan tro thanh 

Cho x,y,z>0 thoa —+ - + - =1. 

1 + x 1 + y 1 + z 

Chung minh xyz < —. Ta co —— + - + - = 1 

8 1 + x 1 + y 1 + z 


ol- 


x y z 
-+- >2 


yz 


o 


1 


>2 


yz 


1 + x 1 + y 1 + z v(l + y)(l + z) 1 + x v(l + y)(l + z) 


( 2 )- 


Tuong ty ta co : 


1 


>2 


xz 


1 + y. \|(l + x)(l + z 


)< 3 > v4 T7I 22 J(T 


xy 


+ x 


)( 1 + y) 


(4) 


Nhan theo tung ve cac BDT (2),(3)(4) ta duyc xyz < — (dpcm). 

8 

c) Tuong tir nhu cau b) taco minS = 6\/3. 


CtyTNHH MTV DWH Khan? Vie J 


fiat mat phang vuong 

a .t6m tat giao khoa. 

1 cdc giua hai mat piling. 

9 f 

Coc giua hai mat phang la goc giua hai duong thang vuong goc voi hai mat 
phing do. 

al(P) 


bJ.(Q) 


((P).(Q)) = (a.b) 


f 

Neu hai mat phang song song hoac trung nhau thi ta noi goc giua hai mat 
phing do bing 0°. 

Di<?n ti'ch hinh chie'u S’ = Scos4> 

Trong do S la di£n ti'ch da giac nim trong (P), S’ la diyn ti'ch da giac nam 
trong (Q) con <}> la goc giua (P) va (Q). 

2. Hai mat phing vuong goc. 

2.1. Djnh nghla. 

Hai mat phang vuong goc voi nhau 
neu goc giira chung bang 90°. 

(P)l(Q)o((lT(Q)) = 90". 

2.2. Tinh chat. 

• Hai mat phang vuong goc voi nhau khi va chi khi trong mat phang nay co 
mpt duong thing vuong goc voi mat phing kia. 



c (p) 

i(Q) 


(P)J-(Q). 


Neu hai m3t phing vuong goc voi nhau thi bat cu dudng thing nao nim trong 
mat phang va vuong goc voi giao tuyen cung vuong goc voi mat phing kia. 

(P)l(Q) 

ac ( p ) 


b = (P)r.(Q) 
alb 


i(Q) 
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PJuin loni vn phmrii# phrip giai Httih hoc 11 


Cho hai mat phang (P) va (Q) vuong gcSc voi nhau. Ne'u *ix mot diem 
thuQC mat phcing (P) dung mpt duong thang vuong goc voi mat phang 

(Q) thi duong thang nay nam trong (P). 


A 6 (P) 

(p)J-(Q) 


O’). 


A ea -L(Q) 

t # » 

Neu hai mat phang cat nhau cung vuong goc voi mpt mat phang thi giao 
tuyen cua chung cung vuong goc voi mat phang do 


(P) l(R) 

(Q) -l( r ) 

(P)r,(Q) 


A1(R) 


= A 



3. Hinh Iang tru dung, hinh hQp chu nhat. 

• Hinh lang tru dung la hinh Iang tru co 
cac canh ben vuong goc voi hai mat day. 

- Cac mat ben la cac hinh chu nhat. 

- Cac mat ben vuong goc voi hai day 

- Lang tru dung co day la da giac deu dupe goi la lang tru deu 

• Hinh hop chu nhat la hinh lang tru dung co day la hinh chu nhat. 

- Tat ca cac mat deu la hinh chu nhat 

- Duong cheo d = Va 2 + b 2 +c 2 voi a,b,c 
la ba kich thuoc. 

• Hinh lap phuong la hinh hpp chu nhat 
co day va cac mat ben deu la hinh 
vuong. 

4. Hinh chop deu va hinh chop cpt deu. 

• Hinh chop deu la hinh chop co day la 
mQt da giac deu va chan duong cao 
trung voi tarn cua da giac day. 

- Cac canh ben cua hinh chop deu tao voi 
day cac goc bang nhau 

f 

- Cac m$t ben cua hinh chop deu la cac 
tarn giac can bang nhau. 

- Cac mat ben cua hinh chop deu tao voi 
day cac goc bang nhau. 
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- -*C 


v- §y tv i m v l/ v v t i 





-|“\- -+c 


B 


phan cua hinh chop deu nam giua day 
va nipt thiet dipn song song voi day cat 
tat ca cac canh ben cua hinh chop dupe 
gpi la hinh chop cut deu. 

Hai day cua hinh chop cut deu la hai 
da giac dong dang. 

g LUYEN KI NANG GIAI CAC DANG BAI TAP. 
gai toan 01: TINH GOC GlCTA HAI MAT PHANG. 
phuong phap: 

De tinh goc giua hai mat phang (a) va (p) ta co the thuc Ivyn theo mot 
trong cac each sau: , , , 

Cadi 1- Tim hai duong thang a,b Ian lupt vuong goc voi hai mat phang (a) 

va ((3). Khi do goc giua hai duong thang a,b chinh la gcSc giua hai mat 
phang (a) va (p). 

«l(o) 


b 1 (p) 


(( rt )'(P)H a ' b )- 


Cach 2. Tim hai vec ton^n, co gia Ian lupt vuong goc voi (a) va p, khi do 


goc giua hai mat phang (a) va (p) xacdinh boi cos<|) = 


n ,n 2 


n,n 2 


Cadi 3. Sir dung cong thuc hinh chieu S’ = Scos(|>, tir do de tinh coscj) thi ta 
can tinh S va S’. 

Lddt 4. Xac djnh cu the goc giua hai mat phang roi sir dung he thuc lupng 
trong tarn giac de tinh. Ta thirong xac djnh goc giira hai mat phang theo 
mQt trong hai each sau: 

a) 

Tim giao tuyen A = (a)n(p) 

% Chon mat phang (y) 1A 
% Tim cac giao tuyen a = (y) n (a),b = (y)n(p) 

• (H(F))=M) 

4 ■ 

■Tim giao tuyen A = (a)n(p) 



0 
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Phan loai va phuomg phap giai Hinh h<?c 7 7 



• Lay Me(p).Dvrng hinh chieu H cua M tren (a) 

• Dyng HN J_ A MN JL A . 

Phirang phap nay co nghia la tim hai 

j s t 

duong thang nam trong hai mat phang 
(a),(|3) va vuong goc voi giao tuyen 

A t^i mQt diem tren giao tuyen. 

CAC VI DV 

Vi du 1. Cho hinh chop S.ABCD co day ABCD la hinn chir 
AB = a, AD = aV3 . Canh ben SA vuong goc voi day va SA = a . Tinh: 

a) Goc giua hai myt phSng (SCD) va (ABCD). 

b) Goc giua hai m|it phang (SBC) va (SAD). 



nhait 


w \ • • 2 • 

Lot giai 


a) Ta co (SCD) n (ABCD) = CD 


CD ISA 
CD1AD 


CB1 (SAD) 


(SAD) n (ABCD) = AD,(SAD) n (SCD) = SD 
=> |(SCD),(ABCD)j = (DaTsD) = SDA = <J> 


tancf) = 


SA 


1 


AD aV3 & 


= 30 


0 



D 


b) Ta co 


AD n (SAD) 
BCn(SBC) 
AD // BC 


(SAD) n (SBC) = d // AD // BC. 


Vi ^ SAld =>SA 1 d, J d//AD =>d±AB nen (SAB)ld 
d //AD 1 ADI AD V ’ 


ifra fa 1 


(SAB)n (SBC) = SB,(SAB) n (SAD) = SA suy ra ASB chinh la goc giua 
mat phang (SBC) va (SAD). 

Tam giac ASB vuong can tai A nen ASB = 45°. 

Vi dy 2. Cho hinh lap phuong ABCD.A'B'CD'. Tinh goc giua hai mat phai^ 
(A'BC) va (A'CD). 
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Cty TNHH MTV DWH Khan X Viet 


¥ * • • f • 

Lai giai 


Cdch l 


Taco (A'BC)ri(A'CD) = AC . Gpi O la tarn cua hinh vuong ABCD va H 
la hinh chieu vuong goc cua O tren A’C. 

BD1AC 


Do 


V$y 


BD1AA' 

fA'ClOH 


BD±(ACA')=>BD± A'C 




A'CIBD 


A'Cl(BDH). 


(BDH) n( A'CD) = HD,(BDH)n( A’BC) = BH 
^((A'BC) / (A'CD)) = (HBJTD). 

Tam giac BCA' vuong tai B co duong cao BH,dodo: 



1 


1 


1 


1 


1 


BH" BA’ 2 BC 


Ttrang 


tvDH=a M. 


K) 


T + ~T = 


2a 



* 

Ap dung djnh li cosin cho AHBD ta co: 


2a 2 2a 2 

+ 


cos BHD = 


HB 2 +HD 2 -BD 2 ~T~ 


-2a 


2HB.HD 


2 . 


2a 


1 

2 


BHD = 120°. Vyy ((A’BC).(A’CD)) = (HB,HD) = 60°. 


2. G<?i H - A Cn(BDC’), do m|t cheo (BDC) ung voi duong cheo A'C 
nen (BDC')± A'C . Vyy goc giua hai duong th3ng HB,HD chinh la goc 
giua hai mat ph3ng (A'BC) va (A’CD). 

Do CB = CD = CC' => HB = HD = HC' va BD = BC' = DC = a>/2 suy ra H la 


tani cua tarn giac deu C' BD => Bbib = 120°. 

% ((A'BC),(A'CD)) = (HBJID) = 60 0 . 

C fl Vi.,r. (AB’IA'B 

3: Do ^ => AB' 1 (A' BC) 

AB ± BC v ’ 
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Phan loqi va phu’cnig phdp giiii Htnh hoc 11 


Tuong ty AD'l(A'CD) nen ((A'BC^A'CD)) = (AB', AD') = 60° 


(vi AAB'D' deu). 

Vi dy 3. Cho tu di£n ABCD coAB = b / AC = c / AD = d doi mQt vuong goc. Goi 

a,p,y lan luyt la goc giCra mat phang (BCD) voi cac mat ph3n^ 
(ACD) / (ABD) / (ABC). 

a) Chung minh cos 2 a + cos 2 (3 + cos 2 y = 1. 

b) Tinh S BCI; theo khi a = 30°,(3 = 45°,y = 60° 

Lot giai 

a) Cdch 1. 

Ke duong cao AH cua tam giac ACD, do: 

AB 1 AC 


B 


AB 1 AD 


AB±(ACD)=> AB1CD. 


Vay (ABH) 1 CD va CD la giao tuyen 
cua hai mat phSng (ACD) va (BCD) 

nen a = AHB. 

Ta co 



_ - -?>D 


tana = 


AB 


AH AH 


b 1 

, ma 


1 1 
+ 


AH 2 AC 2 AD 


M|t khac 1 + tan 2 a = 


1 


cos a 


cos a = 


2 j2 


1 1 * . bVc 2 +d 

—+ —r nen tana =- 

c d cd 

c 2 d 2 


b 2 c 2 +c 2 d 2 + d 2 b 


2l2 - 


Tuong tir ta co: cos 2 [3 = 


b d 


2.2 


b z c 


b 2 c 2 +c 2 d 2 +d 2 b 
Tir do suy ra cos 2 a + cos 2 (3 + cos 2 y = 1 


- COSY =- 

2,2 ^ ) ,2 2 2 12 j2§ 2 


b e +c d +d b 


Cdch 2. Goi H la hinh chieu cua A tren (BCD) va I la trung diem cua Cl 


DSt AB = b,AC = c, AD = d 


= b. 


= c. 


= d. 


De thay AH 1 (BCD) va 


BH.BI = BA 2 = b 2 

c 2 d 2 


BH 


b 2 (c*+d 2 ) 


IH.IB = IA = 


c 2 +d 


IH 


2_|2 


cd 


= k 


Suy ra AH = 


1 


— k — , IC AC 2 c 2 

-AB +-AI, ma — =- 7 = — 

1 + k 1 + k ID AD 2 d 2 


Cty TNHH MTV DWH Khang Viet 


AI = 


AC + 


AH = 


c 2 +d 2 c^+d 

c 2 d 2 - 


CD nen: 


b 2 c 2 +c 2 d 2 +d 2 b 2 
c 2 d 2 


AB + 


b 2 c 2 +d 2 b 2 


b + 


b 2 c 2 + c 2 d 2 +d 2 b 2 
d 2 b 2 


\ 


AC + 


V 


c +d‘ c'+d 
b 2 c 2 


AB 


J 


C 4- 


b 2 c 2 +c 2 d 2 +d 2 b 2 b 2 c 2 +c 2 d 2 +d 2 b 2 b 2 c 2 +c 2 d 2 +d 2 L 2 
Lai co b,c,d lan lupt la cac vec to vuong goc voi cac mat phSng 
(ACD),(ABD),(ACB) .Tir do ta co: 


b 2 c 2 d 2 


cosa = 



b.AH 


b 

AH 


b 2 c 2 +c 2 d 2 +d 2 b 2 


cd 


b 2 c 2 + c 2 d 2 + d 2 b 2 >/b 2 c 2 +c 2 d 2 +d 2 b 2 


7J2 j 2 


bed 




|c.ah| 

Tuong ty : cos(3 = p- -~ 


bd 


AH yjb 


2 c 2 +c 2 d 2 +d 2 b 2 


|c 


\ _ be 

IbjlA h 

i| Vb 2 c 7 +c 2 d 2 +d 2 b 2 


Suy ra cos 2 a + cos 2 (3 + cos 2 y = 1 


b) Sir dyng cong thuc hinh chieu 

GQi H la hinh chieu cua A tren (BCD). 

Trudc tien ta chung minh tam giac 
BCD nhpn. Khong giam tong quat, gia 

sir B Ion nhat. 

Ta co CD 2 = AC 2 + AD 2 = c 2 + d 2 
Tuong t V CB 2 = b 2 + c 2 , DB 2 = b 2 + d 2 


Ap dyng djnh li cosin cho ABCD ta co cosB = 
(b 2 +c 2 ) + (b 2 +d 2 )-(c 2 +d 2 ) 



« 4: - 


D 


BC 2 + BD 2 - CD 
2BC.BD 


2^(b 2 +c 2 )(b 2 +d 2 ) 






2b 


2 


> 0 do do B nhpn, hay tam giac BCD nhpn. 


Ta co ] A^^^^BHICD, tuong tu ta co CH _L BD tir do suy ra H la true 
[AB 1 CD 6 


tam cua ABCD, ma ABCD nhpn nen H thupc mien trong tam giac BCD 
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Phan loai va phircmg phdp gidi Hinh hoc 11 _ 

Do do = S HBC + S IIDD -i- S HCD = S ABC cosy + S ABD cosp + S ACD cos a 

1, , n o 1. , . c o 1 ■ - n o be + %/2bd + \/3cd 

= — be cos 60 +—bdcos45 +—cdcos30 =-. 

2 2 2 4 

Vi dy 4. Cho hinh chop S.ABCD co day ABCD la nira lye giac deu npi tiep 
trong dirong tron dirong kinh AB = 2a; canh ben SA vuong goc vdi day va 

SA = aV3. 

a) Tinh goc giira hai mat phang (SAD) va (SBC). 

b) Tinh goc giira hai mat phang (SBC) va (SCD). 


Lai gi£i 

a)G<?i I = ADnBC thi SI = (SAD)rt(SBC).< 


BD1 (SAD) => BD 1 SI 


BD1 AD 
BD ISA 


Dyng DE±SI,E€S1 khi do (BDE)lSI. Do do BED la goc giira hai mat 
phang (SAD) va (SBC). 

Do day ABCD la nira lye giac deu nen IAB = IBA = 60° => AIBA deu. 


Vi v%y AI = AB = 2a, SI = VSA 2 + AI 2 = J(aV3) +(2a) 2 = a>/7. 


De thay ASAI - ADEI 


DE DI a 1 ~ C _SA_ I 3 

sa = s 


BD 1 (SAD) => BD 1 DE. 

Trong tarn giac vuong BDE ta co tan BED= 


BD 

DE 


=yfj => BED=arctan %/7 


Vijy ((SAD),(SBC)) = arctan >/7 

b) Dyng AP1SH, P e SH. 

Do CD 1 (SAH) => AP 1 CD => AP 1 (SCD). 


Tirong ty, dyng AQ±SC,QeSC thi AQl(SBC). 


Do do PAQ = ((SBC),(SCD)). 
Trong tam giac SAH ta co : 
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s 


APQ = arccos 


VI0 


Vay ((SBC),(SCD)) =arccos 



Bai toan 02: CHLfNG MINH HAI MAT PhAnG VUONG GbC. 

Phuang phap: 

De chung minh hai mat ph3ng (a) va (p) vuong goc vdi nhau ta co the 
dung m<?t trong cac each sau: 

Cdch 1. Xac djnh goc giira hai mat phang, roi tinh tryc tiep goc do bang 90°. 


(( a ),(fj)) = 9°"^( n )l(fl). 


Cdch 2. Chung minh trong mat phang nay co mpt dudng thang vuong goc vdi 

t 

mat phang kia. 


|al(|3) 


(«)i(p). 


C6ch 3. Tim hai vec to n,,n, lan lupt vuong goc vdi cac mat phang (a), (ft) mi 
chirng minh n,.n, =0. 

CAC VI DV 

Vi dy 1. Cho hinh chop S.ABCD co canh SA = a, cac canh con lai bang b. 

a) Chirng minh (SAC)l(ABCD) va (SAC)-L(SBD). 

b) Tinh dudng cao cua hinh chop S.ABCD theo a,b. 

c ) Tim sy lien hf giira a va b de S.ABCD la mpt hinh chop deu. 
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Minn lorn va pinion g phap giai Hinh Hqc 77 

t i • • f • 

Lai giai 

a) G<?i O = AC r\ BD, vi tu giac ABCD co 
tat ca cac canh deu bang b nen no la 
m<?t hinh thoi, vi the AC 1 BD va O la 
trung diem cua BD . 

Mat khac SB = SD = b => ASBD can tai 
S, do do SOIBD. 

BD 1 AC 


Vay 


BD ISO 


BDl(SAC) 





(SAB) 1 (ABCD) va (SAC)l(SBD). 
f(SAC)l(ABCD) 


SH.AC = SA.SC => SH = 


b) Ta “ (SAC)n(ABCD) = AC " 4n ' r ° n8 (SAC) U SiilAC ' H * AC >W 

SH 1 (ABCD), hay SH la duong cao cua hinh chop. 

Do hinh chop co cac canh SB = SD = b,CB = Cd = b, AB = AD = b nen cac tam 
giac SBD,CBD,ABD la cac tam giac can bang nhau suy ra 

OS = OA = OC => ASAC vuong tai S. Tu do ta co 

SA.SC _ ab 
AC \[a 2 + b 2 

b) Hinh chop S.ABCD la mpt hinh chop deu thi cac canh ben bang nhau nen 
a = b. 

Va khi a = b thi AC = a>/2 ma ABCD la hinh thoi canh a nen no la hinh 
vuong, tir do S.ABCD la mot hinh chop deu. 

Vay S.ABCD la mot hinh chop deu khi va chi khi a = b. 

Vi du 2. Cho tam giac deu ABC canh a . GQi D .la diem doi xung cua A qua 

BC . Tren duong th3ng d l(ABCD) tai A lay diem S sao cho SD = ^ • 
Chung minh (SAB)l(SAC). 

f \ • • t • 

Lot giai 

Goi I la trung diem cua BC thi AI1 BC va 
1 cung la trung diem cua AD. 

T . | BC1 AD , . 

TaC ° BC1SD ^ BC1 ( SAD ) ^ BC1SA • 
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Cry / iwhh mi v L/vvrT Knang vm 


p^ng IH ±SA,HeSA, khi do ta co ^ SA l(HCB). Suy ra goc 

giua hai m|t phing (SAB) va (SAC) la BHC . 

* „ IH AI 

Ta co AAHI ~ AADS — 


SD AD 


M a AU— ,AD = 2AI=.av/3, SA = >/AD ! *SD ! = J(a^) + 


Ji)' 3a-Ji 


\ 


/ 


suy 


ra IH = 


a\f3 a\[6 

AI.SD = ~2~* jT _ a _ BC 
AD " 3a \fl 2 2 


BHC = 90°. 


Vi dM 3- Cho h,nh ch6 P dgu S ABC / cd d< ? d ^‘ c ? nh d *y b5n 8 a * G< ?‘ M,N Ian 
lu(?t la trung diem cua cac canh SA,SB. Tinh dipn tich tam giac AMN biet 

riing (AMN) 1 (SBC). 


f \ • • f • 

Lot giai 

Gpi K la trung diem cua BC va I=SKnMN. Tir gia thiet ta 

MN = —BC = -,MN //BC => I la trung diem cua SK va MN . Ta 
2 2 


ASAB = ASAC => hai trung tuyen tuong ung AM = AN => AAMN can 
A => AI 1 MN . 5 


CO 


CO 


tai 


Mat khac 


(SBC) 1 (AMN) 
(SBC)n(AMN) = MN 
Ale (AMN) 

AI1MN 


All (SBC) => AI1SK 


ASAK can tai A => SA = AK = 




Ta co: 

SK 2 =SB 2 -BK 2 = —- —= - 
r 4 4 2 


Vio 





ai = Vsa 2 -si 2 = 


Isa 2 - 

'sk n 


2 J 


iVio 


Ta “S„, N =iMN.AI = i |6 
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rTuui lorn' va fjJunrnx pi trip yini Umh hoc 1 1 


Vi dy 4. Cho hinh hyp chir nhyt ABCD.A’B'C'D'co AB = AD = a AA’ = b C ^ 
M la trung diem cua CC'. Xac djnh ti so ^ de hai mat phing (A'BD) vj 
(MBD) vuong goc voi nhau. 


W * • • * • 

Loi giai 

Gyi O la tarn cua hinh vuong ABCD. D , 
Taco BD = (A'BD)n(MBD), ^ AClBD 


AA’IBD 


(ACC'A')l BD 
(ACC'A')lBD 


Vay 




D c 

(ACC'A')n(A'BD) = OA' do do goc gitia hai duongthing OM,OA' 
(ACC A')n(MBD) = OM 


chinh la goc giua hai mat phing (A'BD) va (MBD). 
Ta co OM = A ^~ = ^ AB * + AD 2 + AA'~ _ V2a' + b' 




oa’ 2 = ao 2 +aa ,2 = 


fl 


\ 


\ 




2 a . 1.2 


+ b^ = — + b 
2 


MA’ 2 = A’C ,2 + MC' 2 = a 2 + b 2 + 


'f* 

X 


= a + 


5b 


Hai mat phang (A BD) va (MBD) vuong goc voi nhau 
o AOMA’ vuong tai 0<=>0M 2 +OA' 2 =MA’ 2 


2a 2 +b 2 (a 2 2 

+ — + b 


\ 


/ 


J 


2 5b : 


\ 


a + 




a 2 =b 2 <=> —= 1 


J 


(A'BD) 1 (MBD) khi ^- = 1 ( Khi do ABCD.A'B'C’D' la hinh lap phuong) 

Bai toan 03: l/NG DyNG CONG THl/C HINH CHIEU. 

Gia sit S la diyn tich da giac (H)nam 

trong .(P) va S' la diyn tich cua hinh 

chieu (H’)ciia (H) tren (P') thi 

S' = Scosc|> trong do (|> la goc giua hai 
m|t phing (P) va (P). 
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Cty TNHH MTV DVVH Klumg Vi ft 


t?' 


cy vC vi Dy 

I dy 1. Cho lang tru tit giac deu ABCD.A'B'C'D’. Myt mat phing (a) hyp 
vdi mat phang day (ABCD) myt goc 45° va cit cac canh ben cua lang try 
M,N,P,Q . Tinh diyn tich thiet di#n, biet canh day cua lang try bing a . 

f % • • t • 

Loi giai 

Gyi S la diyn tich thiet diyn MNPQ. 

Ta co hinh chieu cua MNPQ xuong 
(ABCD)chinh la hinh vuong ABCD. 


S’ = S 


ABCO 


= a 


Gyi c|> = ((a),(ABCD)) thi cj> = 45 


o 


s 


Do S' = Scos(b = S— =>S = \f2S' = V2a : . 

2 



Vi dy 2. Cho tarn giac ABC co AB = 3a, duong cao CH = a va AH = a nim 
trong mat phang (P). Tren cac duong thing vuong goc voi (P) ke tir 


A,B,C lan luyt lay cac diem A^B^C' tuong ung nim ve myt phia cua (P) 


saocho A A, = 3a, BB, = 2a,CC, = a . Tinh di£n tich tarn giac A'B'C'. 


¥ ' • • t • 

Loigiai 4 > 


Ta co S 


3a 


ABC 


Vi CH 1 AB,CH = a, AH = a 


AC = a72 va BAC = 45°. 


Goi I = B'C'n BC,J = A'C'n AC. 


, 1 


Taco CC' = —BB’=> BC = CI 

2 


CC’ = Iaa' => CJ = - AC = — 
3 2 2 





Xet ABCH ta co BC 2 = BH 2 + CH 2 = 5a 2 => BC = av/5 


Mat khac AB 2 =CA 2 +CB 2 -2CAABcosC =>cosC = CA2 + CB2 AB - = - 


2CA.CB 


10 


*et AICJ ta co IJ 2 = Cl 2 + CJ 2 - 2CI.CJ cos ICJ = 


26a 


Ke duong cao CK cua AICK,do CC'l(lCj) nen C'KIIJ. 
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Ph an loai va phinrng phap $idi Hhih hoc 7 1 

Vay CKC chinh la goc giira hai mat ph5ng (ABC) va (A'B’C) 


nen — ^a'b*c* KC • 


i 


Ta co S„- t = —S 

2 


3a 


1 


, mat khac S. r . =—IJ.CK =>CK = 


3a 2 


id t“abc ,, . ici 2"' ’ IJ 


\/26a Sb 


Xet ACCK taco tanC'KC = 


CC' 


S 6 


CK 3a 



Ma 1 + tan 2 C'KC = 


1 


cos 2 CKC 


cosC'KC = 


n/35 ' 


Vay ^aik: -S ABC cosC KC=>S a bc - 


ABC 


SS 


cosC'KC ^ 

Vi du 3. Cho hinh lap phuong ABCD.A'B'C'D’ co canh bSng a. Gpi (a)la 

mat phSng di qua tarn Ocua hinh lap phuong va vuong goc voi duong 
cheo AC’. Tinh di?n tich thiet dipn cua hinh lap phuong ABCD.A’B'C'D 

cat bdi («). 


Lai giai 

Gq\ M la trung diem cua BC,do MA = MC’ = a\/5 nen AMAC can tai 

M, ma O la trung diem cua AC' => MO 1 AC’ => M e (a). 

Tuong tir , (a) se dit cac canh 

DC,DD',A'D',A',B’BB' tai cac diem 

N, P,Q,N,S. Thiet dipn la luc giac 
MNPQRS. 

Xet phep chieu vuong goc xuong mat 
ph3ng (A’B'C'D'), ta co hinh chieu 

cua luc giac MNPQRS la lye giac 
M'N'D’QRB’. 

Gpi S,S' lan lupt la dipn tich cua cac luc giac MNPQRS ' ’ 
M'N’D’QRB'thi S' = Scosc|) (l) voi § la goc giira mat phSng (a) va m? 1 

phang (A'B'C'D'). 



2 fa 2 

TacoS = S ABCD . — (S A q R +S CMN ) =a - — 


a a 
+ - 

8 8 


2 \ 


3a 


•( 2 ) 


J 
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Qoi I la tarn cua hinh vuong A'B'C'D' thi (ICC')-LB'D' nen CIC la goc 


I 


giira hai mat phSng (CB'D ) va mat phang (A'B’C'D') . 


S 




Ta co cos CIC' = 


IC 


IC 


1 


,c ' VCC' 2 +IC 2 


a'4 S 


1 


L?i co (rt)//(CB'D ) nen <j> = CIC'=> coscf> =(3) 

v 3 


3a 


Tir (l),(2),(3) ta co S = 


S' 


4 


3 Si 


coscj) 1 

s 


Vay dipn tich thiet dien la S = 


3Sa 2 


Bai toan 04: XAC DINH THIET DIEN CHlfA MQT Dl/ONG ThAnG VA 
VUONG GOC VOI MQT MAT PhAnG. 

Phuong phap: 

Bai toan: Cho myt phang (a) va duong 


1 . . 

thang a khong vuong goc voi (a). Xac 


djnh mat phang (p) chira a va vuong 


goc voi (a). 



De giai bai toan nay ta lam theo cac buoc sau: 
Chpn mpt diem A e a 


Dpng duong thang b di qua A va vuong goc voi (a). Khi do mp(a,b) 


chinh la mat phang (|3). 

Ac VI DV 

dy l. Cho hinh chop S.ABCD co day ABCD la hinh vuong canh a, canh 


SAl(ABCD) va SA = aV3.Gpi (a) la mat phang chita AB va vuong goc 


V( *i mat phang (SCD). Xac djnh va tinh thiet di£n cua hinh chop S.ABCD 


khi cat bai (a). 
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Phan loai va phitang phdp giai Hinh hoc 11 


w \ • • t • 

Lot giai 

Ke AH 1SD . 

Do SA1 (ABCD) => SA ± CD , lai co CD _L AD nen CD ± (SAD) 


CD J. ad 


Tu do taco •! =>AH±(SCD) 

AH1CD v ’ 

=>(ABH)i(SCD). 

Vay (ABH) chinh la mat phang (a). 


Ta co < 


ABc: («) 

CD c (SCD) 

AB // CD 
He(n)n(SCD) 


B 



D 


(a)n(SCD) = HK // AB // CD. Thiet di?n la tu giac AHKB . 


De thcYy AHKB la hinh thang vuong tai A va H, nen: 


S A „K, = i(AB + HK)AH. 


Ta co 


1 


1 1 

+ 


1 


AH 2 AS 2 AD 


(a75) 


1 4 

2 + a 2 " 3a 2 


AH = 


s 


Trong ASCD co HK // CD nen 


HK SH SH.SD SA 


CD SD SD 


SD 


SA 


3a 


3 3 

, , , T = — => HE = —CD = 

SA 2 + AD 2 3a 2 + a 2 4 4 


3 

-a. 

4 


Vsy S AH( ,„ = z(AB+HK) AH = ^ 


3a}j3i 
a +— 


7a 2 73 


J 


16 


Vi dy 2. 


a) (a) la m|t phang chua SD va vuong goc voi (SAC). Xac djnh va ti'nh diC’ 11 


tich thiet di«?n cua (a) voi hinh chop S.ABCD . 




b) GQi M la trung diem cua SA, N la diem thuQC canh AD sao cho AN 
M|t phling (|3) di qua MN va vuong goc voi (SAD). Xac djnh va tinh dif n 

tich thiet di£n cua hinh chop cat boi (p). 

w \ • • t • 

Lai giai 

a) GQi E la trung diem cua canh ABva O la giao diem cO 
ADCE la hinh vuong co tarn la O. 
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cua AC va DE 




Ctx/ TNHH MTV DVVH Khang Viet 


fa co SA 1 (ABCD) => SA 1 OD, them ntra OD JL AC => OD _L (SAC). 
* s 

Tir do ta co OD 1 (SAC) => (SDO) 1 (SAC). 

Visy (SDO) chinh la mat phang (a). 

Thiet di£n cua hinh chop voi m$t 
phBng (a) la tarn giac SDE. 


Ta co 


so=7oa 2 +as 2 = 



/r\ 2 


,72 


7 


2 / 3 

+ a =a, - . 



_X—% B 


1 


BC = DE = a72 , do DE 1 (SAC) => DE 1 AO => S SDE = ^SO.DE 


.I,!,*. 

2 V 2 


75 


[abi(sad) 

b)Taco . . ; '=>AB//(p). 

' [P-lsad u; 




Vay 


Me(p)n(SAB) 

AB c (SAB) => (p) n (SAB) = MQ // AB, Q e SB. 

AB // (p) 








Tuong tv. 


Ne(p)n(ABCD) 

AB c (ABCD) ^ (p)n(ABCD) = NP // AB,P € BC . 
AB // (p) 


Thiet di£n la tu giac MNPQ. 


Do 


NP // AB 
MQ // AB 


NP//MQ (l) 


| MNc(SAD) . , 

Lai co ■! / /=> AB1MN (2) 

F (ABl(SAD) v ’ 

Tir (l),(2) suy ra tu 1 giac MNPQ la hinh thang vuong t?i M vi N. 
Do ^S mnto = j(NP + MQ)MN. 


Mn = 7am 2 + an 2 = 


1 


a -l + x ^7a 2 + 4x 2 ^ AB = a 

4 2 2 
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Phan loai va phumtg phap gidi Hiitli Iwc 7 7 


NP _ DN 
AB ~ DA 


NP 


AB.DN 2a (a -x) , 

DA a v ’ 


Vgy S 


MNPQ 


1,./ v %7a 2 +4x 2 (3a -x)va 2 +4x 2 

= -( 2 (a-x) + a)----. 


CAC BAI TOAN LUY$N TAP 

64. Cho tir dipn OABC co OA,OB,OC doi mpt vuong goc va 
OA = OB = OC = a . Gpi I la trung diem cua BC. Hay dirng va tinh dp dai 

y • 

doan vuong goc chung giua cac c|ip duong thang: 
a) OA va BC b) AI va OC 

65. Cho hinh chop S.ABC co day ABC la tam giac deu canh a, canh 

SA 1 (ABC) va SA = . Ti'nh khoang each tu A den (SBC). 

66 . Chotudipn ABCD co ADI (ABC), AC = AD = 4cm, AB = 3cm, BC = 5cm 
Tinh khoang each tu A den (BCD). 

67. Cho hai mat phang (P) va (Q) vuong goc voi nhau, co giao tuyen la 

duong thang A. Tren A lay hai diem A,B sao cho AB = a . Trong mat 
phang (P) lay diem C, trong m3t phang (Q) lay diem D sao cho AC,BD 

ciing vuong goc voi A va AC = BD = AB. Xac djnh diem O each deu cac 
diem A,B,C,D va tinh khoang each tir A den (BCD). 

68 . Chotudipn ABCD co AB = a,AC = b,AD = c va BAC = CAD = DAB = 60 0 . 
Tinh khoang each tir D den (ABC). 

69. Cho hinh chop S.ABC co SA = 3a va SAl(ABC). Tam giac ABC co 

AB = BC = 2a, goc ABC = 120 °. Tinh khoang each tir A den (SBC). 

70. Cho hinh ISng try dung ABC.A’B’C' co day ABC la tam giac vuong 

BA = BC = a, canh ben AA' = a72. Gpi M la trung diem cua BC. Tint 1 
khoang each giua hai duong thang AM,B'C . 

71. Cho hinh chop S.ABCD co day la hinh thang vuong tai A va B' 

BA = BC = a,AD = 2a . Canh ben SAl(ABCD) va SA = a72 . Gpi H ^ 

hinh chieu vuong goc cua A tren SB. Chung minh tam giac SCD vudn? 
va tinh khoang each tir H den (SCD) . 


OKA 


I_ Cty TNHH MTV DVVH Khang Viet 

* 2 . Cho hinh chop deu S.ABCD co canh day bSng a . Gpi SH la duong cao 
cua hinh chop. Khoang each tir trung diem I cua SH den (SBC) b^ng b. 

Tinh SH. 


73 . Cho hinh chop S.ABCD co day ABCD la hinh thoi tam O, c?nh a va 
AC = a . Gpi H la trung diem cua canh AB, biet SH ±(ABCD^ va SH =a . 


Tinh khoang each 
a) Tir O den (SCD). 


b) Tir A den (SBC). 


74 . Cho lang tru deu ABC.A B C’ co tat ca cac canh deu bSng a . Gpi M,N lain 
lupt la trung diem cua AA’,BB'. Tinh khoang each giua hai duong th^ing 
B'M va CN. 

75 . Cho hinh chop S.ABCD co day ABCD la hinh thoi tam O, SOl(ABCD), 
AC = 4, BD = 2,SO = 73. Tinh 


a) Khoang each tir A den (SBC). 

b) Khoang each giua hai duong thang AB va SD. 

76. Cho tir dipn ABCD co AB = CD = a, AD = BC = b, AC = BD = c . Tinh khoang 
each giua cac cap canh do! cua tir dipn. 

77. Cho hinh chop S.ABCD co day la hinh vuong canh a. Gpi E la diem doi 
xung cua D qua trung diem cua SA, M la trung diem cue AE, N la 
trung diem cua BC. Chung minh MN 1 BD va tinh khoang each giua hai 
duong thang MN va AC . 

78. Cho hinh chop S.ABCD co day ABCD la hinh ch r r nhat voi 
AB = a, AD = 2a, canh SA 1 (ABCD), cpnh SB tao voi m|t phiing day mot 


goc 60°. Tren SA lay diem M sao cho AM = . Tinh khoang each tir S 


den (BCM). 

7 9. Cho hinh chop S.ABCD co day ABCD la hinh vuong canh a . Gpi M,N 
lan lupt la trung diem cac canh AB va AD; H la giao diem cua CN va 

DM. Biet SH 1 (ABCD) va SH = a73 . Tinh khoang each giua hai duong 
C thang DM va SC. 

8 °- Cho lang try dung ABCA B'C’ co AB = a,AC = 2a,AA‘ = 2a75 va 

BAC = 120°. Gq‘\ M la trung diem cua canh CC’. Chung minh MB J_MA 
va tinh khoang each tir A den ( A BM). 




























Phan loqi va phuang phdp gidi Hnth hoc 1 7 


LOI GIAI - Hl/ONG DAN - DAP SO 
64. 

a) Do j° A 1 ° B => OA 1 (OBC) => OA ± OI 
' O A J OC v ’ 

»• A * 


Lai co OB = OC va I la trung diem cua 
BC nen OI 1 BC. Vay OI la doan 
vuong goc chung cua OA va BC . 


b) G<?i J la trung diem cua OB thi mat phang (AIj) chua AI va song song voi 
OC. Ha OH 1 AJ,He AJ. 



Ta co 


IJ//OC 


• QC ± ^ QAB ^ =>U-L (OAB) => IJ 1 OH vi vay OH 1 (AIJ). Tir H ke 

duong thang song song vdi IJ cat AI tai E, tir E ke duong thSng song song 
voi OH cat OC tai F thi EF la doan vuong goc chunh cua AI va OC. 

Trong tam giac OAJ co ‘ ^ 


1 1 

+ - 


OH = 


OH 2 OA 2 OJ 2 a 2 5 


V|y EF = OH = 


£ 


65. G<?i I la trung diem cua BC. Do tam 
giac ABC deu nen AI1BC, mat khac 

SA 1 (ABC) => SA 1 BC => (SAl) 1 (SBC) 

do do ha AH 1 SI tai H thi 

• t 

AH 1 (SBC). 

Vay d(A,(SBC)) = AH. 

... , .. a\/3 n . a^/s 

Ta co AI =-,SA =-suy ra 



.4 N.— 


B 


1 1 1 

+ 


AH 2 . AI 2 AS 


1 1 
+ 


(a£' 

2 

(a£) 

2 . 

\ > 


2 

V / 


2 a 2 


AH = 


£ 


Hay d(A,(SBC)) = 


£ 
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XT Chung minh dupe AB,AC,AD 

£ I(a«(dbc)) = ■ 


doi mpt vuong goc , tir do tinh dup< 


OB = OC = OD 


67 . Gpi O la trung diem cua CD 

Taco (P)l(Q) va A = (P)n(Q), ma AC1A 

=> AC 1 (Q) => AC 1 AD 

AACD vuong tai A => OA = OC = OD. 
Tucrng tir ABCD vuong tai B = 

Vay OA = OB = OC = OD. 

I: „ ,, AH 1 BC 

Ha AH 1CB thi ( 

| | AH 1 BD 


=> AH 1 (BCD) do do d(A,(BCD)) = AH = 

68 . Gpi H la hinh chieu cua D tren (ABC) 

Ha HM 1 AB,HN 1 AC. 

Xet hai tam giac vuong AMD va AND 

co AD chung, MAD = NAD =(Xf nen 
AMAD = ANAD 

=>DM = DN=>HM = HN do do AH 


la duong phan giac goc A cua tam 
giac ABC. 


Ta co AM = ADcos60" = —. 


D 


H 


O 


A 


B 


D 


M 


// 


B 


AH = 


AM 


cos 30 


o 


_ 2 _ 

£ 


c£ 


DH = VAD 2 - AH 2 = 
Vay d(D(ABC)) = - 


^2 c 2 _ a£ 


£ 


6 9. Ke AI 1 BC,Ie BC, taco < 


BC 1 AI 
BC ISA 


25 




















































Phiin loai va phitong phdp $iai Hinh hoc 11 


BCl(SAl). 


Ke AH 1 SI thi 


AH 1 SI 

AH 1 BC 


AH 1 (SBC). 


Vay d(A,(SBC)) = AH. 




Taco ABU60°, AI = ABsin60 M = 2a.— = aV3 . 

2 A 


- - "Z C 


1 1 1 1.1 4 A „ 3a 

AH 2 AS 2 AI 2 U a \ 2 / K\ 2 9a 2 2 


(3a ) 2 (aS) 


Vay d(A,(SBC)) = 


3a 


70. Goi N la trung diem cua BB' ; ta co 

fB'C//MN , 

^ , . => B'C//(AMN) dodo 

(MNc(AMN) v ' 

d(AM,B'C) = d(B , / (AMN)). Mat khac 

N la trung diem cua BB' nen 
d(B , ,(AMN)) = d(B,(AMN)) 

Ke BI 1 AM thi AMlfBNI^ke BH±NI=>BH±(AMN) nen d(B,(AMN))=BH. 



Ta co 


1 


1 


1 


1 


+ 


1 


1 


BH BN BI BN BA BM 


2 • 


=> BH = . Vay d(AM,B’C) = ^. 

Cach 2. Ke BI 1 AM thi (IBB’) 1 AM, ke CK // AM thi CK 1 (IBB') 

Xet phep chieu vuong goc len (IBB ) thi ta co B’K la hinh chieu cua B'C 
tren (IBB') nen d(AM / B’C) = d(l,B'K). C * 


Ha IH 1 B'K,H g B'K, ta co 


1 


1 1 
+ 


BI 2 BA 2 BM 2 a 2 

r . 2aS . 
De thay BK =-va 


BI = 


s 


B’K = VbK 2 + BB ' 2 = J- 


+ 2 a 2 = a 
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Ta co AKHI-AKBB’ 


IH IK 


Cty TNHH MTV DVVH Khan y vi 


BB 1 B’K 


IH 


IK.BB' _ a>/5 ^ ^ y/5 _ ax/7 


B'K 


sfU 


Vay d(AM ( B'C) = ^ 


71 . GqI I la trung diem cua AD, the thi 

AD 

IA = ID = IC = —— nen AACD vuong 
tgi C => CD 1 AC(l) 


D 


L^ico SAl(ABCD) 


SA 1 CD (2). 



Tu (l),(2) suy ra CDl(SAC) 


=> CD 1 SC hay tarn giac SCD vuong tai C. 

Gpi d,,d 2 Ian lupt la khoangcach tu B,H den (SCD) 


T ' d 

Ta co — 
d 


2 SH SKSB SA 2 2 . 2 . 

— = =- z — = r- = — d, = — d, . 

SB 2 SB 2 3 2 3 1 


SB 


Ke AF ISC thi de thay AFl(SCD), ke BK//AF,K g EF thi d, = BK . 


Gpi E=ABnCD. 


T . BK EB 1 1 

Ta co = = - => BK = - AF. 

AF EA 2 2 


Mat khac, trong tam giac vuong SAC ta co: 


■ 11 11 11 

AF 2 " AC 2 + AS 2 " 2n 2 + 2 a 2 “ a 2 “ 

=>KB = -=>d,= —=>d 2 = — 

■ 2 1 2 2 3 2 3 

Vay d(H,(SCD)) = d 2 =^. 

Llr u y: Co the tfnh khoang each tu* H den 
(SCD) theo each khac nhu sau: 

Goi E = ABnCD,K = AHnSE 

11111111' i 




























































Phdti loai va phucmg phdp gidi Hmh hoc 11 


Dc thay B la trung diem cua AE va 


SH 2 


SB 


— nen H la trQng iam cua tarn 


giac ASE. 


Ta co 


1 


4 d(H,(SCP)) KH 
d(A,(SCD)) KA 3 


Tudi£n ABES co AB,AE,AS doi mpt vuong goc nen 


1 


1 


+ 


1 


+ 


1 


1 


1 


+ 


1 1 


d 2 (A,(SCD)) AE 2 AD 2 AS 2 4a 2 4a 2 2a 2 a 


d(A,(SCD)) = a => d(H,(SCD)) = -. 


2 • 


72. G<?i E la trung diem cua BC, ta co 

BC 1 HE , 

^ „ => BC 1 (SHE) 

BC 1 SH v ’ 

(SHE) 1 (SBC). Do do IKlSEthi 


IK 1 (SBC) => IK = b. 


Ta co ASKI - ASHE 


IK SK 


HE SH 



B 


SH = 


HE.SK 


(*), ma HE = -,IK = b,SK = n/sI 2 - IK 
IK ' ’ 2 


SH 


-b 2 


(*) oSH = 


a /SH 2 


2 b 


-b 2 oSH = 


2 ab 


4 a 2 -16b 2 


Vay SH = 


2 ab 


•v/a : -16b 2 


73. a) Goi I = HOnCD 


d(Q,(SCP)) pi 
d(H,(SCD)) HI 


1 

2 


Tam giac ABC deu nen CH 1 AB ma 
AB // CD => CH 1 CD. 


nen 


Mat khac CD 1 SH do do CD 1 (SHC), 
ke HJ 1 SC, J € SC => HJ 1 (SCD) 

=>d(H,(SCD)) = HJ. 



260 





Ta co HC =——, trong tarn giac SHCco 


1 


Cty TNHH MTV DWH Kha n% Viet 

1 


1 


HJ 2 HC 2 HS 


z. 


3 aV21 



d( 0 ,(SCD)) = id(H,(SCD)) = 


4^ 


2 \ ' " 14 

I ...... . d(A.(SBC» BA 

W Ta C ° B = AB -( SBC ) " en d(H ,(slq) = BH 


= 2 


Gc?i E,F Ian lirqyt la trung diem cua BC,BE thi 


AE 1 BC 


{ HF // AE 


HF 1 BC 


Vay V 1 SH ^ BC1 ( SHF ^ ^ ( SBC ) 1 ( SHF )' do d6 HK1SF thi 


HK l(SCC) nen d(H,(SBC)) = HK . 


Ta co HF = 


AE a%/3 1 


1 1 
+ 


HK 2 HF 2 HS 


16 1 
—~ — 7 

3a‘ a" 


19 

3a 2 




HK = 


in/3 


n/T9 


d(A,(SBC)) = 2d(H,(SBC)) = 


S 7 


19 


V*yd(A,(SB C))-^ 


74. Goi 0,0’ lan lirot la trung diem cua 
BC,B'C. I = 00 'nCN. 


B’M//AN 


Do ^ ", . => B'M // (CAN) 

ANc(ACN) V ’ 




d(B , M,CN) = d(B'M / (ACN)) 


I = d(B',(ACN)) (1) 



B 


Mat khac N la trung diem cua BB' nen d(B',(ACN)) = d(B,(CAN)) (2) 


Ta co CBn(CAN) = C 


d(B,(CAN)) CB _ (3] 

d(0,(CAN)) CO 


De thay tir diqn OACI co 0A,0C,01 doi mQt vuong goc nen 


26 







































































Phan loai va phircrng phap $iai Htnh hoc 7 7 


1 


1 1 1 

+-- + (4) 


d 2 (0,(ACN)) OA 2 OC 2 OI 2 

De thay OC = -,OI = — = -,OA = — nen 

2 2 4 2 


1 


1 


1 


1 


4 16 64 


d 2 (0,(ACN)) 


(afi) 

2 

V 

2 

V 

K) 

_ 


,2, 


,4, 


-- H-— + —- 

3a 2 a 2 a 2 


3a 


d(0,(ACN)) = 


S 

8 


(5). 


S 


Tir (l),(2) / (3),(4),(5) taco d(B'M,CN) = 

** 

75. a) Taco AOn(SBC) = C nen j( A '( 5BC )) = CA = / x 

V 1 d(0,(SBC)) CO 1 ’ 

Mat khac de thay tir dien OBCS co cac 
canh OB,OC,OS doi mpt vuong goc nen 


1 


1 


1 


1 


d 2 (0,(SBC)) OB 2 + OC 2 + OS 


, 1 1 19 

1 + —+ - =— 

4 3 12 


d(A,(SBC)) = 


d(0,(SBC)) = 


4n/3 


2v/3 

\/l9 


\f\9 ' 


D 





b) Ta co (SCD) la mat phang chua SD va song song voi AB vi vay 
d(AB,SD) = d(AB,(SCD)) = d(B,(SCD)).Tuong tu nhir cau a) ta co 

d(B,(SCD)) = 2d(0,(SCD)) ma d(0,(SCD)) = ^j| =>d(B,(SCD)) = ^=|, 
hay d(AB,SD) = ^|. 


76. Gpi M,N Ian lir<?t la trung diem cua AB va CD. 

Xet hai tam giac ACD va BCD co CD chung AC=BD,AD=BC nen 
AACD=ABCD, ma M la trung diem cua AB nen MN 1 AB. 

Li luan tuong ttr ta cung co MN 1 CD. 
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Cty TNHH MTV DVVH Kh< lns , viet 



Vay MN la duong vuong goc chung 
cua AB va CD, do do d(AB,CD) = MN. 


Ta co AN 2 = 


AC 2 + AD 2 CD 2 2(b 2 +c 2 )- 


MN 2 = AN 2 - AM 2 = 


2(b’+c*W -> 


2 .- 2 -2 , b 2 +c 2 - a 2 


b + c -a 


MN = 



B V-i -\_1 £. 


D 


hay d(AB,CD) = 


• ■) •> *» 

b“ +c‘ -a~ 


i 2 , 2 _b 2 /a 2 + b 2 -c 2 

Tinh tuong tir ta co : d(AD,BC) = J a . —- , d(AC,BD) = 


77 . Goi P la trung diem cua SA . 

Ta co MP la dirong trung binh cua AEAD 
MP // AD <» MP // BC. 


Do do MP //= NC nen MPCN la hinh 
binh hanh => MN // CP. 


Mat khac ABCD la hinh chop deu nen 
de dang chung minh duoc 

BD 1 (SAC) => BD 1 CP. 



-i t-\-3 D 


Vay | MN//CP ^MN1BD. 

I BD 1 CP 

Ta co (SAC) la mat ph3ng chira AC va song song voi 
d(MN,AC) = d(N,(SAC)) =id(B,(SAC)) = 


MN nen 


4i 


Vay d(MN,AC) = 
78. Ke SH 1 BM . 


BC1 AB 

{bcisa 


3n/2 


Ta co 


BC 1 (SAC) => BC ± SH 


. , [ SH 1 BM 

I co < 


Lai co <! ^SHl(MBC). 

SH 1 BC v ’ 





_ \ _ 



































































Phan loai va phwcrng phdp gidi Hhih hoc 11 


V$y d(S,(MBC)) = SH. 


Taco SA±(ABCD)=>(SB,(ABCD)) =SBA = 60' 


SA = A B tan 60° = a 73 


MB = 7aB 2 + AM 2 = a 2 + 


'aS ' 2 


V 


V 


2 a_ 

75 


De thay AMHS - AMAB nen 


MH MS 


HM = 


MA MB 

2a75 a75 

MS.MA 3 3 a 75 


MB 

2 a 

3 


75 



BH = BM + MH = -^L + 4= = a75 

73 73 

=> SH = 7SB 2 - BH 2 = 74a 2 - 3a 2 = a 

Vay d(S,(BCM)) = a. 

_ _ , [DMICN 

79. Ta co < => DM l(SCN) 

DM 1 SH v ’ 

=>DM±SC. Goi I la hinh chieu cua H 
tren SC thi HI la doan vuong goc chung 

cua SC va DM nen d(DM,SC) = HI. 

Tu giac AMHN npi tiep nen: 

DH.DM - DN.DA 

_ 2 _ 2 


DH = 


DN.DA 


B 



DM 27am 2 + AD 2 _ la 2 2 

2. - + a 


a 

J5 


Taco HC 2 = DC 2 - DH 2 = a 2 - 


4a 


HC- 


2a_ 

Ts 


Tam giac SCH vuong tai H va co duong cao HI nen 


H 
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1 


1 




(a 75) 


+ 


1 5 

+ 


19 


\ 


2a 

75 J 


3a 2 4a 2 12a 


V ay d(DM,SC)= 2 a j^- 


HI = 


275a 

7l9 


80 


Ap dung dinh li co sin ta co: 
gC 2 = AB : + AC : -2AB.ACcosA =a : +4a : -2.2a.a. 

=> BC = a75. 


l x 


= 7 a 


Taco BM = 7BC 2 +MC 2 = 2a75,A’B = 7AB : + AA ’ 2 = a721 

A'M = 7A'C 2 + C'M 2 = 3a, tu do ta co MB 2 + MA ' 2 = 21a 2 = A'B 2 nen tam 
giac MA'B vuong tai M hay MBIMA'.Ke BIT AC tai I. 

L , , d(A,(A'BM)) NA 

G<?i N = A'NnAC, taco IAn(A'BM) = N nen v v ” ~ 


d(l,(A'BM)) NI 


,o a 


Taco AN = 2AC = 4a, AI = ABcos60 =— nen IN 

■ I 2 

d(A,(A*BM)) 4 a 8 

do do — V ; -= — = - . 

d(I,(A'BM)) 9a 9 


IA + AN = - + 4a 

2 


9a 

2 


Dethay BIl(ACC’A’)=»BIlA'M, b , 


A'MIBI 41Wi/iw „y 
v?y <! => A M1 (IMB) 

'A'MIMB v ’ 

(IBM)i(A'BM) = BM 
nenke IK IBM thi IKl(A'BM). 
Vay d(l,(A'BM)) = IK. 



Ta co IM = 7lC 2 +CM 2 = 


/ 5a V 2a751 3a75 


+ 








1 

ii < 2 


i i 
+ 


64 


IM 2 IB 2 3a 2 45a 2 45a 


IK = 


3a 75 


8 
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Phan loni va phirong phap $idi Hinh hoc VI _ 

.l, ./ 4 8 3a v 5 av5 

Dodo d(A,(A BM )) = 9 -- = _ 5“ 

. . ..... J d (A,(A’BM)) NA 

Luu y: Co the su dung — 7 — - rr = ttz ; 

d(C,(A'BM)) NC 

dtf<?c khoang each tCr A den (A BM). 


dung nhu hinh ve cung 







f _ Ct\, TNH H MTV DVVH Khan$ Viet 

* Khoang each 

T OM tat giao khoa. 

^ Khoang each tu mpt diem tai mpt duang thing. 

Cho diem M va mot duang thang A. Trong 
fpp^M/A) gpi H la hinh chieu vuong goc cua M 

tren A. Khi do khoang each MH dupe gpi la M // A 
khoang each tu diem M den A . 

d(M,A) = MH 

>Ihan xet: OH<OM,VMeA 

2 . Khoang each tu mpt diem tai mpt mat phing. 

Cho mat phang («)va mot diem M, gpi H la 

hinh chieu cua diem M tren mat phang (a). Khi 

do khoang each MH dupe gpi la khoang each tu 
diem M den mat phang (a). 



O 



d(M,(a)) = MH 
Nhan xet: OH < MO, VM e (a) 

t ? 

3. Khoang each tu mpt duang thang tai mpt mat phang. 

Cho duang thang A va mat phang (a) song song 


M 


vai nhau. Khi do khoang each tu mpt diem bat ki 
tren A den mat phang (a) dupe gpi la khoang 

each giira duang thang A va mat phang (a). 
d(A,(a)) = d(M,(a)) / MeA. 

^ Khoang each giua hai mat phang. 

Cho hai mat phang (a) va ((3) song song vai nhau, 

khoang each tu mpt diem bat ki tren mat phang nay 
den mat phang kia dupe gpi la khoang each giua hai 

mat phang (a) va (p). 

d ((«)'(P)H( M '(W) = d ( N -( n )) ’ Me (o).N«(p). 


» 
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Phan loai va phuong phap giai Hinh hoc 11 



5. Khoang each gitra hai duong thing. 

Cho hai ciirong thang cheo nhau a,b . Dq dai 
doan vuong goc chung MN cua a va 
b dir(?c goi la khoang each giua hai duong 
thang a va b. 


B. LUYEN KI NANG GIAI CAC DANG BAI TAP. 

• • • 

Bai toan 01 : TINH KHOANG CACH Tlf DIEM M DEN DI/ONG THANG A 
Phuong phap: 

De tinh khoang each tir diem M den duong thang A ta can xr.c djnh dupe 
hinh chicu H cua diem M tren duong thang A, roi xem MH la duori^ 
cao cua mot tarn giac nao do de tinh. Diem H thuong dupe dung theo hai 
each sau: 

• Trong mp(M,A) ve MHlA=>d(M / A) = MH 

• Dung mat phang (a) qua M va vuong goc voi A tai H => d(M,A) = MH. 


Hai cong thirc sau thuong du<?c dung de tinh MH 


1 


1 1 
+ 


MH 2 MA 2 MB 


2 * 


• AMAB vuong tai M va co duong cao AH thi 

• MH la duong cao cua AMABthi MH = — 

6 AB 

CAC VI DV 

Vi dy 1. Cho hinh lap phuong ABCD.A'B'CD’ co canh bang a. Tinh khoang 

cac tir dinh D' den duong cheo AC'. 

« % • • ? • 

Lot giai 

G<?i H la hinhchieu cua D' tren AC'. 

C'D’ID'A’ 


Do 


C'D'IDD' 


C'D'l(ADD'A') 


C'D’J. D'A. 

Vay tarn giac D'AC' vuong tai D' co duong 
cao D'H suy ra 



1 


1 


D’H 2 D'A 2 D'C 


■ A 2 


+ 


1 


1 


• <”•2 


V|yd(D,AC) = aj|. 




1 

— + —7 

a~ 


2 a 
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■r _ Cly TNHH MTV DVVH Khnn^ Viet 

^T^y 2 ^Hinh chop S.ABCD co day ABCD la hinh vuong tarn Oc^nh a , canh 
i 1 gA vuong goc voi mat phang (ABCD) va SA = a . Gpi I la trung diem cua 

canh SC va M la trung diem cua dogn AB. Tinh khoang each tir I den 
/lirone thang CM. 


duong th^ng CM. 

w % • • 2 • 

Loi giai 

Trong (ICM) ke IH1CM thi d(l,CM) = IH. 
G(?i N = MO n DC, N e CD. 

Ta co AMHO - AMNC => 

CN MC 


Ma OM = CN = |,CM = 7 bM 2 + BC 2 


2 3 

+ a = - 


s 



'a' 2 

. 2 , 

Suy ra OH - = —j*' OI la duong trung binh trong tarn giac SAC 


nen OI = 


SA a 


m f • 

Ta co 


OI / /SA 
SAl(ABCD) 


nen IH = VOH 2 + OI 2 = 


0I±(ABCD)=>0I±0H =>AOHI vuong tai O 


730 

10 



— = a 



Vay d(l,CM) = 


a730 

10 


Vi dy 3 . Cho hinh chop S.ABCD co day ABCD la hinh thoi tarn Ocanh a, 
goc ABC = 120°, SC 1 (ABCD) va SC = h. Tinh khoang each tir diem O 
den duong thSng SA theo a va h. 



| Loi giai 

Ke OH !SA,HeSA thi d(0,SA) = OH. 

Do ABCD la hinh thoi c^nh a va 
ABC = 120 ° nen ACBD deu canh 

73 


co= 


CA = 2CO = a73 . 
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Phan loai va phivong phap $iai Hinh hpc 11 


SA = n/CS 2 + CA 2 = Jh 2 +(ax/3 ) 2 = \/3a 2 +h 2 

Hai tarn giac vuong AHO va ACS dong dang nen 

a\/3 


OH OA . OA.SC 

-=-=> (JH = - 

SC SA 


.h 


hx/3 


SA V3a 2 + h 2 27ia T +h 7 

V4 y d(O.SA).OH = -^_. 

Vi du 4.. Cho hinh chop S.ABCD co day ABCD la hinh vuong canh a va 
canh ben SAl(ABCD), SA = a.Gpi E la trung diem cua canh CD.Tinh 

khoang each tu S den duong thang BE . 

« \ • • f • 

Loi giai 

Trong(SBM) ke SH1BM thi d(S,BM) = SH. 


Gpi N = BM n AD , ta co AD // BC 


AN = 2a. 


Trong tam giac vuong ABN co 


DN _ MD 
BC ” MC 


= l=>DN = BC = a 


1 


1 1 

+ 


AH 2 AB 2 AN 


1 1 

— + 


( 2 a) 


4a 


AH = 


2a S 



SA 1 (ACCD) => SA 1 AH o A ASH vuong tai A, do do 

SH = VAH 2 + AS 2 = J- a 2 + a 2 = . 

V 5 5 


Vay d(S,BM) = SH = 


3a S 


270 



Cti/ TNHH MTV DVVH Khang Viet 


-4i toan 02: TINH KHOANG CACH TIT MQT DIEM DEN M0T MAT PhAnG. 


,ihtfO n S P h ap: 

pe tinh dupe khoang tir diem M den mat phang (a) thi dieu quan trgng 


nhat la ta phai xac djnh dupe hinh chieu cua diem M tren (a). De xac djnh 


doge vj tri hinh chieu nay ta co mot so luu y sau: 
[sleu co dl(a) thi MH//d (hi). 


M 


Chpn (p) chua diem M , roi xac djnh giao tuyen 


A = («)r>{p).Trong (p) dung MHlA=>MHl(a) (h2). 


Neu trong (a) co hai diem A,B saocho 


A" 


MA = MB thi trong (a) ke duong trung true d cua 


hi 


doan AB, roi trong mp(M,d)dgng MH Id . Khi do 


MH 1 (a) (h3) 


Wi 


That vay, gQi I la trung diem cua AB. Do 
MA = MB nen AMAB can tai M => MI 1 AB c (a). 


M 


Lai co AB 1 d => AB 1 mp(M,d) 




A 



AB 1 MH . 
JMH1AB 


1:2 


M 


Vay " =>MHl(a). 

y 1MH1d v ' 


Neu trong (a) co mQt diem A va mot duong thang 


d khong di qua Asao cho MAldthi trong (a) 


ke duong thang d’ di qua A va d'J-d, roi trong 
mp(M / d')ke MH±d’=>MH±(a).(/i4) 



H3 


That vay, do d ± d' va d 1 MA =$d X mp(M,d) => d ± MH 


Lai co MH ±d' => MH 1 mp(d,d') = (cx). 


Neu trong («) co cac diem A,,A 2 ,...,A n (n£3) ma 


M 


% 

MA, =MA, =... = MA ho|c cac duong thang 


MA | ,MA ! ,.,.,MA n tao voi (a) cac goc b3ng nhau 


thi hinh chieu cua M tren (a) chinh la tam duong 


Iron ngoai tiep da giac A,A 2 ...A n . 



h4 
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Phan loai va phucmg phdp giai Hinh hoc 

• Neu trong (a) co cac diem A,, A.,..., A n (n £ 3) ma 

cac m|it phang (MA i A,),(MA ; A,),...,(MA m A i ) thi 

hinh chieu cua M la tam dirong tron npi tiep da 
giac A,A r ..A n . 

• Doi khi, thay vi hinh chieu cua diem M xuo’ng 
(a) ta co the dung hinh chieu mpt diem N khac 

thich hpp hon sao cho MN//(a). Khi do 
d(M,(a)) = d(N,(a)). (h5) 



hS 

d(M,(a))=d(N,(a» 


• Mpt ket qua co nhieu ung dung de tinh khoang each tir mpt diem den mat 
phang doi voi tu dipn vuong (tuong tp nhu hp thuc lupng trong tam gia c 
vuong) la: A 

Neu tudipn OABC co OA,OB,OC doi mpt 
vuong goc va co duong cao OH thi 


1 


1 


+ 


1 


+ 


1 


OH 2 OA OB 2 OC 


2 • 



CAC VI DV 

Vi dy 1 . Cho hinh chop S.ABC co day ABC la mpt tam giac deu canh a , canh 
SA vuong goc vdi (ABC) va SA = h, goc giCra hai m5t phang (SBC) va 

(ABC) b3ng 60°. Tinh khoang each t u A den (SBC) theo a va h . 


t % • • t • 

Lai giai 


Gpi I la trung diem cua BC, ta co J^ (SAl) 1 BC 

SA 1 BC v ’ 

Vay AIS chinh la goc giua hai mlt phang (SBC) va (ABC) 

=> AIS = 60°. 5 

Trong (SBC) ke AH 1 SI. 

[bci(sai) 

Ta co V => AH 1 BC. 

. AH c (SAl) 

(AH 1 BC 

V?y l A HlSI SAH1 < SBC > 

d(A,(SBC)) = AH. 





B 
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Cty TNHH MTV DWH Khang Viet 



Tam giac ABC deu canh a nen AI = 




Trong tam giac AIS ta co 

1 1 1 _ 1 _ 

2 “ AI 2 + AS 2 ” 


1 4h 2 +3a 




v 


2 + h 2 


2u2 


3a h 


AH = 


hx/3 


\/4h 2 + 3a : 


/ 


Hay d(A.(SBC))--^^ 


3a 

x dy 2 . Cho hinh chop S.ABCD co day ABCD la hinh thang vuong tai A va 

B, BA = BC = a, AD = 2a . Canh ben SA vuong goc voi day va SA = a%/2. 
Gq'i H la hinh chieu vuong goc cua A tren SB. Tinh khoang each t ix H 
den mat phang (SCD). 

w s • • f • 

Lai giai 

Trong (ABCD) gpi M = ABnCD, trong (SAM) gpi K = AHnSM,ke 

AE1SC tai E vagpi N la trung diem cua AD. s 
De thay ABCN la hinh vuong nen NC = AB = a. 

Do do NA = NC = ND = a=> AACD vuong tai C 
=> CD 1 AC, lai co CD 1 SA => CD 1 (SAC) 

=> (sac) 1 (scd) . 


Vay 


(SAC) 1 (SCD) 

(SAC)n(SCD)=SC^ 

AE c (SAC) 1 M ' 

AE 1 SC 



Trong (AKE) ke HF//AE,FeKE, thi tir(l)suy ra HFl(SCD) 
=>d(H,(SCD)) = HF. 

Do BC//AD => — =—=—=i => MA=2AB = 2a => B la trung diom cua MA. 

MA AD 2a 2 


, . , BH BH.BS BA 2 

Mu co-=-=— = 1 - T ■ 

BS BS 2 AB 2 + AS 2 .2 


a + 


K) 


1 

2 "3 


Vay H la trpng tam cua tam giac SAM, do do 


. HF KH 1 HF = !aE. 


AE KA 3 


273 





















































Phan loai va phucnig phdp giai Hinh hoc 11 


Ttrdi^n ADMS co ba canh AD, AM, AS doi mQt vuong goc va 


AEl(SMD) nen -JL = ^_ + _i 


1 


AE' AD' AM 2 + AS 2 


1 


+ 


1 


1 


1 


4a 4a 2a 


AE = a. 


Vay =>d(H,(SCD)) = HF = ^AE = |. 

Nhan xet: Tir bai tren ta thay neu duang thang AB 


cat 


I \ • T .U' d ( A '( a )) IA 

(a) tai I thi —7—7— f = — 

1 ; • d B,(a) IB 



Vi dp 3. Cho hinh hpp chu nhat ABCD.A’B'C'D' co ba ki'ch thiroc 

AB = a,AD = b,AA' = c. Trnh khoang each tir A den mat phSng (DA'C). 

f ^ • • » • 

Lai giai 

Gq'\ I la tam cua hinh binh hanh 
ADD'A' thi I la trung diem cua AD’. 


. d(A,(DA'C)) ia . 
d(D',(DA'C')) ID' 

=> d(A,(DA'C')) = d(D',(DA'C’)). 

Mat khac ta co tu dien D’ADC' co cac 
canh D'D,D'A' ( D’C' doi mpt vuong 
goc nen 


A' 



B 


1 


1 1 1 
+-— + 


1 1 1 aV + bV+c'a 


2_2 . . 2.2 


d 2 (D',(DA'C')) D'D 2 D'A ' 2 D'C’ 


a 2 b 2 c 2 


_ 21 2 2 

a b c 


Vay d(A,(DA'C')) = 


1 


a be 


111 Va : b 2 + b 2 c : + c 2 a 2 


^ + —z + « 

a“ b 2 c‘ 


Vi du 4. Cho hinh hop ABCD.A'B CD' co tat ca cac mat deu la hinh thoi canh a, 
cac goc BAA'= BAD = DAA’= 60°. Tinh khoang each tu* A’ den (ABCD). 

* ^ • • t • 

• Lai giai 

Do ABCD.A'B'C'D’ co tat ca cac mat deu la hinh thoi canh a va 

BAA'= BAD = DAA'= 60° nen cac tam giac ABA',ABD,ADA' deu la ca c 
tam giac deu canh a=>A'A = A , B = A’D( A' each deu ba dinh cua AABD)- 


on a 


Ct i/ TNHH MTV DWH Khang Viet 


G<?i H la hinh chieu cua A' tren (ABCD) thi cac tam giac vuong 
A’HA,A'HB,A'HD bang nhau nen HA = HB = HD suy ra H la tam cua 
duong tron ngogi tiep AABD. 

Gpi O giao diem cua AC va BD, ta co 


, 2 2 aV3 a 

A H =3 AO =3—= 


A'H = n^AA , 2 -AH 2 = la 2 - 


y /3 


• 

3 


L 

( r\ 2 

av3 

1 

3 J 



Vay d(A',(ABCD)) = A'H=aJ|. 



Vi dp 5. Cho hinh chop S.ABCD co day ABCD la hinh thang vuong tai A va 
D, tam giac SAD deu va co canh bang 2a , BC = 3a cac mat ben tao voi 

day cac goc bang nhau. Tinh khoang each tir S den mat phang (ABCD). 


v ^ • • t • 

Loi giai 


Gpi I la hinh chieu vuong goc cua S tren (ABCD), Gpi I,,I 2 ,I 3 ,I 4 lan lupt 


la hinh chieu cua I tren cac c^nh AB,BC,CD,DA thi cac goc K,S(i-l,4) la 

• \ 

goc gifra cac mat ben va mat day do do chung bang nhau,suy ra cac tam 

giac vuong SII, ,SII 2 / SII 3 / SII 4 bang nhau nen II, =II 2 =II 3 =H 4 => I la tam 

dirdng tron n<?i tiep hinh thang ABCD . 

Vi tir giac ABCD ngoai tiep nen AB + DC = AD + BC = 5a 

^ l ad + uuau = - .oa. 2 a = 5a 2 

GQi p la nira chu vi va r la ban kinh dirong tron nQi tiep cua hinh thang 

AB + DC + AD + BC 10a s 


Di£n tich hinh thang ABCD la S = ^-(AB + DC)AD = — . 5 a. 2 a-fa 


ABCD thi p = 


= 5a 


S = 


P r 


A — 




S 5a 2 
p 5a 


= a => II. = r = a. 


Tam giac SAD deu va co canh 2a nen 
2a>/3 



= aV3 SI = N /si^Ml7 = 


Vay d(S,(ABCD)) = SI = aV2. 



->( 


2751 
























































Phan loai vd phurmg phdp gidi Hinh hoc 11 


Bai toan 03: KHOANG CACH GltfA HAI Dl/ONG ThAnG CHEO NHAU. 
Phuang phap: 

De tinh khoang each gii>a hai duong thing cheo nhau ta co the dung mQt 
trong cac each sau: 

• Dvrng doan vuong gocchung MN cua a va b. Khi do 

d(a / b) = MN . Sau day la mQt so each dvrng doan vuong goc chung thirong 


a 



dung: 

Neu alb thi ta dung doanvuong goc chung cua a va b nhu sau 

- Dung mat phing (a) chtra b va vuong goc voi a . 

- Tim giao diem O = a n(a). 

- Dung OH 1 b . 

Doan OH chinh la doan vuong goc chung cua a va b. 

Neu a,b khong vuong goc voi nhau thi co the 
dung do^n vuong goc chung cua a va b theo hai 
each sau: 

Cdch 1. 

- Dvrng m£t phang (a) chua b va song song voi a . 

- D^rng hir.h chieu A’ cua mQt diem A ea tren (a). 

- Trong (a) dvrng duong thing a’ di qua A 1 va 

song song voi a dit b t$i M, tir M dung duong 
thing song song voi AA’ cat a tai N . Doan MN 
chinh la doan vuong goc chung cua a va b. 

Cdch 2. 

- Dung mat phang (a) vuong goc voi a . 

- Tim giao diem O = a n(a). Dvrng hinh chieu b' cua b tren (a) 

- Trong (a) dvrng OHlb‘ tai H. 

- Tir H dvrng duong thang song song voi a cit b tai B. 

- Tir B dyng duong thang song song voi OH cat a t?i A. 

- Doan AB chinh la doan vuong goc chung cua a va b. 

• Xem khoang each giira hai duong thing a,b cheo nhau bing khoang each 
tu mQt d»em A € a den m$t phing (a) chua b va (a) // a . 


A 

N 


I 

a 

A f 

- t 

M / 


a 


a 




Cty TNHH MTV DVVH Khang Viet 


, Su dung d(a,b) = d ((a),(p)) = d( A,(p)), A e (a) 


# Sir dung phirong phap vec to 


a ) MN la doan vuong goc chung cua AB va 


CD khi va chi khi 


AM = xAB 


CN = yCD 


MN.AB = 0 



MN.CD = 0 


b) Neu trong (a) co hai vec to khong cung 


phuong 'j |( u, thi 


OH = d(0,(a)) 


OH 1 u 



<=> < 


OH 1 u 


O 


H e (a) 


<=> < 


OH.u. =0 


i 


OH.u 2 =0 


He (a) 



Cac vi dvi 

Vi d\i 1 . Cho hinh chop S.ABCD co day ABCD la hinh vuong canh a, c^inh 
ben SA vuong goc voi mlt phang day (ABCD) va SA =a . Tinh khoang 


each giOr hai duong th3ng. 

a) SB va AD. b) BD va SC. 

v % • • 1 • 

,1 Lai giai. 

a) Ke duong cao AH cua tam giac SAB. Ta co 
ADI AB 


AD ISA 


AD 1 (SAB) => AD 1 AH 


Vay AH la doan vuong goc chung cua 
SB va AD, nen d(AD,SB) = AH. 


Tam giac SAB vuong can tai A co 


1 J 2 

duong cao AH nen AH = — SB = —— 


B 



D 
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l J h(in loai va phuong phap giiii Hinh hgc 11 


Cty TNHH MTV UWH KMHg VKT 


a\fz 


Vay d(AD,SB) = AH = 

, _ f BD1 AC , 

b) Ta co < => BD 1 (SAC) . Ggi O la tarn cua hinh vuong ABCD va k< 

DU i. 

OK.LSC,K€SC thi OK la doan vuong goc chung cua BD va SC. 

Vay d(BD,SC) = OK = ^-AI ( I la trung diem cua SC) 


Ta co 


1 


AK 


1 1 
+ 


_ 1 1 
AS 2 AC 2 ’"a 2 + 2a 2 


2 a 


AK = 




Vay d(BD,SC) = 


a>/6 


Vi dp 2. Cho hinh vuong ABCD canh a , I la trung diem cua AB. Di^ng 

/r 

IS ±( ABCD) vaSI = ^—.Gpi M,N,P Ian luot la trung diem cac canh 

BC,SD,SB . Dung va tinh dp dai doan vuong goc chung cua cac cap duong 
thang sau: 

a) NP va AC . b) MN va AP. 

f \ • • t • 

Loi giai ? 

a) Trong (SAB) ke PJ // SI, 

tir J ke JE // BD, E e AC 
Tu E ke EF // PJ, F e PN. 
f PJ // SI 

dJ sii(abcd) = > p,1 < abcd > 


PJ 1 AC (1). 


PN H BD , , 

Lai co ^ =>PN±AC (2) 

BD 1 AC v ; 



- -*D 


TO (l),(2) taco AC vuong goc voi (PNj) tai E, ma EFc(PNj)=>AC±EF 
Vay EF la doan vuong goc chung cua NP va AC. 

d(AC,PN) = EF = PJ = ^SI = ——■ 

b) GQi Q la trung diem cua AB. 

Ta co MQ // AB, AB c (SAB) => MQ // (SAB). 


Tuong tu NQ // SA,SA c: (SAB) => NQ // (SAB) . 


Vay (MNQ) // (SAB) 


Do 


/ x fMBlAB 

>NM// (SAB) .L^ico | MB1SI =* MB 1 ( S A B )=> B 

|a hinh chieu cua M tren (SAB). Tu B ke duong th3ng song song voi MN 
cat AP tai K thi BK la hinh chieu cua MN tren (SAB). Tu K ke duong 

thSng song song voi MB c5t MN tai H thi KH la doan vuong goc chung 
cua MN va AP . 

Vay d(MN,AP) = KH = MB = |. 

Vi du 3. Cho hinh lap phuong ABCD.A’B'C’D' canh a. Tinh khoang each 
giua hai duong thang AD' va BD. 

f ^ • • t • 

Lot giai 

Cdch 1. Dung duong vuong goc chung 
(theo each 1 ) roi tinh do dai doan vuong 
goc chung. 

j BD // B D ( AB ' D ,j 

|aD'c(AB’D') V ’ 

ph3ng chua AD’ va song song voi BD . 

Goi O la tarn cua hinh vuong ABCD 
Ta dung hinh chieu cua diem O tren (AB'D’). 

Do ° 1A C ^B'D'lCCC'A’j^B'D'lA'C (l) 

B'D'ICC' V ' 

Tuong tu A C 1 AD’ (2). 

Tu (l),(2) suy ra A C l(AB'D'). GQi G = ACn(AB D ). 

Do AAB'D' deu va A’A = A’B'= A’D’ nen G la trong tarn cua tarn giac 
AB'D’. Vay goi I la tarn cua hinh vuong A B C D' thi AI la trung tuyen 
cua tarn giac AB'D' nen A,G,I thang hang. 

Trong (ACCA’) dung OH//CA' c3t AI tai H thi H la hinh chieu cua 
OeBD tren (AB'D'). 

Tir H dung duong thang song song voi BD cat AD tai M, tu M diing 
duong thSng song song voi OH cat BD tai N thi MN la doan vuong go<- 

rhnna nia AD va BD do do d (AD .BDj = MN . 
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Phan loai va phiccntg phdp giai H'mh hoc 11 


De thay MNOH la hinh chu nhat nen MN =OH . Do OH la duong trun^ 


binh trong tam giac ACG => OH = ^CG . 


Mat khac — = — = 2 

GA' A'l 


OH - 1 2% Aa - 

2 3 3 


Vay d(AD',BD) = MN = OH = 


CG = 2 GA’ => CG = -CA’ = -asfe 

3 3 


2\[3i 


aV3 


Cdch 2. Dung duong vuong goc chung 
(theo each 2 ) roi tinh do dai doan 
vuong goc chung. 

ChQn (DCB’A ) vuong goc voi AD' 



tai trung diem O cua AD'. Goi I la 
tam cua hinh vuong BCC'B' thi 
BI 1 CB’ va BI 1 CD nen BI±(DCB'A') 

tu do DI la hinh chieu cua DB len 
(DCB’A'). 

Trong (DCB'A ) ke OH 1 DI, tu H dung duong thang song song voi 

/ t 0 

AD' cat BD tai M, tu M dung duong thang song song voi OH cat OA 
tai N thi MN la doan vuong goc chung cua cua AD' va BD do do 
d(AD',BD) = MN. 4 • 

Ta co OHMN la hinh chu nhat nen 
MN = OH, m5t khac OH la duong 
cao trong tam giac vuong ODI nen: 


1 


1 


1 


1 


OH 2 CD 2 OI 




.4l\ 


1 

2 + a 2 


V 


/ 


OH = 


£ 


Vay d(AD',BD) = MN = OH = 
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Tick 3 . Gia 


Cti/TNHH MTV DVVH Khmtg Viet 


rach 3. Gia su MN la doan vuong goc chung cua AD' va BD voi M e AD', 
NeBD.Tir M ke MP 1 AD, tu N ke NQ1AD. 

Ve thay BD 1 (MNP) => BD 1 NP; AD' 1 (MNQ) => AD' 1 MQ. " 

Hai tam giac AMQ va DNP vuong can nen QD = QN = QP = MP = PA = — 

3 


Lai co PN = 


DP 2a ax/2 

£ ~ 3 J 2 ~ 2 


Tu do MN 2 = PM 2 + PN 2 = 


V 2 
X 


+ 


a-Jl 


X 


v 


MN = 


£ 


/ 


Cdch 4. Xem khoang each can tim bang khoang each cua hai m|t phiing song 
song chua hai duong do. 

AD'c(AB'D') 

BDc(BDC') 

[(AB'D')//(BDC) 


De thay 


d(AD’,BD) = d((AB'D'),(BDC')). 



Gpi I,J Ian lupt la giao diem cua A'C 
voi cac mat ph3ng (AB'D'),(BDC'). 

Theo chung minh trong each 1 thi I,J lan 
lupt la trpng tam cua cac tam giac AB’D' 
va (BDC').M3t khac de dang chung minh dupe A'Cl(AB'D’), A'Cl(BDC'). 

suy ra d(AD',BD) = d((AB'D'),(BDC)) = lJ = iA'C = —. 

3 3 

Cdch 5. Sir dung phuong phap vec to 

Ggi MN la doan vuong goc chung cua AD' va BD voi MeAD’,NgBD 

/ Dat AB = x / AD = y / AA' = z=> x = y = z = a,xy = yz = zx = 0 


AD’ = y + z => AM = kAD' = k|y + zj,DB = x - y => DN = m|x - yj 
Ta co MN = AN - AM = AD + DN - AM = mx + (l-k-m)y-kz 
Vi MN ±DB=>MN.DB = 0 <=>|mx + (l-k-m)y + kzj(x-yj = 0 
<=> 2 m + k -1 = 0 . 
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, L _-I 

<=>m=k= ^ 

m+2k=1 


3' 


Vay MN = ix + -y--z=>MN = 
} 3 3^3 


MN 


1/-2 —2 -2 

= x + y +z 


\ 




/ 


Vi du 4. Cho tu di£n SABC co SA,SB,SC doi mpt vuong goc va Sa=SB=SC^ 0 
Goi M,N lan lupt la trung diem cua AB va SA . Dirng duong vuong g ()c 
chung va tinh khoang each giiia hai dirong thang SM va CN . 

Lai giai c 

Cdch 1. Dung doan vuong goc chung 

% 

IK cua hai dirong thang SM va 
CN (then each 1) roi tinh IK . 

Goi E la trung diem cua AM, ta co 
fNEc(CNE) 

J ' ; =>SM//(CNE), do do 


[SM // NS 
(CNE) la mat phang chira CN va 


song song voi SM. 

Trong (SAB), ke SF1NE thi 


NE1SF 

NE1CS 



- - y B 


NE1 (CSF) => (CSF) 1 (CNE) 


Trong (CSF) ke SH 1CF => SH l(CNE) vay H la hinh chieu cua S tren 
(CNE), tir H ke duong thang song song voi SM cat CN tai K, tCr K ke 

V § 

duong thang song song voi SH cat SM tai I thi IK la doa.i vuong goc 
chung cua SN va CN. 


Ta co SF = AM = 


4i 


1 


1 


+ 


i 


i 


SH SF SC 








i 


1 9 

+ 2 “ 2 
a a 


SH = -. 
3 


Vay d(SM,CN) = IK = SH = -. 

Cdch 2. Dyng doan vuong goc chung IK cua hai duong thang SM va CN 
(theo each 2) roi tinh IK. 

Goi P,Q 'an lugt la trung diem cua SB vaCN, E la giao diem cua NP va SM 
Khi do NQ // CS,CS 1 (SAB) 

=> NQ1 (SAB) => NQ1SM 
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Cti/ TNHH 


co SM±NP=*SM±(NPQ) tai E, < 
I jyng hinh binh hanh CSEH =>CH // SE, 
ma SE l(NPQ)=> CH l(NPQ) / vi vay 
jsjH la hinh chieu cua NC tren 

(NPQ).Ke EF1NH tai F, tu F ke 

, / 

dirong thang song song voi SM cat 

CN tai I, tir I ke duong thang song 
song voi EF dtt SM tai K thi IK la 
doan vuong goc chung cua CN va SM. 
Tam giac vuong tai co duong cao 

1 


1 1 

+ 


1 


1 


EF : EH 2 EN 2 CS 2 fAB 

.4 


\- 


/ 


1 8 


~ + _ T 
a‘ a 



=>EF = |.Vay d(CN,SM) = IK = EF = —. 

Cdch 3. Sir dyng phuong phap vec to 

Gpi EF la doan vuong goc chung cua SM va CN . 


Dat SA = a,SB = b,SC = c 


W -^ w -—' —' ^ 

= a va ab = be = ca = 0. 


% 

EF la doan vuong goc chung cua SM va CN 


r - 


o < 


EeSM 
FeCN 
EF ISM 
EF1CN 


SE = xSM 

CF = yCN 

<=>•!_1. 

EF.SM = 0 


EF.CN = 0 


Taco EF = ES + SC + CF = SC + CF - SE = c + yCN - xSM 


= c-|(a + b) + y(la-i_ 


= i(y-x)a-ixb + (l-y)c. 


Ta co 



f 

EF.SM = 0 

-2x + y = 0 

< . . <=>\ 


FF.CN = 0 

k 

-x + 5y = 4 


4 

x = — 
9 

8 

y=^ 


Vay duong vuong goc chung cua SM va CN la duong thang EF 


8 


SE = - SM,CF =—CN . 
9 9 




























































Phan loai i>a phitxnig phap giai Hitth hoc 7 7 


. 2 • 1 ^ 4 -2 4 4 "*2 a 

Luc do EF = —ab + —c=> EF = J—a +—b + —c = -. 

9 9 9 V 81 81 81 3 

V?y d(CN,SM) = EF = —. 

3 

Vi dy 5. Cho hinh lap phuong ABCD.AB’C’D' canh a. Tinh khoang each 
giua hai duong thang AD’ va BD . A 9 

Lai giai 

Cdch 1. Dung duong vuong goc chung (theo each 
l)roi tinh dp dai doan vuong goc chung. 

BD//B’D’ , , 

Do \ . v nen (AB D ) la mat phang 

|AD'c(AB'D’) 1 ’ • y 6 

chira AD' va song song voi BD . 

Goi O la tarn cua hinh vuong ABCD 
Ta dung hinh chieu cua diem O tren (AB'D'). 

B D 1 A C _ >B . D - 1 / CC . A .\_ ;>B . D . 1A . C 
B'D'ICC' v ’ w 



Do 




Tuong ty A’Cl AD' (2). 

Tir (l),(2) suy ra A'C 1 (AB'D'). G<?i G = A'Cn(AB'D’). 

Do AAB’D’ deu va A'A = AB’ = A'D' nen G la tr<?ng tam cua tarn giac 
AB'D'. Vay gQi I la tam cua hinh vuong A'B'C'D' thi AI la trung tuyen 
cua tam giac AB'D' nen A,G,I thang hang. 

Trong (ACC’A') dung OH//CA' cat AI tai H thi H la hinh chieu cua 
Oe BD tren (AB'D'). 

Tir H dung duong thang song song voi BD cat AD' tai M, tir M dung 

f § f 

duong thang song song voi OH cat BD tai N thi MN la doan vuong goc 
chung cua AD’ va BD dodo d(AD',BD) = MN. 

De thay MNOH la hinh chir nhat nen MN = OH . Do OH la duong trung 
binh trong tam giac ACG OH = ^CG . 


M5t khac — = — = 2 => CG = 2 GA’ 

GA' AI 

OH = I.^ = ^l. 

2 3 3 


CG = -CA' = -aV3 = - — 
3 3 3 






V|y d (AD', BD) = MN = OH = 


a>/3 






* , 
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Cty TNHH MTV DVVH Khang Viet 


Qfch 2. Dyng duong vuong goc chung 
(theo each 2 ) roi tinh do dai dogn 
vuong goc chung. 

Chon (DCB’A') vuong goc voi AD' 

tai trung diem O cua AD'. Goi I la 
tam cua hinh vuong BCC'B' thi 
BI1CB' va BI1CD nen 
BIl(DCB'A') tir do DI la hinh chieu 



cua DB len (DCB A'). 

Trong (DCB'A ) ke OH 1 DI, tir H dung duong thang song song voi 

§ » f * 9 

AD' cat BD tai M, tir M dung duong thang song song voi OH cat OA 
tai N thi MN la doan vuong goc chung cua cua AD’ va BD do do 
d(AD',BD) = MN. 

Ta co OHMN la hinh chir nhat nen MN =OH, mat khac OH la duong cao 
trong tam giac vuong ODI nen 


1 


1 1 
+ 


1 


1 


OH 2 OD 2 or 


faV ^ +a2=a2 


OH = 


s 


\ 


y 


Vay d(AD',BD) = MN = OH = 


aS 


Cdch 3. Gia sir MN la doan vuong goc D' 
chung cua AD' va BD voi Me AD', 

NeBD. Tir M ke MP 1 AD, tir N ke 
NQ 1 AD. 

De thay BD 1 (MNP) =>BD±NP; 

, AD'±(MNQ)=>AD'±MQ. 

Hai tam giac AMQ va DNP vuong can nen QD = QN = QP = MP = PA = — 



Lai co PN = 


DP 2a _ afj 

y/2~jj2~ 2 


Tir do MN 2 =PM 2 +PN 2 =| - 


' 2 '*£] 




MN = 


s 


9ft* 












































Phati loai i>a phwcmg pi tap giai Hhih hoc 11 


Cdch 4. Xem khoang each can tim bang khoang each cua hai mat phang son 
song chua hai duong do. 


8 


De thay 


AD'c(AB'D') 

BDc(BDC’) 

(AB'D')//(BDC) 



d(AD' / BD) = d((AB'D’),(BDC')). 

Goi I,J lan Iu<?t la giao diem cua A C 
voi cac mat phang (AB'D^BDC) . 

Theo chung minh trong each 1 thi I, J Ian lu<?t la trQng tarn cua cac tarn giac 
AB'D' va (BDC'). 

Mat khac de dang chung minh duoc A'Cl(AB , D , ) / A’C 1 (BDC’). 

suy ra d(AD , ,BD) = d((AB , D'),(BDC')) = IJ = iA'C = ^. 

Cdch 5. Sir dyng phirong phap vec to 

Goi MN la doan vuong goc chung cua AD’ va BD voi M€AD',NeBD 


Dat AB = x,AD = y, AA' = z=> Ixl = lyl = Iz =a,xy = yz = zx = 0 


AD' = y + z=> AM = kAD' = k|y + zj,DB = x - y => DN = m|x-yj. 
Taco MN = AN - AM = AD + DN - AM = mx + (l - k - m)y - kz 
Vi MN J_ DB =>MN.DB = 0<=> |mx + (l-k-m)y + kzVx- yj = 0 


o 2m + k-1-0. 


Tirong tir MN.AD' = 0 o 1 - m - 2k = 0, tir do ta co hf - 


2 m+k=l , 1 

om=k=-- 
m+2k=l 3 


Vay MN = — x + — y -~z => MN = 

3 3 3 


MN 


l 


(■i —2 - 2 ^ a 75 

x + y + z =—— 


Vi du 6. Cho hinh chop S.ABCD co day ABCD la hinh vuong canh a, canh 
ben SA vuong goc voi mat phang day (ABCD) va SA = a. Tinh khoang 

each giira hai duong thang 

a) SB va AD. b) BD va SC. 



Cty TNHH MTV DVVH Khanv Viet 


m % • • f • 

Loi giai. 

Ke duong cao AH cua tarn giac SAB . Ta co 
AD 1 AB 


AD ISA 


AD 1 (SAB) AD 1 AH 


A co 
a75 


B 



- \ --=>/) 


Vay AH la doan vuong goc chung cua 
SB va AD,nen d(AD,SB) = AH. 

Tam giac SAB vuong can tai 

B 

duong cao AH nen AH = —SB = 

jz 

V?y d(AD,SB) = AH = ^=-. 

b) Ta co | ^ ^ gQ j_ (SAC). Gpi O la tarn cua hinh vuong ABCD va ke 

OK±SC,KeSC thi OK la doan vuong goc chung cua BD va SC. 

Vay d(BD,SC) = OK = ]-AI ( I la trung diem cua SC) 

76 


Ta co 


1 


1 1 
+ — 


= _L 1 _ 3 

AK 2 AS 2 AC 2 ~ a 2 + 2a 2 ~ 2a 2 


AK = 


Vay d(BD,SC) = 


.76 


Vi dy 7. Cho hinh vuong ABCD canh a, I la trung diem cua AB. Dirng 

ISl(ABCD) va SI = ^^. Gpi M,N,P lan liryt la trung diem cac canh 

2 

BC,SD,S3. Dung va tinh do dai doan vuong goc chung cua cac cap duong 
» 

thang sau: 

a) NP va AC . b) MN va AP. 

1 Loi giai S 

a) Trong (SAB) ke PJ // SI, tir J ke JE // BD,Ee AC 
Tir E ke EF//PJ,FePN. 


Do 


PJ // SI 


isil(ABCD)= >PU < ABCD ) 



PJ 1 AC (l). 


Lai co 


PN // BD 
BD1 AC 


PN 1 AC (2) . 



- 7--- 
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Phan loqi va phuxntg phdp gidi Hinh hoc 71 

Tu (l),( 2 ) taco AC vuong goc voi (PNj) tai E,ma EF <z (PNJ i => AC X EF 
Vay EF la doan vuong goc chung cua NP va AC. 

d(AC,PN) = EF = PJ = isi = . 

b) Gpi Q la trung diem cua AB. 

Ta co MQ // AB, AB c (SAB) => MQ // (SAB). 

Tirong tu NQ // SA,SA c (SAB) => NQ // (SAB). 

V?y (MNQ) // (SAB) => NM // (SAB). Lai co * B =>MBX (SAB) => B 

la hinh chieu cua M tren (SAB). Tir B ke duong thang song song voi MN 
cat AP tai K thi BK la hinh chieu cua MN tren (SAB). Tir K ke duon^ 

t 0 

thang soiig song voi MB cat MN tai H thi KH la doan vuong goc chung 
cua MN va AP. 


V?y d(MN,AP) = KH = MB = |. 

Vi dy 8 . Cho tu difn SABC co SA,SB,SC doi myt vuong goc va 
SA = SB = SC = a. Goi M,N lan lu^t la trung diem cua AB va SA. Dung 
duong vuong goc chung va tinh khoang each gitra hai duong th3ng SM 
va CN. 


¥ ' • • f • 

Loi giai 

Cdch 1. Dyng doan vuong goc chung IK 
cua hai duong thang SM va CN (theo 
each 1) roi tinh IK. 

G<?i E la trung diem cua AM, ta co 
NEc(CNE) 

SM // NE 


SM // (CNE), do do 


(CNE) la mat phang chua CN va 
song song voi SM. 


Trong (SAB), ke SF1NE thi 


NE1SF 
NE ICS 



B 


NE 1 (CSF) => (CSF) ± (CNE) 


OQQ 


Cty TNHH MTV DVVH Khang Viet 


Trong (CSF) ke SH X CF => SH 1 (CNE) vay H la hinh chieu cua S tren 


(CNE), tir H ke duong thang song song voi SM cit CN tai K, tir K ke 


duong th«ing song song voi SH cat SM tai I thi IK la doan vuong goc 
chung cua SN va CN . 


Ta co SF = AM = 


72 1 


1 


1 


1 


1 


4 SH 2 SF 2 SC 2 

( r\ 2 

av 2 


4 J 


+ a 2 a 2 

a a 


SH = —. 
3 


Vay d(SM,CN) = IK =SH = —. 

3 


Cdch 2. Dyng do^in vuong goc chung IK 
cua hai duong thSng SM va CN (theo 
each 2) roi tinh IK. 

G<?i P,Q lain luot la trung diem cua SB 
vaCN, E la giao diem cua NP va 
SM. 


Khi do NQ // CS,CS 1 (SAB) 


NQ X (SAB) => NQ 1 SM 


Lai co SM X NP => SM X (NPQ) tai E, 


dung hir.h binh hanh CSEH=>CH//SE, 
ma SE X (NPQ) => CH X (NPQ) , 



B 


Vi vay NH la hinh chieu cua NC tren (NPQ) .Ke EF X NH tai F, tir F ke 


% i t 

duong thang song song voi SM cSt CN t^i I, tir I ke duong thang song song 
voi EF c3t SM tai K thi IK la do?n vuong goc chung cua CN va SM. 

Tam giac EHN vuong tai E co duong cao EF 


1 


1 1 
+ 


1 


EF 2 EH 2 EN 2 CS 


+ 


1 


/ 


AB 


\ 8__ 9 

\2 ~ 2 + 2 “ 2 


\ 


/ 


EF = |. Vay d(CN,SM) = IK = EF = |. 
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Plmn loai va phwovg phap giai Hiuh hoc 11 


Bai toan 04: trNG DUNG PHEP CHIEU VUONG GOC DE TINH KHOANG 

cach giOa hai dUcjng thAng CHEO NHAU. 

Phuang phap: 

Cho hai duang thang cheo nhau AB va CD 
Xet mat phang (a) vuong goc vai CD tgi 

diem O.Gpi IJ la doan vuong goc chung 
cua AB va CD ( IeAB.JeCD) 

Xet phep chieu vuong goc len (a).GQi 

A',B',r la hinh chieu cua A,B,I thi IJ=OI\ 
tirdo d(AB,CD) = d(0,A'B ). 



Vay de tinh IJ ta qui ve tinh OI' trong mat phang (a). 


CAC VI DU 

Vi dy 1. Cho tu dipn deu ABCD canh a . Gpi M,N lan lupt la trung diem cua 
AB va CD. Tinh khoang each giua hai duang thang BN va CM. 

f ^ • • t • 

Lot giai 

Gpi H la tarn cua tarn giac deu BCD 
thi AH 1 (BCD). Gpi (a) la mat 

phing di qua N va song song vai AH 
thi (a)lBN. Xet phep chieu vuong 

goc len (a), gpi A’^C^H'^N’ B 

lan lupt la anh cua A,B,CD,H,M ( N 
thi B'sN’sH'sN, C'sCD'hD. 

Taco d(CM,CD) = d(N,CM'). 



BH = -BN = -—= — 
3 3 2 3 


, ah=7ab 2 -bh 2 = 


, 1 

laS) 

r 

3 j 


= a.i- 



NM' = — AH = —a. j— = A =. 

2 2 V3 76 

Tam giac NCM' vuong tai N nen 
1 


1 1 

+ 


d 2 (N,CM) CN 2 NM' 2 


1 1 
—+ 


V 


a 

2 


/ a° 

76 ; 


10 

_ 2 


d(N,CM') = 


aTlO 

10 


Vay d (CM, BN) = d (N,CM') = 


VlQ 

10 
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Ctu TNHH MTV DVVH Khattg Viet 


yi dy 2. Cho hinh lap phuang ABCD.A'B'C’D’ co canh bang a . Gpi M,N lan 
[ lupt la trung diem cua AB va B'C. Tinh khoang each giua hai duang 
[ thang AN va DM. 


v ^ • • t • 

Loi giai 


Gpi E la trung diem cua BC . 


De thay AADM = ABAE nen AMD = AEB,»j 

ma AEB + BAE = 90° =>‘AMD + BAE = 90° 

=> DM 1 AE . Lai co EN 1 (ABCD) 

=> EN 1 DM do do (AEN) 1 DM tai I. 

Xet phep chieu vuong goc len (ANE), 

ta co AN chinh la hinh chieu cua no 
nen d(DM,AN) = d(l,AN) 

Gpi K la hinh chieu cua I tren AN thi d(l,AN) = IK. 

t ■ aai^i * i p. f IK AI ... AI.EN 

Ta co AAKI - AAEN, suy ra —— =-=> IK = 



EN AN 


9a 


AN 
3a 


0) 


AN 2 = AE 2 + EN 2 = AB 2 + BE 2 + EN 2 = — => AN = 

4 2 


1 1 114 5 

+- 


AI 2 AD 2 AM 2 a 2 + a 2 a 2 ^ A ' 5 


s 


Thay vao (l) ta dupe IK = 


2a 75 


15 


Vay d(DM,AN) = 


2a 75 


15 


CAC BAI TOAN ON TAP CHl/ONG 

81. Cho hinh lap phuang ABCD.A'B'C'D' canh a, M la mpt diem thay doi 
tren canh AB. Mat phang (A'MC) cStcanh C'D' t?i N. 

a) Tirgiac A'MCN la hinh gi? Chung minh MN1CB’. 

b) Gpi H la hinh chieu vuong goc cua C len MN . Tim tap hpp diem H . 

82. Cho ba tia Ox,Oy / Oz doi mpt vuong goc va cac diem A,B,C lan lupt nam 
I tren ba tia do sao cho OA = OB + OC = 1. 




a ) Chung minh tong dipn tich tat ca cac m|t cua tu dipn OABC khong doi. 

b) Tinh tong cac goc OBA + ABC + OCB. 
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83. Cho lang try dung ABC.A'B'C’ co day la tam giac vuong 
AB = AC = a,AA' = a\/2 , M la trung diem cua canh AB. Tinh dipn tich, 
thiet dipn cua mat phang (a) di qua M va vuong goc voi B'C. 

84. Hinh chop deu S.ABCD co canh day bang a va canh ben bSng b. Goj 
M,N lan lupt la trung diem cua AB,BC. Tinh dipn tich thiet dipn cua hinh 

chop cat boi m|it phang (a) di qua MN song song voi SB . 

85. Gpi M,N,P lan lupt la trung diem cac canh AB,BC,C'D' cua hinh lap 
phuong ABCD.A'B'C'D’. Xac djnh goc giira cac cap dirdng thSng 

a) MN va CD'. b) BD va AD'. c) MN va AP . 

86 . Cho hinh chop S.ABC'co day la tam giac deu canh bang 2 \j2a. Canh 
SC = a va vuong goc voi day . Gpi D,E lain lirpt la trung diem cua AB, BC 
Tinh goc giira hai duong thang CD va SE . 

87. Cho hai nira duong thang Ax, By cheo nhau , vuong goc voi nnau va nhan 
doan AB lam doan vuong goc chung. Hai diem M,N lan lupt di dpng tren 
Ax,By sao cho AM + BN = MN. Gpi O la trung diem cua doan AB. 
Chung minh: 

a) Tam giac OAB la tam giac tu. 

b) Chung minh khoang each tir O den duong thang MN khong doi khi M,N 
di dpng. 

88 . Cho tu dipn ABCD co AD = b,BC = c va cac canh con lai bang a . Gpi I,J 
lan lupt la trung diem cua AD va BC. 

a) Chung minh 1J la duong vuong goc chung cua AD va BC. 

b) Tim diem M tren IJ sao cho MA + MB + MC + MD nho nhat. 

89. Cho tu dipn D.ABC. Gpi A'B'C' theo thur tu la cac diem tren 
DA,DB,DC sao cho DA'.DA = DB'.DB = DC'.DC, H la trpe tam cua tam 

giac A'B'C’ va I la giao diem cua DH voi mat phang (ABC). Mpt diem 

M di dpng trong tam giac ABC, duong thSng A di qua M ding phuong 
(song song hoac trung) voi ID lan lupt cat cac mat phang 
(DAB),(DBC),(DCA) tai MNQ. Tim gia trj nho nhat cua bieu thu c 


T = 


1 


+ 


1 


1 


MN MP MQ' 
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GIAI - HD6NG DAN - DAP SO 


Cty TNHH MTV DVVH Khang Viet 

N 


(ABB 1 A') // (CDD’C') 
gl . a) Taco ^(A'MB)n(ABB’) = A'M 

(A'MB)n(CDD'C') = CN 


=> A'M//CN 

Tuong tp CM // A'N, do do A'MCN la 
hinh binh hanh. 

De thay CB'l(ABCD') ma MNc(ABC'D’) 



nenCB’iMN. 

b) Gpi O la tam cua hinh hpp va I la tam cua mat ben BCCB' thi OeMN. 

MN1CI 


Ta co <1- MN 1 (CIH) => IH1 MN Trong (ABC' D') duong thang 

MN1CH v ’ 


MN di qua diem O co djnh va diem H nhin doan OI duoi mot goc 
vuong nen H thupc duong tron duong kinh OI. 

Gpi H, = AC'n(c),H 2 = BD’o(C) voi (c) la duong tron duong kinh OI 


trong (ABCD ). 


Tir do ta lap luan dupe tap hpp cac diem H la cung tron H,H 2 . 


82. a) Dat OB = b,OC = c thi b + c = 1 


^OAB + ^OBC + ^OAC 


= ioAOB + -OB.OC + ioC.AO 
2 2 2 


= -(b + c) + — bc = - + -bc 
2 V 2 2 2 



Gpi I la hinh chieu cua O tren BC va H la hinh chieu cua O tren (ABC). 


Ta co 


1 


OI 


2 OB 2 OC 2 ” b 2 + c 2 


1 1 

-f- 


2 _2 


b 2 + c 2 b 2 c 




2 Jl 


b*c 


b 2 + c 


2 ‘ 


Do do AI 2 =OI : +OA 2 = 


b~c‘ 


2 J1 




b : +c 2 


+ 1 = 


b 2 +c 2 + b 2 c 2 (b + c)* -2bc + b'c 


b 2 +c 2 


2 •> 


b + c 
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S.= - AI.BC = — 


ABC 


1 1 — be 
2 + c 2 


2 \Jb 


Vb 2 + c 2 = -(l-bc) 


^oab + ^ooc + S OAC + S ABC - — + —be + — (l - be) = 1 khong doi 


2 2 

b) Dat a = OBA,(3 = ABC, y = OCB. 

Ap dung djnh li Cosin cho tam giac ABC ta co cosB = BA +B C -AC 2 

2BA.BC 

OB 2 + PC 2 + QA 2 + OB 2 - (QA 2 + PC 2 ) 0 B 2 

2BA.BC " BA.BC 

_ ob(oa-oc) oa.ob ob.oc 

BAJ3C _ ^A^BC^ ^A!BC^ = C ° SaCOS ^ -S * nasin ^ = COS ( a + ^) 
«+P + y = 180°. Vay (DBA + ABC + OCB = 180°. 


$3. Tam giac ABC vuong tai A va 

AB = AC = a => BC = aV2 . Gpi I la trung 

.... . __ L> [BC 1 AI 

diem cua BC thi ^ 

BC1AA' 

=>BC1(AIA , )=>AI1B'C (l). 

De thay BCC'B’ la hinh vuong nen 
BC'IB'C ( 2 ). Tir (l),( 2 ) suy ra (a) 

chinh la mat piling di qua M song song 
voi AI va BC. 


A' 


Ta co • 



M€(o)n(ABC) 

AI // (a) 

Ale (ABC) 

=> (a)n(ABC) = MN // AI,N e BC. 

Tuong tir (a)n(BCC'B') = NP// BC,PeCC'. 

Gpi K = ACnMN,Q = PKn AA’. Thiet dipn la tir giac MNPQ 




^ld “S 


= s 

KMQ ^KMQ 


\ 


KNI 


s 

^ ^KMQ 


--1 


= S 


KMQ 


/ 


'KN KP ' 
, KM KQ , 
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. KN KN CN _ 3 

Do M la trung diem cua AB va KN//AI nen A | q 2 ' 


Tuong tir QA // CC' => — - — 


KP KC NC 

: NI 


= 3. 


AO = -NC = - 3a> ^ = —/ AK = iAC = -. Tir dipn AMKQ vuong tai A 
v 3 3 4 4 2 2 


nen S 


KMQ 


= i > /(OM.OK ) 2 +(OK.OQ) : +(OQ.OM)‘ = ^p 


7ar4l 


Tir do ta co S d = 

16 


Chu y: Co the dung phep chieu vuong goc len mp (ABC) de tinh (lien tich 


thiet dipn MNPQ. 

84 . G<?i K = MN n BD . 

M e(ix)n(SAB) 

SB c (SAB) 

SB//(a) 

^(a)n(SAB) = MQ//SB,QeSA 
Tuong tir (a)o(SBC) = NP // SB,P e SC 
(a)n(SBD) = KI//SB,IeSD. Thiet dipn la 
ngu giac MNP1Q. 

De thay MK1Q va NKIP la hai hinh thang 4 
vuong co dipn tich bang nhau, do do 

1 b 

S td = (MQ + IK)MK .Ta co MQ = -SB = -, trong ASBD 





co: 


IK DK 4 
SB ~ BD 


- BD 


- = -=>\K 
BD 4 


-SB 

4 


—, MK = ^MN = 7 AC 
4 2 4 


S 


Tir do ta co S ld = 


5abv/2 


16 



85. a) Do C’D'//AB nen (MN,C’D') = (MN,AB) = BMB = 45' 
b) Ta co AD7/BC nen (BOAD : ) = (BD,BC , ) = DBC' 

De thay tam giac BDC' deu nen DBC =60 . 


295 











































Phan loai va phuxmg phdp gidi Hinh hoc J J 



c) Ta co MN//AC nen (MN,AP) = (AC,AP) = CAP c 
De thay AC = aV2,CP = —,Ap = — 


cosCAP = 


AC 2 + AP 2 - CP 2 


Do d ° 2a 2 + 


2AC.AP 
9a 2 5a 2 

_4_ = J_ 

2.aV2.?? ' & 


=> CAP = 45°. Vay (MN / Ap) = 45°. 

86. G<?i F la trung diem cua BD thi 
EF//=lcD,do do: 



(CD,SE) = (EF,SE) = SEF 

Ta co EF = IcD = if ABl ^ a 

2 2 


V 


V6< 


/ 


Trong tan giac SCE taco 
SE 2 = SC 2 + CE 2 = a 2 + (a )' = 3a 2 
Trong tam giac SCF ta co: 

SE 2 = SC 2 + CF 2 = SC 2 + CD 2 + DF 2 = 


B 



D 


15a 


Do do cosSEF = 


SE 2 + EF 2 -SF 2 1 


2SE.EF 


SEF = 135° B 


(CD,SE) = 45°. 


87. a) Dat x = AM,y = BN va AB = a . Ap dpng djnh II co sin ta co 



cos MON = 


OM 2 +ON 2 -MN 2 


2 ^ 
X -I- - 


20M.0N 
2 B 2 / \2 

y a* — 4xy 

2QM.ON 2QM.ON 


Do AM 1 AB va BN 1 AM nen AM 1 AN, do do: 
MN 2 = AM 2 + AN 2 = AM 2 + BN 2 + AB 2 
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^( x + y)-=x : +y 2 +a 2 ^ 2xy = a 


cos MON = 


-a 


20M.0N 


<0 . Vay tam giac MON tu. 


AB 


jce OHlMN,HeMN. Ta chung minh OH = - : y^. That vay, gia sir 


OH >OA . Khi do xet cac tam giac MOA,MOH ta co MH < AM va xet cac 
tam giac NOB va NOH ta co NH < BN, suy ra MN < AM + BN 
(mau thuan gia thiet). 

Tirang tv OH < OA cung mau thuan gia thiet. 


AB 


Vay OH = OA, hay OH = — khong dot. 


S8. 


3 ) Tam giac ABD can t?i B co I la trung 
diem cua AD nen BI1 AD. Tirang tv 
CI±AD=> ADI(IBC) 


=> AD _L IJ. Do vai tro binh dang giira AD 
va BC nen IJ 1BC. 


Vay IJ la dirdng vuong goc chung cua 


AD va BC. 



B 


) Dvng hinh thang BCD'A' sao cho I,J lan 
lu^t la trung diem cua hai day A'D', BC 
va IA' = IA,ID' = ID. 

Ta thay vdi diem M tuy y tren IJ thi MA = MA',MD = MD' nen: 

fc 

MA + MB + MC + MD = MA'+ MB + MC + MD' 


= (MA , + MC) + (MD'+MB)>A’C + D'B . 


Dang thirc xay ra khi M = A’CnD'B. 


Ta co IJ 2 = DJ 2 - ID 2 = DC 2 - JC 2 - ID 2 = a 2 - — - — 

4 4 


=>ij = 


Via 2 - b 2 -c 2 


BD’ 2 = 


/ BC +A'D ,>|2 


V 


2 .!.bc jDn , I 2 be 


/ 


+ IJ‘ =a + — => BD' = ,/a 2 + 

2 V 2 


V 4y min(MA + MB + MC + MD) = 2BD’ = >/4a 2 +2bc 
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89 . 


I la trpng tarn cua tarn giac ABC . 

Goi T la giao diem cua A'H vai B'C', E,F lan lupt la cac giao diem 
AB va BC; Cl va AB. De thay D,T,E thang hang ( thupc giao tuyen Cl4a 
hai m|it phSng (IAD) va (DBC)). Do H la true tarn cua tarn giac A'B'Q' 

nen A1 IB'C', mat khac theo gia thiet DA 1DB va DAI DC ne n 
DA 1 (DBC) => DAI BC’ ; do do B'C'l(DAT)^ B'C’l DT. 

Taco CT)T + BtSt = 90° va DBT + B'DT = 90” =>C'DT = DB'T (l) 

Mat khac tu giac BCC'D' la tu giac npi tiep nen DB'T = C'CB (2). 

Tir (l) va (2) suy ra tarn giac 



EDC can tai E => ED = EC, ma 
tarn giac DBC vuong tai D suy 
ra ED = EC = EB, the thi AE la 
trung tuyen cua tarn giac ABC. 

Tirang tp ta cung chirng minh 
dirpc CF la trung tuyen cua 
tarn giac ABC, v'l v£y I la 
trpng tarn cua tarn giac ABC . 

Chung minh: 

MN + MP + MQ = 3D1 

Ro rang ID cat cac mat 
(DAB),(DBC),(DAC) tai D 

nen duang thang qua M cung 

9 9 9 

phirong vai ID chac chan cat 
cac mat (DAB),(DBC),(DCA). 

Gpi X,Y,Z lan lupt la cac giao diem cua IM vai cac canh AB, AC,BC ( L ul ‘ 
y la neu IM song song vai mpt canh nao do cua tarn giac ABC thi ta van ^ 
dang dung dupe cac giao diem cua duang thang A vai cac mat cac n^ 

phclng (DAB),(DBC),(DCA)) 

Taco N,P,Q theo thu tp la cac giao diem cua DX,DZ,DY vai A. 


V •« 


298 


CtyTNHH MTV DWH Khang Vift 


'^MR/I IB, thi MN = XM = MR = S^ 
T N ID XI IB S 


3S 


AIBC 


AMAH 


A ABC 


( do I la trpng tarn cua 


tarn giac ABC nen S AIBC g ^AABC )* 


»* 


Hoan toan tuong tu ta co 


, MP _ 3S ambc MQ 3S 


ID 


A ABC 


_ _ AMCA 

^ ^AABC 


MN MP MQ 

-+-4--— 


Do do 


ID 

3S 


\MAB 


ID ID 
3S 


4- 


AMBC 


+ 


3S 


<=> MN 4 - MP + MQ = 3DI 


AMCA 


= 3 


AABC 


A ABC 


AABC 


Theo BDT Cau chy ta co 

^ 1 1 1 

T =-r4-~ 4- 


> l 

MN 2 MP 2 MQ 2 ’ " 3 

>i 

3 




1 1 1 

+—+ 


(,MN MP MQj 
81 


27 


(MN + MP + MQ) (3DI) DI 


Dang thuc xay ra khi M m I ( khi do N,P,Q* D) 


Vay minT = 


DI 


khi M trung voi trpng tarn cua tarn giac. 


ON TAP & KIEM TRA 

90. Cho hinh chop S.ABCD S.ABCD, day ABCD la hinh vuong canh bang a . 
Mat ben SAB la tarn giac deu , mat SCD la tarn giac vuong can dinh S. Gpi 
I,J lan lupt la trung diem cua AB va CD. 

a ) Tinh cac canh cua tarn giac SIJ va chung minh rang SI vuong goc vdi 

(SCD) , 3J vuong goc vdi (SAB). 

4 Gpi FI la hinh chieu vuong goc cua S len IJ. Chung minh r3ng SH vuong 
goc vai AC. 

c ) Gpi M la mot diem thupc duang thang CD sao cho BM vuong goc vai 
SA . Tinh AM theo a . 

^ Cho hinh chop S.ABCD, day ABCD la hinh chu nhat co AB = a,BC = a>/3, 

rnatben SBC vuong tai B, mat ben SCD vuong tai D co SD = a\/5. 
*)Khung minh SA vuong goc (ABCD) va tinh SA . 

Duang thang qua A vuong goc vai AC, c3t cac duang thang CB,CD lan 
tapt tai I,J. Gpi H la hinh chieu vuong goc cua A len SC. Hay xac djnh 
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8 


8 


cac giao diem K,L cua SB,SD voi mat phang (HIj). Chung minh ran 
AK vuong goc (SBC),AL vuong goc (SCD). 
c) Tmh di£n tich tu giac AKHL . 

92. Cho duong tron (O) duong kmh AB = 2R nam trong mQt mat phang (pj 
Dung doan AS=2R, AS vuong goc (P). GQi T la mQt diem di dQng tren 

tiep tuyen cua duong tron tai A. Dat a = ABT |o<a<90°j. Duong th^n 

BT gap lai duong tron (O) tai M . Goi N la hinh chieu vuong goc cua A 
len SM. 

a) Chung minh cac mat cua tu di£n SAMB deu la cac tarn giac vuong . 

b) Chung minh rang khi T di dong, duong thang TN luon di qua mQt diem co 
djnh H . 

c) Ti'nh a de tarn giac AHN can. 

93. Cho hinh tu di£n S.ABC co ABC la tarn giac deu canh bang a . SA vuong 
goc voi (ABC) va SA=a. Goi M la mpt diem tuy y tren canh 

AC (M * A , M * C), mat phang a qua M va vuong goc voi AC . 


a) Tuy theo vj tri cua diem M tren canh AC, xac djnh thiet di£n tao boi a voi 
tu di£n S.ABC. 

b) Dat CM = x(0<x<a). Tinh di£n tich S cua thiet di£n tren theo a va x. 

Djnh x de di£n tich S Ion nhat. Tmh di£n tich Ion nhat do. 

94. Cho hinh chop S.ABCD co day ABCD la hinh vuong canh bang a,SA 
vuong goc (ABCD) va SA = a. 

a) Hay dung duong thSng qua trung diem cua canh SC va vuong goc voi mat 
phang (ABCD). 

b) Hay di^ng duong thang qua A va vuong goc voi mat phang (SBC). Tinh 
khoangcachtu A den (SBC). 

c) Tinh khoang each tu tarn O cua hinh vuong ABCD den mat phang (SBC)- 

d) Tinh khoang each tu trQng tarn G cua tarn giac SAB den mat phang (SAC). 

95. Trong mat phang a cho tarn giac ABC vuong tai A co BC = 2 a- 

ACB = 6G°. Dung hai doan BB' = a,CC' = 2a cung vuong goc voi mO* 
phang a va 6 ciing m<?t ben dol voi a . Tinh khoang each tir 
a) C' den mat phang (ABB'). 


Qfin 


_ Ct}/ TNHH MTV DV\'H Khang Viet 

r^mng diem cua B'C den mat phSng (ACC). 

B' den m|t ph3ng (ABC') . 

Trung diem cua BC den mSt ph3ng (AB C'). 

95 . Cho hinh chop S.ABCD co day ABCD la hinh vuong c?nh bang a, SA 
vuong goc voi (ABCD) va SA = a. 

1 ) Tim tren mat phSng (ABCD) mQt diem each deu ba diem S.B.C va tinh 
khoane each chune av va khoang each tir diem do den mat phang (SBC). 


2 ) Tim tren mat ph3ng (SBC) mQt diem each deu ba diem B.QM voi M la 

trung diem cua canh CD. Tinh khoang each chung ay . 

97 . Cho hinh vuong ABCD tarn O; S la mQt diem di dQng tren tia Ax vuong 
goc voi m|t phang (ABCD). 

t 

1 ) Tim tap hop hinh chieu vuong goc cua O len duong thang SB . 

2 ) Tim tap hop chan duong cao ve tu dinh D trong tarn giac vuong SDC . 

98. Cho tarn giac deu ABC; S la mQt diem di dong tren tia Ax vuong goc voi 
mat phang (ABC). 


1 ) Tim tap hQp hinh chieu vuong goc cua A len SB . 

2) GQi N la hinh chieu vuong goc cua A len mat phang (SBC). Chung 

minh rang duong thang SN qua trung diem cua doan BC. Tim tap hQp 
cac diem N . 

3) GQi K la trung diem cua canh SC . Chung minh rSng BK 6 trong mQt mat 
phang co dinh . Tim tap hop cac hinh chieu vuong goc cua A len BK. 

99, Cho tarn giac deu ABC nam trong mat phang (P). GQi Bx va *Cy la hai tia 

cung chieu va cung vuong goc voi (P). Cho M,N la hai diem di dQng Ian 

luQt tren Bx,Cy. Tim tap hQp chan H cua duong cao AH cua tarn giac 
I AMN khi M,N di dQng thoa mQt trong cac dieu ki£n duoi day: 


1) BM = icN. 

I 2 

2) BM + CN = 2 a ( a la dQ dai khong doi). 

3) BM=CN. 

100. Trong mat phSng (P) cho goc vuong xOy; d la mQt duong thang co 
R djnh trong (P) , d cat Ox,Oy lan luQt tai A va B. GQi Oz la tia vuong 
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goc vdi (P),S la mot diem tren Oz. G<?i AE, BF la cac dudng cao cua ta 
giac SAB. 


•n 


8 


1 ) Cho goc xOy co djnh, S di dgng tren tia Oz. Tim tap hpp cac diem E va F 

2) Cho S co djnh va S khac O, goc xOyquay quanh O. Chung minh rS n 
true tarn cua tarn giac SAB co djnh .Tim tap hop cac diem E v? F. 

101. Trong mat phang (P) cho dudng tron (C), dudng kinh AB; SA vu6r>, 

■ o 

goc voi (P). Gq'\ M la mpt diem di d<?ng tren dirang tron (C), H la hinh 
chieu vuong goc cua diem A len mat phang (SMB). Tim tap hop cac diem H 

102. Cho hinh vuong ABCD tarn O, tren tia Ax vuong goc voi mat ph3n^ 
(ABCD) lay diem S. 

1) Cho Sdi dong tren tia Ax . Tim tap h<?p hinh chieu vuong goc cua Olen 
mat phang |(SBC). 

2) Cho S co djnh , M la mpt diem di dong tren do$n AC. Tim tap hgrp hinh 
chieu vuong goc cua A len mat phang (SMB). 

103. Cho tu dipn S.ABC co SI vuong goc voi mat phang (ABC} (I la itrung 


diem cua canh AB). M la mot diem di dgng tren canh SC. Tim tap hpp 
hinh chieu vuong goc cua S len m5t phang (ABM). 

104. Trong mat phang (P) cho dudng tron (y) tarn O; A la mpt diem codjnh 
tren (y) va BC la mgt day cung di dpng cua (y) luon vuong goc vdi OA. 
Tren dudng thang d vuong goc vdi (P) tai A lay mpt diem co djnh S khac 
A. Tim tap hpp hinh chieu vuong goc cua A len m«it phang (SBC). 

105. Cho hinh chop S.ABCD co day ABCD la hinh thoi tarn O c?nh bang a, 

m • 

ABC = 60°, SO vuong goc vdi mat phang (ABCD) va SO = a. Gpi M I* 
mpt diem tren c?nh SB . 

1 ) Khi M la trung diem cua canh SB, tinh dign tich cua thiet dign cua hinh 
chop S.A3CD vdi mat phang (ADM). 

2) Khi M di dgng tren canh SB . Tim tap hpp hinh chieu vuong goc cua S l£ n 
m3t phang (ADM). 
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0 ^Cho hinh lang tru ABC.A'B'C' co day la tarn giac deu canh bSng a , AA 
■ vuong goc vdi mat ph3ng (ABC). Dudng cheo BC' cua mat ben BCC'B' 

H] 

hqp vdi (ABB'A') goc 30°. 

Tinh AA' 

2 ) Tinh khoang each tir trung diem M cua AC den mat phang (BA'C). 

3 ) Gpi N la trung diem cua canh BB'. Tinh goc gii>a MN va mat phang 
(BA'C'). 

107 . Cho hinh lang tru ABC.A'B'C' co day ABC la tarn giac vuong can tai A; 
AA' vuong goc vdi mat phang (ABC). Doan noi trung diem M cua AB 

va trung diem N cua B'C' co dp dai b^ng a, MN hpp vdi mgt phing 
(ABC) goc a va hgrp vdi mat (BCC'B ) goc p. 

I ) Tinh do dai cac canh day va canh ben cua hinh lang tru theo a va a . 

2 ) Chung minh rang cos a = sinp. 

JZ 

108. Cho hinh thoi ABCD canh a, tarn Q,OB = -—; SO vuong goc vdi mat 


philng (ABCD) va SO = 




1 ) Chung minh rang ASC vuong, 

2) Tinh goc giira hai mat phang (SAB) va (SAD), 

3) Tinh goc giira hai mat phang (SBC) va (ABC). 

109. Cho tu dign ABCD co ABC la tarn giac vuong can vdi AB = AC = a,DBC 
la tarn giac deu , goc giira hai mat ph3ng (ABC) va (DBC) bang 30° , goc 


AED lagocnhpn(E la trung diem cua BC). 

1) Tinh AD va khoang each tir A den mat phang (BCD). 

2) Tinh goc giua hai mat phSng 
a) (ABD)va (CBD), 


b) (BAD) va (CAD). 


110. Cho hinh vuong ABCD cgnh a. Tir trung diem H cua cgnh AB dung 

t 

HS vuong goc vdi mat phang (ABCD) sao cho goc giira ha< mat phang 

(SAD) va (ABCD) bang 60°. 

Tinh SH va khoang each tir H den m5t phSng (SCD). 


303 













Phan loqi va phircmg phdp giai Hinh hqc 11 


2) Gpi K la trung diem cua canh AD. Chung minh CK vuong goc voi SD ^ 


3 


tinh goc giua hai m|t phang (SDA) va (SDC). 

3) Tinh goc giira hai mat ph5ng (SBC) va (SKC). 

111. Trong mat phang (P) cho duong tron (C) tarn O, ban kinh R. T r - 
duong thang vuong goc voi (P) tai O lay diem S sao cho OS = R q 
M,N la hai diem tren (C); a va b la hai tiep tuyen cua (C) t$i M va \ 

ft 

Tinh goc giua hai mat phang (S,a) va (S,b) trong moi trudng hpp sau. 

1) M va N la hai diem xuyen tarn doi, 

2 ) MON = 90°. 

112 . Cho hinh chop S.ABC co day ABC la tarn giac vuong voi canh huyen 
BC = 2a; AB = a; cac mat phang (SBC),(SCA),(SAB) cung hpp voi mat 

ph^ng (ABC) mpt goc bang 60°; hinh chieu vuong goc H cua S len mat 
ph3ng (ABC) niim trong tam giac ABC. 

1) Chung minh H la tarn cua duong tron npi tiep tam giac ABC. Tinh SH. 

2) Tinh goc giua hai mat phang (SAB) va (SAC). 

113. Cho hinh chop S.ABCD, day ABCD la hinh binh hanh tam O. Hai mat 
ben SAB va SCD lan lupt vuong tai A va C va nam trong hai mat phang 

cung hpp voi mat phiing (ABCD) goc a . Cac goc SAC , SCA la cac goc 
nhpn. Biet ABC = <p . 

1 ) Chung minh SO vuong goc voi (ABCD). 

2 ) Chung minh hai mat phang (SBC) va (SAD) cung hpp voi (ABCD) mpt 
goc p thoa man h<? there : cotp = cot a. cot ip. 

114. Cho hinh lang try ABC.A'B'C co day ABC vuong can dinh 
A,BC = 2a,AA' vuong goc voi mlt phang (ABC). Biet goc giua hai mat 

ph^ng (AB'C) va (BB'C'C) coso'dobSng a. 


1) Chung minh AA' = 


2a cos a 


Jcos(n-2a) 


2) Chung minh rang goc giua hai mat phiing (AB'C) va (A'B'C) co so 

being n - 2a . 


do 
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jl5. Trong mat phang (P) cho tam giac OAB vuong t?i O, AB = 2a,OB = a . 
Tren cac tia vuong goc voi (P) ve tir A va B va 6 ve cung mot ben do! voi 


(P), ta lay AA' = a,BB' = x. 


1 ) Djnh x de tam giac OA'B' vuong tai O. 

2) Tinh A'B'.OA'.OB' theo a va x. Chung to tam giac OA'B khong the 
vuong ta : B'.Djnh x de tam giac nay vuong tai A'. 

3) Cho x = 4a. Ve duong cao (OAC) cua tam giac OAB. Chung minh rMng 

I CA' vuong goc voi A'B'. Tinh goc giua hai m|it phang (OA'B') va (P). 

116. Cho hinh lang tru ABC.A'B'C' co day la tam giac deu canh a,AA' vuong 
goc voi mat phang (ABC) va AA' = 2a . Goi D la trung diem cua canh 

fHw \ f i •# 

BB',M la myt diem di dpng tren canh AA'. 

1 ) Chung minh giao tuyen d cua hai mat phiing (ABC) va (MC'D) qua mpt 

1* A’ A# At | 

diem co djnh. 


2 ) Tim tap hop hinh chieu vuong goc cua C' len d khi M di dpng tren canh 
A A'. Tim gia trj Ion nhat, gia trj nho nhat cua dipn tich tam giac MC'D. 


117. Cho hinh chop S.ABCD, day ABCD la hinh vuong canh b3ng a . Gpi I, J 
lan lupt la hinh chieu vuong goc cua S len AB va CD. 

1) Chung minh mat phang (SIJ) vuong goc voi mat phang (ABCD). 

2) Biet hai mat phang (SAB) va (SAD) cung hpp voi mat phSng ( ABCD) goc 
a, con SC hpp voi (ABCD) goc p. Chung minh r 5 ng mat phang (SAC) vuong 
goc voi mat ph3ng (ABCD). Tinh khoang each tir S den mat phSng (ABCD). 


118. Cho hinh chop S.ABC co SA = SB = SC. Gpi O la tam cua duong tron 
ngoai tiep tam giac ABC; I la trung diem cua c$nh AB;IO cilt BC tai K. 

1) Chung minh rang dieu kipn can va du de hai m|t phiing (SAB) va (SBC) 


vuong goc voi nhau la ISK = 90°. 

2) Biet ban kinh cua duong tron (ABC) la R ;SO = 2 R; BAC = a , ACB = p . 
f Chung minh r5ng dieu kipn can va du de hai mat phang (SAB) va (SBC) 

| : 5 

vuong goc voi nhau la tam giac ABC co ba goc nhpn va tan a. tan P = —. 

I 4 
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119. Cho hinh chop S.ABC, day ABC la tarn giac vuong can tai B,AB = a;SA 
vuong goc voi mat phang (ABC) va SA = aV3 . GQi E,F lan luQt la trun 


8 

diem cua SC va SB; M la mpt diem tren canh AB, dat AB = x . Goi (P) 
mat phang chua EM va vuong goc voi m|t phang (SAB). 

1 ) Xac djnh ro mat phang (P). Mat phang (P) cat hinh chop S.ABC theo thiet 
di£n la hinh gi? Tinh di£n tich thiet dien theo a va x. 

2 ) GQi K la hinh chieu vuong goc cua S len (P). Tim tap hQp cac diem K khi 

M di dQng tren canh AB. 

120. Cho hinh chop S.ABCD co day ABCD la hinh thang vuong tai A va 
D , AB = 2a, AD = DC = a . Hai mat phang (SAB) va (SAD) cung vuong 

goc voi (ABCD), SA = a . Gpi E la trung diem cua SA,M la rr.pt diem tren 

canh AD voi AM = x. Gpi (P) la mat phang chua EM va vuong goc voi 

mat phlr.g (SAD). 

1) Xac djnh ro (P). 

2) (P) cat hinh chop da cho theo thiet dien la hinh gi? Tinh dipn tich cua thiet 
dipn theo a va x. 

3) Tim tap hop hinh chieu vuong goc cua D len (P) khi M di dpng tren canh 
AD. 

121. Cho hinh chop S.ABCD, day la hinh vuong canh bang a,SA vuong goc 

voi (ABCD) va SA = a. Xac djnh va tinh dipn tich thiet dipn cua hinh chop 

• ^ 

S.ABCD voi mat phang (P) trong cac trubng hop sau: 

1) (P) qua tarn O cua day ABCD, trung diem M cua SD va vuong goc voi 
(ABCD). 

2) (P) qua A, trung diem N cua CD va vuong goc voi (SBC). 


122 . Cho hinh lang tru ABC.A'B'C' co cac mat ben la hinh vuong canh bang a • 
Gpi D,E,F lan loot la trung diem cac canh BC,A'C',C'B'. Tinh khoang 
each giua cac cap duong thang 

1) DE va AB'; 2) A'B va B'C'; 3) DE va A'F. 

123. Cho hinh lang tru ABC.A'B'C' co AA' vuong goc voi milt phang (ABC) 

va A A' = a, day ABC la tarn giac vuong tai A co BC = 2a, AB = aV3 . 


Cty TNHH MTV DVVH Khang Viet 


1 ) Tinh khoang each tir A A' den mat phang (BCC'B') . 


2) Tinh khoang each tir A den (A'BC). 


t* 


3 ) Chu-ng minh ring AB vuong goc voi mat phang (ACC'A') va tinh khoang 


each tir A' den mlt phang (ABC'). 




125. Cho hinh chop S.ABCD co day ABCD la hinh vuong canh blng a,SA 
vuong goc voi m|it phang (ABCD) va SA = 2a . 


1 ) Tinh khoang each tir A den mat phang (SBC) va tir C den mat phang (SBD). 


2 ) Gpi M,N lan lupt la trung diem cua AB va AD. Chung minh rang MN 
song song voi mat phang (SBD) va tinh khoang each tir MN den (SBD). 


3) Mat phang (P) qua BC clt cac canh SA,SD theo thu tu tai E ,F. Cho biet 


AD each (P) mpt khoang being —, tinh khoang each tir S den mat 


phang (P) va dipn tich tir giac BCFE. 


126. Cho tarn giac deu ABC canh bang a. Tren duong thang (d) vuong goc 


voi mat phang (ABC) tai A ta lay mpt diem M . Gpi H va O lan lupt la 


tryc tarn cua hai tarn giac ABC va MBC . 

1) Chung minh OH vuong goc voi mat phang (MBC). 


2) Tim tap hop diem O khi M di dong tren (d). 


3) Duong thang OH clt (d) tai N . Chung minh tir dipn BCMN co cac cap 


canh doi vuong goc . 

4) Chung minh AM.AN khongdoi.Tinh AM,AN dedpdai MN nho nhat. 


127. Trong mat phlng (P) cho duong tron (C), duong kinh A 6 = 2 R,M la 




mQt diem di dQng tren (C). Dung SA = 2R va SA vuong goc voi (P). GQi 


AH, AK lan luQt la duong cao cua cac tam giac SAB va SAM . 

1) Chung minh rang m5t phang (SAM) vuong goc voi mat phang (SBM). 


2) Chung minh tu giac BHKM nQi tiep duQC va giao diem T cua HK va BM 
6 tren mot duong thang co djnh . 


3) Dat goc BAM = a 


/ fi n ^ 

0 < a < — 


V 


.Tim gia trj cua a de di£n tich tam giac AHK 


/ 


Ion nhat. 
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128. Cho h'inh vuong ABCD nSm trong mat phang (P). Ve tia Ax vuong go c 
voi (P), M la mot diem tren Ax . Duong thang qua M , vuong goc vdi mat 
phang (MBC) c5t (P) tai R, duong thang qua M, vuong goc vai (MCD) 
c3t (P) tai S. 

1) Chung minh : A,B,R thang hang va A,D,S thang hang. 

2) Tim tap h<?p trung diem I cua RS khi M di dQng tren tia Ax . 

3) G(?i AH la duong cao cua tarn giac AMI. Chung minh AH vuong goc voi 
mat phang (MRS) va H la tryc tarn cua tarn giac MRS. 

129. Cho tarn giac deu ABC co chieu cao AH = 3a . Lay diem O tren AH sao 
cho AO = a . Tren duong thiSng vuong goc voi mat phang (ABC) tai O lay 


diem S sao cho OS = BC. 

1) Chung rr.inh BC vuong goc voi SA va tinh SO,SA,SH theo a. 

2) Tinh goc giua hai mat phang (SAB) va (SAC). 

3) Qua diem I tren do$n OH, dung mat phang a vuong goc voi OH, a cat 
cac doan AB,SB,SC, AC lan luQt tai M,N,P,Q. Chung minh MNPQ la 

hinh thang can. 

4) Tinh di#n tich MNPQ theo a va x = AI. Xac djnh x de di<?n tich nay co gia 
tri Ion nhat. 

130. Trong m£t phSng (P) cho duong tron (C) duong kinh AB = 2R . Tren tia 
Ax vuong goc voi (P) lay diem S sao cho SBA = 30°; M la mpt diem tren 
(C).D$t BAM = a 

1) -Tinh tong cac binh phuong cac canh cua tu di<?n S.ABM theo R va a . 

2) Tinh dp dai do^n vuong goc chung cua SB va AM theo R va a . 

3) Qua A ve mat phang vuong goc voi SB t?i H, cSt SM t$i N, tim tap hQp 
cac diem N khi M di dQng tren (C). 

4) GQi p la goc giua hai mat phang (SAB) va (SMB). Chung minh rSng 

tan a. tan P = 2 

• « 

131. Cho hinh thang vuong ABCD co day Ion AD = 2a, day nho BC = a va 
AB = 2a, SA vuong goc voi miit phang (ABCD) va SA = aV? . Gqi M I* 1 

mQt diem tren duong cheo AC(M* A,M*C), d|t AM = x. M$t phSng 


Cty TNHH MTV DWH Khang Vi?t 



I (p) qua M va vuong goc voi AC . Tuy theo vj tri cua M tren do^n AC, 
hay xac djnh thiet di«?n cua hinh chop S.ABCD voi (P). Tinh di§n tich cua 

thiet di?n nay theo a va x. Xac djnh x de thiet di«?n co di#n tich Ion nhat. 

132. Trong mat phimg (P) cho duong tron (C) tarn O ban kinh R; AB la mQt 

day cung di dQng cua (C); I la trung diem cua AB. Tren duong thSng 
vuong gdc voi (P) tai O lay diem S. 

1 ) Chung minh mat ph3ng (SOI) vuong goc voi mat phang (SAE). 

2) Tim tap hQp hinh chieu vuong goc cua O len (SAB) khi AB di dQng nhung 

luon luon cung phuong voi mQt duong thSng co djnh . 

3) Dat AB = 2x (0 < x < R),SO = h. Tinh x de di<?n tich tarn giac SAB Ion nhat. 

133. Tu di?n ABCD co AD = a\/2 , cac canh khac deu bMng a, DH vuong goc 
voi mat phang (ABC) tai H . 

1) Chung minh rang ABH va ACH la cac tarn giac vuong bSng nhau va cac 
mat phiing (DBC) va (ADH) vuong goc voi nhau. 

2) Tinh goc giua hai mat phang (ADB) va (ADC). 

3) M|it phSng qua H va vuong goc voi AD cat AD,BD va CD lan luQt tai 
A'B'C'. Tinh AH,DH,DB' va chung minh riing tu giac HB'A'C' la hinh 
vuong. 

134. Cho hinh chop S.ABC co SA vuong goc voi m|t phang (ABC) va 
SA = -^L,AC = 2a —?=■. Cac dinh S,A,C co djnh ; dinh B di dQng nhung 

| n/3 V3 

hai mat ph3ng (SBA) va (SBC) luon vuong goc voi nhau; AD AE lan luQt 

la duong cao cua cac tarn giac SAC va SAB. 

1) Chung minh cac tarn giac ABC va SBC vuong va AE vuong goc voi mat 

phang (SBC). 

2) Tinh goc BAC de khoang each tir E den m|t phang (SAC) Ion nhat. 

3) Gia sir DE ck BC tai M va duong th^ng vuong goc voi m|t phSng (SBC) 
tai D cSt mat phang (ABC) tai N . Chung to A,M,N thang hang va tich 

AM.AN khong doi. Djnh goc BAC de MN co dQ dai nho nhat. 
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135. Cho ba tia Ox,Oy,Oz khong dong phang va vuong goc voi nhau tirng doj 
mQt . Tren Ox,Oy,Oz Ian luQt lay ba diem A,B,C sao cho AC = 20B V i 
BC = 20 /\. DHt a = OA . 

1) Tinh OB,OC theo a . 

2) G<?i M va N lan luQt la hinh chieu vuong goc cua O len AC 
Chung minh MN vuong goc voi OC. 

3) Ti'nh cos MON 


va BC. 


4) Gpi D la trung diem cua AB. Chung minh rang , ^ an ^ 

tan 4 OCA AB 

136. Hinh chop OABC co cac canh OA,OB,OC doi mQt vuong goc voi nhau 
va Ian luQt hQp voi mat phang (ABC) cac goc a,p,y 

1) Chung minh h£ thuc cos 2 a + cos 2 p + cos 2 y = 2 

2) H la true tarn tarn giac ABC. Cac canh OA,OB,OC hgp voi OH cac goc 

a’/P’/y’ • Chung minh rSng : 2(cos 2 a , +cos 2 p'+cos 2 y')=sin 2 a , +sin 2 p , +sin 2 y , = 2 

f 

D3ng thuc tren con dung nua khong neu H la mQt diem tuy y tren mat 
phang (ABC). 

3) Dat S = S OAB + S OBC + S OCA va h la khoang each tu O den mat ph3ng 

(ABC). Tim gia tri nho nhat cua ti so — 

h 2 

137. Trong mat phJing (P) cho hinh thoi A BCD ojnh a, goc BAD = 120°. Tu 


% % 


cac diem B,C,D ve cac tia By,Cz, Dt cung vuong goc voi (P) va cung 
chieu. Tien By,Dt Ian luQt lay cac diem B\D' voi BB’ = DD' = x. Mat 
ph3ng (AB'D') cSt Cz t$i C'. 

1) Chung minh mat phang (AB'D') chira mQt dudng theing co djnh khi x thay doi. 

2) Ti'r giac AB'C'D' la hinh gi? Tinh theo a va x dp dai CC' va di£n tich tu 
giac AB'C'D'. 

3) GQi <p la goc giira hai mat phimg (p) va (AB'C'D'). Tinh tancpva cos<p 

• — 

.. . , B'AD’ . 

theo a va x. Tinh tan—-— theo cos<p. 

4) Tinh x de AB'C'D' la hinh vuong. 
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r- Cl i/ iNini uvr-n wwn v van 

jTcho tarn giac deu ABC canh a. Tu B va C dung hai tia Bx,Cy ciing 
13 ’ hi g u va cimg vuong goc voi mat phSng (ABC). G 9 i M,N la hai diem di 

d . ng Ian luQt tren Bx,Cy sao cho BM + CN = 2k (k la d<? dai cho truoc). 

Chung minh mat ph3ng (AMN) chua mQt dudng thang codjnh . 

EL • j y a tru ng diem cua BC va H la hinh chieu vuong goc cua I len mat 

phang (AMN). Tim tap hQp cac diem H . 

jy Djnh vj tri cua MN. de tarn giac AMN co di£n tich nho nhat. 

Hudng dan giai 

9°. 

a Tinh cac canh cua tam giac SIJ. 

SI la dudng cao cua tam giac deu 

■ | aj 3 

SAB canh bang a, suy ra bl = —— 

Tam giac SCD vuong can tai S, SJ la 

CD a b 

~Y~ 2 ' 


trung tuyen , suy ra SI = 



IJ = AD = a . 

Chung minh SI -L (SCD),SJ -L (SAB). 


r -\2 


Xet tam giac SIJ, ta co SI 2 +SJ 2 - 

SI 1 AB „ n 

S => SI 1SH => SI 1 CD 

J ICD//AB 


f3] 


\ 




+ 


/ \ 2 

a 


a 2 =IJ 2 


ASIJ vuong tai 


SI 1 (SCD) 


SI1SJ 

I [SI 1 CD ~ 

Chung minh tuong tip, ta cung co SJ -L (SAB). 

b.Chimg minh SH H AC. 


Ta co 


AB ± SI 


AB 1 SJ (do SJ 1 (SAB) 

=> AB 1 (SIJ) => AB 1 SH (1) (vi SH c (SIj)) 

H la hinh chieu vuong goc cua S len IJ nen SH 1 IJ (2). 
Tir (1) va (2) ,suy ra SH 1 (ABCD). 
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c. Tinh AM. 

Vi BMc(ABCD) nen BM _LSH dodo BM 1SA o BM 1 AH 


2 3a 


Xet tarn giac vuong SIJ, ta co SI 2 = IH.IJ 


— =IRa=>IH= — 
4 4 


Hai tam giac vuong AIH va BCM co I = C = 1v,HAI = MBC (cung phu v6i 
ABM ) nen chung dong dang, suy ra 


IH At 1 3n 

CM-K=2^ CM - 2,H *f 


DM = CM - CD = — 

2 


Xet tam giac vuong ADM 
AM 2 = AD 2 + DM 2 =a 2 + 


a 2 5a 2 


AM = 


s 


91. Ban dpc ty ve hinh 

a) Chung minh SA vuong goc (ABCD) va tinh SA . 

T . jBClSB ^ , . 

1bciab = bc1(sab >^ bc±sa - 

Chung minh tuong tu, ta co CD 1 SA. 

fSAlBC 


SA1CD 


SAl(ABCD). 


Tam giac SAD vuong tai A (do SA 1 (ABCD) => SA ± AD) 

=> SA 2 = SD 2 - AD 2 = 5a 2 - 3a 2 = 2a 2 => SA = 3^2 . 
b. Xac djnh cac diem K,L. Chung minh ring AK1 (SBC), ALl(SCD) 

K = SBn(HIj) = SBnHI ,L = SDn(HIj) = SDnHJ. 


IJc(ABCD) 

SAl(ABCD) 


IJ1SA 


Mat khac IJ1 AC (gia thiet) 


IJ1 (SAC) IJ ± SC. Lai co AH ISC, do do SC±(HIj),suy ra 


| IJ 1 SA _ 

[IJ 1 AC ^ 

SC 1 AK 
AK ISC 

AK1BC (do AK c (SAB), BC1 (SAB) 


AKl(SBC). 


Chung minh tuong tu, ta cung co ALl (SCD). 
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pi?n tich tu giac AKHL . 

AK(SBC)=> AK 1 KH => AAHK vuong tai K. 


Xet tam giac vuong SAB (vuong tai A ), AK la duong cao, suy ra 

2 


1 _ = - — + _L 

AK 2 SA 2 AB 2 


1 1 
2a 2 + a 2 


2a 


AK 2 = — 


Xet tam giac vuong SAC (vuong tai A), AH la duong cao ,suy ra 




2 

AH 


1 1 

+-< 


SA 2 AC 2 


SA = a>/2 

AC 2 = AB 2 + AD 2 = a 2 + 3a 2 = 4a 2 


1 


1 


2a z 4a 

ah 2 = — 


4a 


kh 2 = ah 2 -ak 2 = 


2a 



1 


AHK 


= —AK.KH = — 


1 2 a 


2 3 


Xet tam giac vuong SAD, ta co 

AL.SD = SA. AD => AL = SAAP = = a J- 

■ SD a75 V 5 

Xet tam giac vuong ALH (vuong tai L) 


HL 2 = AH 2 - AL 2 = 


4a 2 6a 2 2a 


HL = a 


S MlL=|AL.HL = Ia 




Di?n tich tu giac AKHL: S AKHL = S AHK + S AHL 

92. 

a> Chung minh cac mat cua tu di£n SAMB deu 
la cac tam giac vuong. 

‘ Tam giac AMB n<?i tiep trong ntra duong 
tron (O) nen tam giac AMB vuong tai M . 

Hai 

1 => cac tam giac SAM, SAB vuong tai A . 


(AMB) => SA 1 AM,SA 1 AB 
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BM1MA 
BM ISA 


BM l(SAM)=> BM ISM => ASMB vuong Uni M. 


Vay cac mat cua tu dipn SAMB la cac tam giac vuong . 

b. Chung minh duong thing TN luon di qua mQt diem co djnh . 

Gpi H la giao diem cua TN voi SB, ta co 

AN 1SM 

AN 1 MB (do MB 1 (SAM), AN c (SAM)) 

AN 1 (SMB) => AN 1 SB 

AT 1 AB =>AT± / SAB \ ^ AT j_ SB 
ATISA v ' 

SB 1 AN SB / ATN \ aH c(ATN)=> SB 1 AH 
[SB 1 AT v ; v 

H la hinh chieu vuong goc cua A len SB nen H co djnh .Vay TN di qua 
diem co djnh H (H la trung diem cua SB do tam giac SAB vuong can tai S). 

c. Tinh a de tam giac AHN can. 

AN 1 (SMB), NH c (SMB) => AN 1NH => AANH vuong tai N 

Dodo AANH can oAANH vuong can tai N<=>AH = AN\/2 (*) 

AH = -SB = R\/2 
2 

Xet tam giac vuong AMB,taco AM = ABsin ABN = 2Rsina 
Trong tam giac vuong SAM, AN la duong cao, do do 

• 2 ,i 

sin a + 1 


1 

AN 


1 1 
— + — 


1 


1 


+ 


AS L AM 2 4R 2 4R 2 sin 2 a 4R 2 sin 2 a 

2 -2 


AN 2 _4R_sina 
1 + sin 2 a 

2 2 

(*) <=> AH 2 = 2AN 2 o 2R 2 = 8R sin <=> 1 + sin 2 a = 4sin 2 a 

1 + sirr a 

. 2 1 1 • 1 
osin a = -osina = —?* <=t> a = a resin —j= 

3 73 v3 

Chu y. Trong mot soldi loan, ta co the sic dung tinh chat sau: AB 1 CD o AB.CI ’ 
dc clu'mg minh hai duong titling vuong goc mot each gon gang hem. 


0 


« 
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.tf. 

<ac djnh thiet dipn cua a vai tu di?n S.ABC . 

Ira CO SA1(ABC)=>SA1AC. 

I la trung diem cua AC, vi tam 
■i giac ABC deu nen BI1 AC. 

a-LAC (a//SA 

SA1AC,BI1AC [a//BI 

Item 1 : M thupc doan AI (M * A,M * I) 
M e an(ABC) 



a//BI,BIc(ABC) 


an(ABC) = MN//Bl(Ne AB). 


Tuong tu a n (SAB) = NP // SA(P e SB), a n (SAC) = MQ // SA(Q € SC). 
a va (SBC) co hai diem chung la P,Q nen an(SBC) = PQ. 

Vay thiet dipn la tu giac MNPQ. 

Vi MQ//NP( cung song song SA ) , MQ 1 (ABC) => MQ 1MN, suy ra 

MNPQ la hinh thang vuong tai M va N . 

Truon$ lurp 2. M thupc doan IC(M*C). 

Giai tuong tp nhu tren, thiet dipn la tam giac QMK (K thupc canh BC) 
vuong tai M. 

b.Tinh di£n tich S cua thiet di£n tren theo a va x. 


litany hop l. M thuoc doan AI 


/ 


\ 


v 


— <x<a 
2 


/ 


Dien tich thiet dipn : S = ^(NP + MQ).MN. 


Ap dung djnh li Ta-let,ta co: 


s 


mn am 

BI ' AI 


MN = B!AM=-i-^ = J5(a-x) 

AI a 


a 

2 



CM 

CA 


x 

a 


ax 

MQ = — = x. 

a 
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NP BN IM 
SA _ BA _ 1A 


a 

x - 

2 

a 

2 


NP = 2x -a. 





Suy ra : S = -^(x + 2x-a).\/3(a-x) = ^-(3x-a)(a-x) 




Trucnv i >hap 2. M thuQcdoan IC| 0<x< — 


j 


Di£n rich thiet di£n : S = ^-MK.MQ 

MK _ CM _ x MK _ a J3 2x 
BI ~ Cl ~ a ^ ‘2 a 


= xj3 


Suy ra : S = ^x 2 n/3 . 


Vay di£n rich thiet di£n : S = < 


(x 2 V3 

0<X£-1 

2 J 

2 

/ 

^y(a-x)(3x-a) 

w 

/ \ 

a 

— <x<a 

U J 


Dinh x de di£n rich S lan nhat 


Neu x 6 


'a N 


2 ,a 


/ 


thi S = —(3x -a)(a - x) = —(3x -a)(3a -3x). 
2 6 


Mat khac voi x e 


/ \ 

a 

2 ,a 


thi 3x-a >0,3a-3x>0 nen ap dung bat dang thuc 


n u » - c ^ \f3(3x-a+ 3a-3x\ 2 73 2 

Cauchy ta co: S <— - =—a . 


\ 


Neu x€ 


v 


*1 


thi S = ^ 


\2 

j £ 




Vi 


2 R - 2 S , „ a 2 73 


a~\f3 a 


8 


va S = 


x e 


8 

a N 
2 ,a 


<=> x = 


2a 


Vay maxS = 


a 2 y/3 


3x - a = 3a - 3x 


2a 


dat duoc khi va chi khi x = 

6 3 
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m —:- 

j4 p^ 0 g duong thing qua trung diem cua 
1 c?n h SC va vuong goc voi m|t phing 

^abcd) . 

qqi I la trung diem cua SC, O la giao 
diem cua AC va BD thi O la trung 
diem cua hai doan nay . 

-prong tarn giac SAC, IO la duong 
trung binh do do IO H SA 

fda SAl(ABCD)suy ra lOl(ABCD). Vay IO la duong thing qua I va 

vuong goc (ABCD). 

, Dyng duong thang qua A va vuong goc voi mat phang (SBC). 

Dyng AH 1 SB(H € SB), ta co : 

BC1AB 
BCISA “ 

AH 1BC _ 

AH1SB ‘ 


BC 1 (SAB) => BC 1 AH. 
AH 1 (SBC). 


Vay AH la duong thang qua A vuong goc voi (SBC) 
Tinh d(A,(SBC)). 

Tam giac SAB vuong tai A (do SA 1AB) cho: 

Hi 1 1114 

+ — 


AH 2 AB 2 SA 2 a 


1 1 

2 + o.2 


3a 3a 


2 • 


s 


.s 


=> d(A,(SBC)) = AH = 
c Tinh d(0,(SBC)). 

Duong thang AO cat (SBC) tai C suy ra 

= — = - => d(0,(SBC)) = ^d (A, (SBC)) 
d(A,(SBC)) CA 2 V ’’ 2 v ” * 

* Tilth d(G,(SAC)). 

J{bC ! s a =■ 801 (SAC) = d ( B '( SAC » - 60 =• 

Be cit SA tai trung diem E cua SA => {E} = BG r>(SAC) 
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Phan loai va phi von $ phap gidi Hinh hoc 7 7 


d (G, (SAC)) = EG = 1_ d ( G (SAC)) = - d (B, (SAC)) = — 
d(B,(SAC)) EB 3 V " 3 1 1 ’>6 


95. Ban dpc l\r ve hinh 
a. Tinh d(C',(ABB')). 



Ta co CAJLAB (do tam giac ABC vuong tai A), AClBB'( c j r 
BB'±(ABC),ACc(ABC)), suy ra AC 1 (ABB') 

=> d(C,(ABB')) = AC = BC.cos60° = a . 

CC'// BB => CC// (ABB’) => d(C’,( ABB’)) = d(C / (ABB')) = a . 

b. Tinh d(M,(ACC'))( M la trung diem cua B'C ). 

BA _L AC 

' BAlCC’(doCC , l(ABC)) =>BA1 ^ ACC ^ 

=> d (B,( ACC')) = BA = BCsin60° = a 73. 


BB' // CC' => d (B',( ACC')) = d (B,( ACC')) = aV3 


B'Mn(ACC') = {C} 


d(M,(ACC')) CM 
d(B,(ACC')) CB' 


1_ 

2 


=>d(M,(ACC')) = ~d(B'(ACC')) = ^. 

c. Tinh d(B',(ABC')). 

Truoc het ta tinh d(C,(ABC')). 

Dung CHI AC' (He AC'), taco CHc(ACC')=>CHlAB. 


CHI AC' 
CHI AB 


CH ± (ABC') => CH = d (C,( ABC')) 


Tam giac vuong ACC' cho : 


1 


1 1 
+ — 


1 J_ = _5 

CH 2 CC' 2 AC 2 ~ 4a 2 + a 2 ~ 4a 2 



Tugiac BCC'B' la hinh thang vuong tai B va C nen B'C va BC' c3t nh* 1 ' 1 
tai E thi E cung la giao diem cua B'C va (ABC')suyra 


Ct\) TNHH MTV DWti Kitting Viet 



It 


icH 

2 


a 

Ts 


£ 


d(B’,(ABC’)) _ EB’ _ BB' _ 1_ 
cT(C,(AEC')) = EC = CC' = 2 

^d(B',(ABC')) = ^d(C,(ABC')) = 

Tinh d(l,(AB C')) ( I la trung diem cua BC). 

■[ 1 ' 

Goi {L} = BC/?B'C’, vi BB' // CC' va BB'=^CC’ nen B la trung d : em cua CL . 

Truoc het ta tinh d(B,( AB'C')). 

Dung BN 1 AL (N e AL), dung BK 1 B'N(K e B'N), ta co: 

ALT BN 

AL 1 BB’ (do ALc(ABC),BB±(ABC)) 

BK1 AL 
BKIB'N 
ALnB'N = {N} 

ALc(AB'C'),BLc(AB'C') 

Djnh li ham so cosin trong tam giac ACL cho 
AL 2 = CL 2 + CA 2 - 2CL.CA.cos60° 


AL±(BB'N)=> AL1BK. 


BK ±( AB'C') => BK = d(B, (AB'C')) 


= (4a) 2 + a 2 - 2(4a).a.- 


= 13a 2 

AL = a7l3. 


Dipn tich tam giac BLA . 



S = - BN. AL = - BL.BA.sin LBA = a.a 75. - (do LB A = 180° - ABC = 150° 

0 0 7 \ 


BN = 


a 2 75 


739 


a7l3 13 
Tam giac vuong B'BN cho : 

1 


1 | 1 
BK 2 BN 2 BB' 


13 1 

3a 2 + a 2 


3a 2 


BK = 


£ 



BI cat (AB'C') tai L suy ra 
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Phdti loai va phucnig phap gidi Hinh hpc 2 7 


d(l,(ABC)) li 3 


d(B,( ABC')) LB 2 


= f=>d(L(AB'C')) = fd(B / (AB'C')) = 


3a S 


8 


Nhdn xet. Trong bai toan tren cac khoang each dug c tmh trung gian q Ua 
khoang each tir mQt diem khac voi yeu cau cua bai toan va de f im duoc ca c 
diem trung gian nay ta phai tim cac duong thang vuong goc voi mat ph3 n , y 

# ^ ^ f v) 

co san tren hinh ve. ChSng han 

* O cau a) thi da co san duong thang CA 1 (ABB') do dcS ta tmh d(C,( ABB')) 

‘ 6 cau b thi da co BAI (ACC') nen ta tinh d(B,(ACC')). 

’ a f 

* O cau c) vi da co san duong thang CC' qua C va vuong goc voi duong 
thang AB chua trong (ABC') nen ta tinh d(C,(ABC')) trude. 

96. 

a. Tim tren mat phang (ABCD) mpt diem cich deu ba diem S,B,C 

Gpi I la diem can tim , I S = IB = 1C^1g true d cua tarn gi<ic SBC, mat 
khac I thupc mat phang (ABCD) do do I la giao diem cua d va mat 

phang (ABCD). 

SA1(ABCD)=>SA1AB, lai co SA = AB = a nen tarn giac SAB vuong can 


tpi A. Gpi E la trung diem cua SB thi AEJ.SB 

BC1AB 
BC ISA 

AE1BC 
AE1SB 


BC 1 (SAB) => BC 1AE. 
AEl(SBC) 


BC -L (SAB) => BC 1 SB ASBC vuong tai B. 


Gpi F la trung diem cua SC thi F la tarn duong tron ngoai tiep cua tam 
giac SBC. 

EF la duong trung binh cua tam giac SBC nen EF U BC H AD va 

EF = —BC = -AD. 

2 ' 2 


Gpi I la trung diem cua AD thi EF H AI va EF = AI nen tu giac AIFE 
hinh binh hanh 


FI // AE => FI 1 (SBC) (do AE 1 (SBC)). 


OOA 



Cty TNHH MTV DWH Khcmg Viet 




Ma F la tam duong tron ngoai tiep cua tam giac SBC nen FI la true cua 
tam giac SBC, han nua I e (ABCD). 


Vay diem can tim la trung diem I cua AD. 
fifth ede khoang each . 


_2 c2 

2 a 5a 


Tam giac vuong ABI cho: IB = AB + AI = a + — = 

4 4 


IB = 




Vay IS = IC = IB = 


s 


d (i,(SBC)) = IF = AE = isB = (do SB = a72). 

b. Tim tren mat phlng (SBC) mQt diem each deu ba diem B,C,M . 


Diem can tim la giao diem cua (SBC) voi true cua tam giac BCM . 


G<?i H la trung diem cua BM thi H la tam duong tron ngoai tiep tam giac 
vuong BCM. 

Trong mat phang (ABCD) , AH c3t BC tai K .Trong mat phang (SAK), 


i / 

dpng duong thang d' qua H song song voi SA cat SK tai G,taco: 


Ge(SBC)(do SKc(SBC)). 


* Duong th3ng d' qua tam H cua duong tron (BCM) va vuong goc voi 


(BCM) (do d' //SA, SAl(BCM)) nen d' la tryc cua tam giac BCM, G 


thupc d' do do G each deu ba diem B,C,M . A 
j Vpy G la diem can tim. 

Tinh GB. 


Gpi L la trung diem cua BC, ta co HL la 
duong trung binh trong tam giac 


1 


BCM => HL H CM va HL = ^CM=>HL//AB, 


1 


HL = —AB 
4 


HL KH 1 
AB " KA " 4 



Trong tam giac SAK, HG //SA. 


HG = KH_1 a 

SA~KA - 4^ "4 



Tam giac vuong GHB cho 

GB 2 = HG 2 + BH 2 = —+ i(BC 2 +CM 2 ) = 

16 4V I 


a^ + l 5a 2 
16 + 4 4 


6a 

16 


GB = 


& 
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Phan loai vd phuang phdp giai Hinh hpc 11 


97. 

l.Tqp hyp hinh chieu vuong goc ciia O left 
ducmg thdtig SB. 

• Phan thuan. 

Gc?i H la hinh chieu vuong goc cua O len 
SB va I la trung diem cua AB,taco 

OI1AB . , 

=>OI ±(B,Ax)=>OI ±SB. 

Oil Ax v ' 

SBIOI 
SBIOH 


SB 1IH => IHB = 90°. 



Trong mat phang codjnh (B,A) (A Id ducmg thing chira tia Ax), IHB = 90° 
suy ra H di d(?ng tren duong tron (C) duong kinh IB. 

Giai Itan . 

H la giao diem thu hai cua SB voi (C). 

Khi Ss A thi HsI. 

Khi S chay ve vo eye tren tia Ax thi 
H chgy ve B. 

Khi S di d$ng tren tia Ax thi S di 
d(?ng tren nira duong tron (C) n5m 

trong nira m3t phang (B^) chira tia 
Ax co bo la AB va H khong trung B. 

/ 

Phan ddo. 

G(?i H la mpt diem bat ky tren nira duong tron (C) noi trer , H khong 

trung voi B. Dyng S la giao diem ciia BH voi tia Ax, ta chung minh H la 
hinh chieu vuong goc ciia O len SB. 

SB 1 HI 

Taco-! => SB ± (OHl) => SB 1 OH. 

SBIOI v ’ 

Vay tap hop cac diem H la nira duong tron (C) nam trong nira m3t phang 

(B,A)-chua tia Ax , co bo la AB ,lo?i bo diem B. 

2 .Tap hyp chan ducmg cao ve tic dinh D trong tam gidc vuong SDC. 

• Phan thuan. 





Gpi E la chan duong cao ve tCr D trong tam giac SDC. 
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DOl AC 
DO 1SA 


DO 1 (SAC) => DO ISC. 


SC 1 DO 
SC IDE 


SC 1 (DOE) => SC 1OE. 




Trong mat ph3ng (C,A) , OEC = 90° suy ra E thupc duong tron (C') I 




dirong kinh OC. 

Gi&i hqn . 

E la giao diem thu* hai cua SC vai (C ). 


Khi S= A thi E = 0 . 

Khi S chay ve vo cue tren tia Ax thi H chay ve C. 

Khi S di dong tren tia Ax thi S di dpng tren nira duong tron (C') n3m 


trong nira mat philng (C, a) chira tia Ax, co bo la AC va E khong trung C. 


Phan dao giai tuong ty nhu bai tren. 




Vay tap hop cac diem E la nira duong tron (C') n3m trong nira m<5t phing 


(C, A) chua tia Ax, co bo la AC, loai bo diem C. 


98. 





1. Tap hop hinh chieu vuong goc cua A len SB. 
• Phan thuan. 

Gpi d la duong th3ng chira tia Ax, E 
la hinh chieu vuong goc vuong goc ciia 
A len SB . V ’ 


Trong m3t ph3ng (B,d) ,AEB = 90° 







suy ra E thuQC duang tron (C^ 


. (Q) 


duang kinh AB. 
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Pha?i loai va phtfang pi tap tfidi H'nih hoc 1! 

• Gioi hart . 

Ta co E la giao diem thir hai cua SB va duong tron (C,) suy ra 


Khi S trung A thi E trung A. 

Khi S chay ve vo cpc tren tia Ax thi E ch^y ve B. 

Khi S di dpng tren tia Ax thi E di dpng tren nira duong tron (C,) narn 

trong nira mat phing (B,d) chira tia Ax, co bo la duong thing AB va E 
khong trung B. 

Phan dao. 

Lay E la mot diem thupc nira duong tron (C,) noi tren, E khac B. 



Gpi S la giao diem cua EB voi tia Ax. Vi AE1SB nen E la hinh chieu 
vuong goc cua A len SB . 

Vay tap hpp cac diem E la nira duong tron (C,) loai bo diem B, nam tron K 


nira mat phing (B,d) chira tia Ax cobola AB. 

Chung minh rang duong thang SN qua trung diem cua doqn BC. 
N la hinh chieu vuong goc cua A len SBC suy ra AN 1 (SBC). 


fBClSA 
BC 1 AN 


BC 1 (SAN) => BC1 SN. 


Gpi I la giao diem cua SN voi BC, ta co Ale (SAN) => AI1 BC. Ma tarn 

giac ABC la tarn giac deu nen I la trung diem cua BC (dpcm). 

Tap hop cac diem N . 

• Phan thuan. 

9 

Trong mat phang (l,d), ANI = 90° suy ra I thuoc duong tron (C 2 ) duong 
kinh AI. 

Gioi han va phan dao lam tuong tir nhu cau 1) ta dupe tap hpp cac diem N 
la nira duong tron (C 2 ) n£m trong nira mat ph^ng (l,d) chira tia Ax, co 

bo la duong thing AI loai bo diem I. 

3. Chung minh rang BK 6 trong mQt mat phang co dinh. 

Gpi F la trung diem cua AC vi K la trung diem cua SC nen ta co FK // Ax 

=>K thupc duong thang co djnh (D) qua F song song voi Ax. 

=> BK chira trong mat phing co djnh (B,(D)). 
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Tap hop hinh chieu vuong goc cua A len BK. 

# Phan thuan. , 

l Gpi H la hinh chieu vuong goc cua A len BK. Ta co : 

1 AC 1 BF ( do dABC deu ) (1) 

[ AC 1 (D) ( do (D) // Ax nen (D) 1 (ABC)) (2) 

Tir (1), (2) suy ra AC l(B,(D)) => AC 1 BK 
I j BK1 AC ^ BK 1 ( AHC) =* BK 1 HF => BHF = 90°. 

[BK1AH v ’ 

Trong mat phing (B,(D)),BHF = 90° suy ra H thupc duong tron (C 3 ) 
dirang kinh BF. 

Gioi han va phan dao lam tuong ty nhu cau 1) ta dupe tap hpp cac diem H 
la nira duong tron (C 3 ) loai bo diem B, nim trong nira m|it phang (B,(D)) 

co bo la BF, chira tia Fy song song cung chieu voi tia Ax . 

99. 


I. BM = ^CN. Tim tap hop cac diem H . 



Bx,Cy cimg vuong goc voi (P) nen Bx H Cy suy ra chung xac djnh mot 
mat phing, gpi mat phang nay la (Q). 

Phan thuan 

Gpi J la giao diem cua MN voi BC,vi 
BM//CN va BM = 2CN =>C la trung 
diem cua BJ => J co dinh . 

Gpi I la trung diem cua BC, ta co 

AI 1 BC _ 

AI 1 Bx ~ 


AI 1 (Q) => AI 1 MN. 




















Phan loai va phiarn$ phap gigi Hinh hoc 7 7 


MN 1 AI 
MN1 AH 


MN 1 (AIH) => MN 1IH => IHJ = 90° 


Trong mat phSng (Q) , IHJ = 90°, suy ra H thupc duong tron (C,) dui>n 
ki'nh IJ. 

Gi&i han 

H la giao diem thu hai cua (C,) voi JM suy ra 

Khi M triing B thi H trung I. 

Khi M chay ve vo circ tren tia Bx thi H chay ve J. 

Khi M c«i dpng tren tia Bx thi H di dpng tren nira duong tron (Cj) n3rn 
trong nira mat ph<1ng (Q) chua hai tia Bx,Cy co bo la BC. 

Phan dao. 

Lay H la mpt diem tuy y tren nira dirong tron (C,) noi tren va H khac J 

Dpng M,N lan lirpt la giao diem cua JH voi hai tia Bx,Cy .Ta phai chunv; 
minh BM = 2CN va AH1MN. 


Vi C la trung diem cua BJ, Cy // Bx => BM = 2CN. 

Jmn±ih_ 

I MN 1 AI “ 


MN 1 (AIH) => MN 1 AH. 


Vay tap hpp cac diem H la nira dirong tron (C,) loai bo diem I, n'am 

0 

trong nira mat phimg (Q) chua hai tia Bx,Cy co bo la BC. 

2. BM + CN = 2a. Tim tap h<pp cac diem H . 



N 
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Phmt thuan . 

Gpi K la trung diem cua MN,IK la duong trung binh trong hinh thang 

I „„ BM -I- CN v .. *.. . 

BCNM ren IK^Bx va IK =---= a suy ra K la diem co dinh . 

Trong mat phSng (Q) , IHK = 90° suy ra H thupc duong tron (C 2 ) duong 

kinh IK. 

Gicn han . 

H la giao diem thir hai cua MN voi (C 2 ) suy ra 

Khi M t'-iing B thi N trung voi N 0 tren tia Cy sao cho CN 0 =2a, H 
trung voi H! voi H, la giao diem thir hai cua BN 0 voi (C 2 ). 

Khi M trung voi C thi M trung voi M 0 tren tia Bx sao cho BM () = 2a, H 
trung voi H 2 voi H 2 la giao diem thu hai cua CM 0 voi (C 2 ). 


Khi M,N di dpng tren Bx,Cy thoa BM + CN = 2a thi H di dpng tren cung 
H,KH 2 ciia duong tron (C 2 ). 


Phan dao. 

Lay diem H thupc cung tron H,KH 2 noi tren . Dung M ( N lan lupt la giao 
diem ciia KH voi hai tia Bx,Cy. Khi do ta cotir giac BCNM la hinh thang 
dodo BM + CN = 2IK = 2a va AH 1 MN (do MN 1 IH,MN 1 AI). 

Vav tao hop cac diem H la cung tron H.KH, cua duong tron (C 2 ) nam 


trong mat ph5ng (Q). 

I 

. BM = CN .Tim tap hap cac diem H . 

Phan thuan. 

Khi BM = CN thi tir giac BCNM la hinh chu nhat suy ra H \h trung diem 
cua MN do do H di dpng tren tia It song song cung chieu voi hai tia 

Bx,Cy 

X 

Gi&i han . 

Khi M trung B thi H trung I. 

Khi M chay ve vo circ tren tia Bx thi H 
chay ve vo cue tren tia It. 

Phan dao. 

Lay H la mot diem bat ky tren tia It, dung 
duong thclng qua H song song voi BC cSt B 
Bx,Cy Ian luot tai M,N . 
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Phan loai va p hiarng phdp giai Hinh hoc 1 7 


ru giac BCNM la hinh chu nhat suy ra BM=CN. Malt kh' 
MN ± IH,MN _L AI suy ra MN ± AH . 3 

Vay t$p hyp cac diem H la tia It song song cung chieu voi Bx 

100. *i 

si 


1. Tap ht^p E,F khi xOy codjnh. 

Tap hpp cac diem E. 

• Phan thuan. 

OA 1 OB 
OAIOS 

jSBlOA 
SB ± AE 



> OA 1 (OBS) =>OAl SB. 
SB 1 (OAE) 


=> SB 1OE => OEB = 90°. 

G<?i (Q) la mat phang chira hai tia 

Oy,Oz till (Q) codjnh . 



(Cl) 


Trong mat phang (Q) , OEB = 90° suy ra E thuyc duong tron (C,) duong 
kinh OB chua trong (Q). 

• Gi&i hart 

E la giao diem thi> hai cua BS voi duong tron (Cj) ,suy ra 

Khi S trung O thi E trung O. 

Khi S chay ve vo circ tren tia Oz thi E chay ve B. 

Khi S di dQng tren tia Oz thi E di d<?ng tren nua dirong tron (C,) n'am 

trong nua mat phang (Q) chua tia Oz, co bo la duong th^ng rhua tia Oy, 
loai bo diem B. 

Phan ddo. Ban cJqc ti^ giai. 

V?y tap hyp cac diem E la nua duong tron (C,), lo^ii bo diem B, n^m 
trong nua mat phang (Q) chua tia Oz co bd la duong thSng chua tia Oy . 
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hW c< * c diem F • 

Qqi (R) la mat phang chira hai tia Ox,Oz, tuong tir nhu tren ta co ta^p hyp 
. ■ cac diem F la nua duong tron (C 2 ) duong kinh OA, loai bo diem A, n3m 
trong nua mat phang (R) chira tia Oz co bd la duong thang chua tia Ox. 

2 Chun$ ittitth H codjnh. 

H la trye tarn tarn giac SAB suy ra H la giao diem cua hai duong cao AE 

va BF. 

OH c (OAE) => OH 1 SB (do SB 1 (OAE)) 

OH c (03F) => OH 1SA (doSA 1 (OBF)) 

=>OHl(SAB). 

Ma O codjnh, (SAB) = (S,d) codjnh, H la hinh chieu vuong goc cua O 
len (S,d) nen H codjnh. 

Tap hap cac diem E, F. 

Trong mat phang co'djnh (S,d) , SEH = SFH = 90° nen E,F f hupc duong 
tron (C 3 ) duong kinh SH nam trong mat phang (S,d). 


Mat khac vi tarn giac SAB khong the vuong tai S vi neu nhu vay thi 

saisb 


SAIOB 


SA 1 (SOB) => SA1 SO => S a O! 


Suy ra E,F khong trung voi hai diem S va H vi neu the thi H = S va khi 
do tarn giac SAB vuong tai S. 

Vay tap hyp cua cac diem E,F la duong tron (C 3 ) loai bo hai diem S va H . 

101 . 

* iP/iflii thuan. 

Nhan xe* mat phang (SMB) luon chua 

duong thang co djnh SB . 

Ta dyng mat phang (Q) qua A vuong 

goc voi SB nhu sau 

Dung AKlSB(KeSB) thi K codjnh, 
dirng AH 1SM (H € SM). Ta co 




B 
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Phan loai va phiccnig phap gidi Hinh hoc 7 7 


BM 1 MA BM / SMA \ m a A H c (SMA) => BM 1 AH . 

BM ISA V ’ V ' 

j AH 1 SM ^ ^ SB va H la hinh chieu vuong goc cu a 

A len mf t phang (SMB). 




4 




AH 1 SB 
AK1SB 


(AHK)lSB. 


Vay (AHK) la mat phang qua A vuong goc voi SA, gpi mat ph3n^ 
(AHK) la (Q) thi (Q) codjnh . 


Trong mi.t phang (Q) , AHK = 90° (do HK c (SMB)) suy ra H di dpng tren 
duong tron (C,) duong kinh AK . 

Phan dao. 

Gpi H la mpt diem tuy y tren (C t ) ta phai chung minh ton tai mpt diem 
M thupc (C) sao cho H la hinh chieu vuong goc cua A len (SMB). 

Gpi M la giao diem cua SH voi mSt phang (P), ta co 


AH1HK , v AH B 

[AH1SB v ; 

< MB1AH =>MBl(SAM)=>MBlMA=>Me(C). 

MBISA v ; v ’ 

Mat khac AH 1 (SMB) nen H la hinh chieu vuong goc cua A 'en (SMB). 

Vay tap hpp cac diem H la duong tron (C,) duong kinh AK chua trong 

mat phang (Q) qua A vuong goc SB. 

102 . 

1. Tap hop hinh chieu vuong goc cua O len (SBC). 

• Phan thuan 

Nhan xei (SBC) di dpng nhung luon 

chua duong thang BC codjnh . 

Ta dyng m|t phang qua O vuong goc 
voi BC. G<?i I va K lan lupt la trung 
diem cua BC va SC thi I co djnh con 
K di dipng tren tia Ot song song cung chieu voi tia Ax . 



Cti/ TNHH MTV DVVH Khang Viet 


G<?i (P) la mat phang xac djnh boi 1 va duong thang chua tia Ot. Ta co 


Ot // Ax 
Axl(ABCD) 


Ot 1. (ABCD) => Ot 1 BC. 


BClOl 
BC 1 Ot 


BCl(P) 


Vay (P) la mat phang qua O va vuong goc voi BC. 


Dung OH 1 KI , H e KI. 

OH 1 BC (do OHc(P)) 
OH 1 KI 


OH 1 (SBC) 


Vay H la hinh chieu vuong goc cua O len (SBC). 



Trong mat phang (P) , OHI = 90 suy ra H 
thupc duong tron (C) duong kinh OI. 

Ci&i Itan. 

H la giao diem thir hai cua KI voi (C) suy ra 

Khi K trung O thi H trung O. 

Khi K chay ve vo cue tren tia Ot thi H chay ve I. 

Khi K di dpng tren tia Oz thi H di dpng tren nua duong tron (C) loai bo 
diem 1 nam trong nua mat phang (P) chua tia Ot co bo la duong thang OI. 
Phan dao. 

Goi H la mot diem tuy y thupc nua duong tron (C) noi tren , H khac I, ta 

chung minh ton tai mpt diem S thuoc tia Ax sao cho H la hinh chieu 
vuong goc cua O len mat phang (SBC). 

Dung K la giao diem cua IH voi tia Ot va dung S la giao diem cua CK 
voi tia Ax, ta co 

OH 1 KI qj_[ ^ ^C) => H la hinh chieu vuong goc cua O len (SBC). 
OH -L BC 

Vay tap hpp cac diem H la nua duong tron (C) duong kinh OI, loai bo diem 
I nam trong nua mat phang (P) chua tia Ot va co bo la duong thang OI 
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2. Tim tap /ipp hitth chieu vuottg goc ciia A ten mat phang (SMB). 



Phan thuan 

Dung AE±SB,EeSB 

fADlSA 

AD 1 A ° 1 < SAB )= AD1SB ' 


j AD 1 SB 
AE 1 SB 


(ADE) ± SB. 


Gpi N la hinh chieu vuong goc cua A 
len (SMB) thi ANl(SMB) 

=>AN1 SB ^ANc (ADE). 

Trong mat phang (ADE),AN±NE 



=> ANE - 90° => N thupc duong tron 
(Cj) duong ki'nh AE . 

• Giai han 

Trong mat phang (ABCD) khi M 

thupc doan AC va M khac C thi BM 
cat AD tai F va N la hinh chieu 
vuong goc cua A len EF (vi khi do 
AN1EF, AN1SB nen ANl(SMB)) 

suy ra N la giao diem thi> hai cua 
(C,) voi EF, suy ra 



Khi M trung A thi F trung A => N trung A. 

Khi M chay ve C thi F chay ve vo cue tren tia AD => N chay ve E. 

Khi M trung C trong trudng hpp nay thi (SMB) trung voi mat ph5ng 

(SBC) suy ra N trung E (vi AE 1 BC,AE 1SB nen AEl(SBC)). 


% 

Vay khi M di dpng tren doan AC thi N di dpng tren ntra dirong tron (Cj) 
nam trong nu*a m3t phclng (ADE) chua tia AD, co bo la duong th3ng AE . 


QQO 


Cti/ TNHH MTV DWH Khang Viet 


phan dao . 

w 

Gpi N la mpt diem tuy y tren nira duong tron (C,) noi tren ta chung minh 

* H 

ton tai mpt diem M thupc doan AC sao cho AN 1 (SMB). 

Khi N khac E thi EN c3t tia AD tai F,BF cat doan AC tai M, khi do 
AN 1 NE (do N g (Cj)), AN 1 SB (do AN c (ADE)) suy ra AN 1 (SMB). 

Khi N trung E thi M trung C. 

Vay tap hpp cac diem N la nira duong tron (Cj) duong kinh AE nSm 
trong nira mat phang (ADE) chua tia AD co bo la duong thang AE . 

103. 

• Phan thuan 

Gpi H la hinh chieu vuong goc cua S len 
mat phang (AMB), ta co SHl(AMB) 



=> SH 1 AB SH chua trong mat 
phang (P) qua S vuong goc voi AB 

9 

(mat phang nay vuong goc voi AB tai 
I do SUAB). 

Trong mat phang (P),SHI= 90°, suy 

ra H thupc duong tron (C) duong 

kinh SI. 

Giai han . Triedc hel ta dmtgdiem H. 

Trong m.?t phang (ABC), dung duong thang d qua I vuong goc CA,CB 

voi AB ,d se c3t mpt trong hai canh AB,AC. Gia su d c3t CB tai E 
(truong hpp d cat CA dupe xet tuong tu). khi do vi AB 1 SI, AB 1 IE nen 
ABl(SIE) suy ra (SIE)h(P) 

|SE cat BM tai K, gpi H la hinh chieu vuong goc cua S len IK, ta co 
SH±IK,SH-LAB (do SHc(P)) suy ra SHl(ABM) nghTa la H la hinh 

chieu vuong goc cua S len (ABM). 

H la giao diem thu hai cua (C) vdi IK. Mat khac K la giao diem cua BM 

v di SE nen khi M di dpng tren canh SC thi K di dong tren doan SE, suy ra 
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Phan loai va phieang phap giai Hinh hoc 1 2 


Khi M = C thi K = E vaH^I 
Khi M = S thi K=S va H = S 

Khi M di dpng tren canh SC thi K di dpng tren doan SE va do do H ^ 
dpng tren nira duong tron (C) nam trong nua mat phang (P) chira tia Ig 

9 

co bo la duong thang SI. 

Phan ddo. 

Gqi H la mQt diem tuy y thu<?c nira duong tron (C) noi tren , ta chihig 

minh ton tai diem M thuoc canh SC sao cho H la hinh chieu vuong «q c 
cua S len mat phang (ABM). 


Dyng K la giao diem cua IH va SE, M la giao diem cua BK va SC. 

Khi do H€(C)=>SH1 IH;SHc(P) 

=> SH1AB, do do SH 1 (ABM). 

Vay tap hQp cac diem H la nira duong tron (C) duong kinh SI nam trong 

nira mat phang (P) chura tia IE, co bo la duong th£ng SI. 

Chu y . Trong phan thuan thi ta khong can bicl vi tri chinh xac cua H ma chi can 
theo pinto,ig phdp dcgiai, nhirng dc'de thuc hicn phan gioi han va phan ddo ta can 
tint each dirng diem H . 
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\<A- 

ji/iSn thuan. 

Wg<?> d la cti ^ rn doi x(rn & Cl,a A c l ua ° 

va I la giao diem cua AD voi BC; E 
la hinh chieu vuong goc ciia A len SI; 

ta co 

fBCl AD 


BC1SA 

AE1BC 

AE1SI 


BC 1 (SAD) => BC 1 AE, 


AEl(SBC) 



E la hinh chieu vuong goc cua A len (SBC). 


Trong mat phing co djnh (SAD), AES = 90° suy ra E thuQC duong tron 
(C) duong kinh SA . 

Gioi han. 

Khi BC di d<?ng nhung luon vuong goc 
voi AD thi I di dQng tren doan AD;E 

la giao diem thir hai cua SI voi (C) 



suy ra 

Khi I trung A thi E trung A. 

Khi I trung D thi E trung E 0 voi E 0 

la giao diem thir hai ciia SD voi (C). A 

Khi I di dQng tren doan AD thi E di dQng tren cung nho AE 0 cua duong 

tron (C). 

Phan ddo. 

Gpi E la mQt diem tuy y tren cung nho AE 0 cua (C), ta phai chung minh 

Is • 

ding ton tai mQt day cung BC cua duong tron (y), BC vuong goc OA sao 

cho E la hinh chieu vuong goc ciia A len m^t ph3ng (SBC). 

Dyng I la giao diem ciia SE va doan AD. Dyng day cung BC ciia duong 
tron (C), BC qua I va vuong goc voi OA. Ta co 


BC1 AD 
BC ISA 


BC 1 (SAD) => BC 1 AE, 
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AE _L BC 
AE1SI 


AE 1 (SBC) => E = hcA / 


(SBC) • 


Vay tap h<?p cac diem E la cung nho AE 0 cua duong tron (C). 

105. 

1. Ttnh dipt ttch thiet dipt cua (ADM) 

v&i hitth chop S.ABCD khi M Id trtmg 
diem cua SB. 

Gpi N la trungdiem cua c^nh SC, MN 
la duong trung binh cua tarn giac SBC 

=> MN//BC => MN//AD => MN c (ADM) 

Mat phang (ADM) cat cac mat cua 

hinh chop S.ABCD theo bon doan giao 
tuyen AD,AM,MN,ND do do thiet 
di?n la hinh ti> giac ADNM. Tu giac 

nay co MN H AD va MN = -AD nen 

2 

la hinh thang. 

O la trung diem cua AC, BD,SO 1 AC,SO 1 BD => SA = SC,SB = SD 

i>/3 



Tam giac ABC la tarn giac deu canh a, suy ra OA = - OB = 

2 ' 2 


SA 


= \fs6‘ 


+ OA =JaU 


2 . a 


= , SB = VSO 2 +OB 2 = Ja 2 + 


3a 




4 z V 4 

Ap dung djnh li trung tuyen vao cac tarn giac SAB va SCD ta co 

2 


AM 2 = -( AS 2 + AB 2 -isB 2 


\ 


V 


J 


DN 2 = -f DS 2 + DC 2 - -SC 2 


2 


j 


2 

2 

1 


/ 5a 2 2 7a 2 ^ 

-+ a- 

4 8 

7a 2 2 5a 

-4 a - 


v 

/ 


\ 


8 


11a 

16 


17a 

16 


AM = 


1V1T 


DN = 


1 Jl7 


1 


G 01 K la giao diem cua AM va DN, vi MN II AD va MN = -AD do do 

2 

M ,N- Ian lu-pt la trung diem cua AK va DK 
=>AK = 2AM = ^yi , DK = 2DN = --^. 

Tr° n g tam giac AKD, djnh li ham so cosin cho 


336 


Cty TNHH MTV DWH Khatig Viet 


AD 2 = AK 2 4 DK 2 -2AK.DK.cos AKD 

2 


2 11a* 17a a\/TT a\/l7 . 

=-+-2-.—-—cosAKD 


cos AKD = 


4 

12 


n/187 


K 


sin 


AKD = Vl - cos 2 AKD 


= . 1- 


144 


43 


187 V187 

Di?n tich tam giac AKD. 


1 


AKD 


— KA.KA.sin AKD 
2 



1 av/lT ax/l 7 [W a 2 >/43 


2 2 


187 


8 


Skmn _ KM KN _l_^ c _ 3 c _ 3a 2 -J43 

c KA KD 4 ^ ADNM-^ b KAD- 


’KAD 
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2 .Tap hpp hinh chieu vudttg goc cua S len mat phang (ADM). 


• Phan thuan. 

G<?i H la hinh chieu vuong goc cua S len 
mat phang (ADM), AHl(ADM) 

=> AH J. AD => AH c mat phang (P) qua 

S va vuong goc AD. G<?i 1 la giao diem 
cua (P) voi AD. 



Trong mlt phang (P),SHI = 90° => H thuoc duong tron (a) duong ki'nh SI. 


• Ci&i han . Triroc hel ta dimg diem H . 

Qua O dung duong thing vuong goc voi AD, cSt AD tai I va BC tai J. 


Kh ‘ 46 ^ AD 1 U° ^ AD1 ( SIJ ) => ( SIJ ) S ( P ) 


Trong mat phang (SBC),SJ cat MN t?i E; dyng SH1 IE (H e f E), ta co 


SHc(P)=>SHlAD 


SH 1 IE c (ADM) 


SH 1 (ADM) H la hinh chieu vuong goc cua S 


len (ADM). 
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Phan loai va phircmg phdp gidi H'tnh hoc 11 


Khi M di dpng tren canh SB thi E di dpng tren dogn S]; H la giao di^ 
thir hai cua IE voi dirdng tron (a) suy ra H di dpng tren cung nho Sq 

cua dirdng tron (a). 

Phan dao. 

Gpi H la mpt diem bat ky tren cung SO, ta chirng minh ton tai mpt die^ 
M tren doan SB sao cho H la hinh chieu vuong goc cua M len (ADM) 

Dung E la giao diem cua IH voi doan SJ, dyng dirdng thang qua E soriy 
song BC cat cpnh SB tai M, ta co 

SH 1 IE c(ADM) 

< . . => SH 1 (ADM) => H la hinh chieu vuong goc cua S 

(SHc(P)=>SHl AD v 66 5 

len (ADM). 

Vay tap hpp cac diem H la cung nho SO cua dirdng tron (a) dirdng kinh 



SI chua trong mat phang (SIj). 


106. 


3. Tttth AA'. 

GQi I la trung diem cua A'B', ta co 
JC’Il A’B’_ 


C'l 1 AA' 


C'l l(ABB'A') 


hinh chieu vuong goc cua BC len (ABB'A') la BI. 
(BC',( ABB'A')) = (BI, BC') = CBI = 30°. 

C'l 1 (ABB'A') => C'l ± BI. 



Tam giac vuong BIC cho BI = C IcotC'BI = 


as/3 


2 2 


BB'^ AA',AA'±(A'B'C')=> BB'1(A’B’C')=> BB'l B'A'. 
Tam giac vuong BBT cho 


BB’ 2 =BI 2 -B'I 2 = 


9a 2 a 2 


= 2a 2 => BB' = &42 AA' = aV2 (do AA' = BB') 


2. Tttth d(M,(BA'C')). 

Gpi M' la trung diem cua A'C', ta co MM' // BB . 
Dyng MH 1 BM'(H e BM'). 


A’C'IB'M' 

A'C'IBB' 


A’C'l(BB’M'M)=> A'C'IMH. 
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MHIA'C' 


MH 1 (BA’C) => MH = d(M,(BA’C’)). 


MH1BM’ 

Trong tarn giac vuong BMM',MH la dirdng cao suy ra 

1 I 11 1 1 4 11 


1 1 
2 W i,i2 + ml 2 


MH MM BM 2a 


1 1 
~ + r~ 


aVT 


1 4 _ 

2a 2 3a 2 6a 2 


MH = => d(M,(BA'C')) = 


/ 

aj66 

11 





3 . Tttth (MN,(BA'C)). 

Trong mat ph^ng (BB'M'M),MN c3t BM' t?i E thi E cung la giao diem 
cua MN vdi (BA'C'),MH 1 (BA'C') suy ra hinh chieu vuong goc cua 
MN len (BA'C') la HE. 


(MN,(BA’C)) = (MN,MH) = MEH. 


Trong tarn giac vuong MHE, sin MEH = 


MH 


ME 


Tam giac vuong MBN, MN 2 =BM 2 +BN 2 = 


r ~\ 2 ( rz \ 2 


in/3 


+ 


\ / 


J5 


5,2 


\ / 


EM _ MM' 
EN ~ BN 


= 2 


MN 3 3 3 


sin MEH = 


aV66 

_ ]] _ 3aV6 


S Vis 


MEH = arcsin . 

V55 


Vay (MN ( (BA'C')) = arcsin^j=^. 

107. 

1. Tttth do ddi cue canh day va canh bat cua 
1 hinh lang tru . 

■ GQi I ,H lan lirpt la trung diem cua cac doan 

I BC va BI, ta co NI // AA' => NI1 (ABC) 


hinh chieu vuong goc cua MN len (ABC) la MI 

% 

(MN,(ABC)) = (MN,MI) = NMI = a . 

































































Phan loai va phtnrng phdp giai Hinh hoc 11 

AI1 BC (do AABC vuong can tai A) va AI X BB'. Suy ra AI1 (BCC'B') 
MH // AI => MH 1 (BCC’B') 


=> hinh chieu vuong goc cua MN len (BCC'B') la NH 

9 

% I 

=> (MN,(BCC'B')) = (MN,NH) = MNH = p. 

Tam giac vuong MIN (vuong tai I)cho 

MI = MN.cosNMI = acosa => AB = AC = 2MI = 2acosa. 

A A' = NI = MNsin NMI = a sin a . 


Tam giac ABC vuong can tai A => BC = AC\[2 = 2\/2acosa (l) 

2. Chungmitth cosa = sinp. 

Tam giac MHN vuong tai H cho MH =MNsinMNH ^asinp 
=> BC = 2 AI = 4MH = 4a sin p (2). 

Tir (1) va (2) => 2\/2acosa = 4asinP=> cosa = \/2sinp. 

108. Ban dpc tu ve hinh 
1. Chung mink ASC = 90°. 

Theo tinh chat cua hinh thoi ta co hai duong cheo AC va BD vuong goc 
voi nhau t^i trung diem O cua chung 

Trong tarn giac vuong COD, OC 2 =CD 2 -OD 2 =a 2 -^- = ^-=>OC = ^^. 

9 9 3 


Trong tarn giac SAC,SO la trung tuyen va SO = OC=TaC=^ 

SAC vuong tai S => ASC = 90°. 

2. Tinh ((SAB),(SAD)). 


tarn giac 


Tam giac vuong SOA co SO = OA nen can tai A. G<?i I la trung diem cua 
SA khi do OI1SA. 

L?i co BD 1 AC, BD 1 SO => BD ± (SAC) => BD 1 SA 


SAIOI 
SA 1 BD 


SAl(BID) 


(SAB) n (SAD) = SA 
(BID) ISA 

( BID ) c^(SAB) = BI,(BID)n(SAD) = DI 


((SAB),(SAD)) = (IB,ID) 
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Tam giac vuong SOC cho SC = OCyfl = 


2 a S 


Trong tarn giac SAC, OI la duong trung binh 


1 „ aS 1 


OI = -SC = 
2 


= — BD 
3 2 


1 


Trong tarn giac BID, OI la trung tuyen , OI = —BD=> tarn giac BID vuong 


o 


tai I => BID = 90 . 


Suy ra ((SAB),(SAD)) = 90°. 


3 . Tinh ((SBC),(ABC)). 


G<?i H la hinh chieu vuong goc cua O len BC, khi do < 


BCIOH 

BC1SO 


BCl(SOH) 


(SBC)n(ABCD) = BC 
(SOH) 1 BC 

(SOH) n (SBC) = SH, (SOH) n (A BCD) = OH 


((SBC),(ABCD)) = (SH,OH) = SHO (do SHO lagocnhpn) 


Trong tarn giac vuong BOC, 
1 


1 1 
+ — 


I 1 

+- 


3 3 9 

+ - 


OH z OB z OC 


2 r ^2 f r-\l / rr \2 2a 2 2a 2 


s 


\ > 




/ 


OH 2 = 


2a 


OH = 


s 




so 


Trong tarn giac vuong SOH: tan SHO = ^ = >/3 

OH av2 


SHO = 60°. 


Vay ((SBC),(ABCD))= 60°. 



109. 

2. Tinh AD. 

Goi E la trung diem cua BC vi tarn 
giac ABC vuong can tai A,DBC la tarn 
giac deu nen AE ± BC,DE _L BC, mSt 


khac goc AED nhon 




















































Phan loai va phiccmg phdp gidi Hhih hoc 11 


suy ra ((ABC),(DBC)) = (AE, DE)= AED = 30°. 

BC = a4l , AE = iBC = —, 

2 2 2 2 

Djnh li ham so cosin trong tam giac AED cho: 
AD 2 = AE 2 + DE 2 - 2AE.DE.cos AED 


DE - 

2 _ 2 


(aTT 

2 

fWSl 

2 

fa75) 

fas/i] 

2 

/ 

+ 

2 

) 

-2 

2 

C / 

2 

J 


_ a 

2 ~ *2 


AD = 


71 


d(A,(BCD)). 

Gpi F la trung diem cua DE . Tam giac AED can tai A (do AD = AE=—) 

2 

nen AF1 DE (1) 

Mat khac BC 1 (AED) => BC± AF (2). 


Tu (1) va (2) suy ra AF 1 (BCD) => AF = d(A,(BCD)) 


aTi . 


Tam giac AFE vuong tai F cho AF = AEsinAED = ——-sin30° = 

2 

h/S 


a72 


Vay d(A,(BCD)) = 

2a) Tmh ((ABD),(CBD)). 

Dung FI 1 BD,(l e BD),ta co BD 1 FI,BD ± AF=> BD ± (AFI) 

(ABD)n(CBD) = BD 
(AFl)lBD 

(AFl)n(ABD) = AI, (AFl)n(CBD) = FI 

=> ((ABD),(CBD)) = (AI,Fl) = AIF (do tam giac AFI vuong tai F=>AIF la 
goc nh<?n). 


Trong tam giac vuong DIF, IF = DFsinFDI = —— sin30° =- 


a 76 . a 76 


4 
a 72 


8 


Trong tam giac vuong AFI, tan AIF = — = —4=- = -L 

FI a76 73 
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^ ((ABD),(CBD)) = AIF = arctan 
l0 Ttnh ((BAD),(CAD)). 

f BC -L (AED) => BC 1 AD, dung EH 1 AD(H e AD) => (BCH) 1 AD. 
u \ co (BCH)n(BDA) = BH,(BCH)n(CAD) = CH 
^((BADMCBDjJ^BaCH) 

Ta co: Tam giac BHC co trung tuyen EH 1 BC nen can tai H, 

a72 a76 
4 '2 . a ^ 6 


2S 


AED 


= EH.AD = AF.DE => EH = 


AF.DE 

AD 


a72 

2 

a72 


■ _ CE 2 275 

Trong tarn giac vuong CEH, tan CHE - - —y=- - ^ 


___ 27i —— — 273 n 

=> CHE = a ret an-=>CHB=2CHE = 2arctan-^- >- 

r 2V3 

^(BHCH) = 7i-2airtan—=>((BAD),(CAD)) = 7t-2arctan— 


110 . 


1 


AD 1 (SAB) 



. Tilth SH va d(H,(SCD)). 

ADI AB 

[AD1SH (do SHl(ABCD)) 

=> ((SAD),(ABCD)) = (SA, AB) 

Lai co tam giac SIIA vuong tai H nen 
SAB la goc nhon do do: 

[ ((SAD),(ABCD)) = (SA,AB) = SAB = 60° 

Tam giac SAB co trung tuyen SH 1 AB va SAB = 60° nen la tam giac deu 

I AB73 a 73 

suy ra SH = —-— = 

Goi I la trung diem cua CD,E la hinh chieu vuong goc cua H len SI, ta 
CD 1 HI 



CD 1 SH 


CD 1 (SHI) => CD 1 HE 
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Phan loai va phucnig phap giai Hinh hoc 11 


j 


HE 1 CD 
HE 1 SI 


HE 1 (SCD) => HE = d(H,(SCD)). 


Tam giac SHK vuong tai H cho 



Vay d(H,(SCD)) = 



2. Chungmiith CKLSD.Tinh ((SDA),(SDC)). 
Crtung tttinh CK 1SD. 


Hai tam giac vuong HAD va CDK b3ng nhau (c.g.c) suy ra ADH = DCK 
Mat khac ADH + HDC = 90° => DCK + HDC = 90° => CK ± DH 

CtC I OH 

CK 1SH ^ « 1 < SH °) = CK1SD - 
Ttnh ((SDA),(SDC)) 


Goi N la giao diem cua DH va CK, dung NLlSD(LeSD), lai co 
CK1SD =>SD±(CKL). Mat phang (CKL) cat hai mat phang (SDA) va 
(SDC) theo hai giao tuyen LK ,LC=>((SDA),(SDC)) = (LK,LC). 

AD 1 (SAB) => AD ISA hon nira SA = AD = a=> Tam giac SAD vuong 

can tai A => SD = a\fl. 

Tam giac DLK vuong tai L cho 

LK = DK sin SDA = -sin 45° = —. 

2 4 

Tuong tir nhu tam giac SAD ta cung co tam giac SBC vuong can tai 
B=>SC = aJl. 

Trong tam giac SDC, 2S SDC = CL.SC = SI.DC 



\/sH 2 + HI 2 .a 



a 2 V7 

2 _ a 77 

a 72 272 ' 
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71 


Ap dung djnh li ham so cosin trong tam giac CLK, ta co 
CK 2 = CL 2 + LK 2 - 2CL.LK.cosCLK 






5a 2 7a 2 2a 2 a77 a4l 

+-2—W.—.cosCLK => cos CLK = 


8 16 


ijl' 4 


4__1 

2 ^-"^7 


a ~J7 




CLK - arccos 


1 N 




7 


> — => (LC,LK) = 7t-arccos 


1 x 


\ 




7 


Vay ((SDA),(SDC)) = 71-arccos 


/ 


\ 


1 




7 


3. Ttnh ((SBC),(SKC)). 


Chung minh tuong ty cau 2) ta co 
BK1CH ma BK1SH: 

=> BK ± (SHC) => BK ± SC. 

Dyng BJISC(jeSC), khi do (BI<g)±SC 



suy ra ((SBC),(SKC))=(JB,JK). 

Tam giac SBC vuong can tai B, BJ1SC=^J la trung diem SC va 

aV2 


BJ = IsC = 

2 2 

Tam giac KJC vuong tai J cho 

_ IZ\ 2 ' 

kj 2 =ck 2 -jc 2 = 


JsX fa J2) 2 


\ 


7 


V 


3a 2 a73 

Kl - r 


7 


Tam giac vuong BAK cho BK = 


75 


Vi BJ 2 + KJ 2 = = BK 2 nen tam giac BJK vuong tai J tire la BJK = 


90°. 


Vay ((SBC),(SKC)) = 90°. 
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Phan loai va phucnig phap gidi Hinh hoc 11 


111. 1. Ttnh gocgiita (S,a),(S,b)fc/ii M,N xuyett tam dot. 


a -L OM 
alSO 


al(SMN). 


Se(S,a)n(S,b),a //b=>(S,a)n(S,b) = d 
vdi d la dudng thang qua S, d // a jj b 
=> d 1 (SMN)=> ((S,a),(S,b)) = (SM,SN). 


Tam giac SMN co trung tuyen 
SO = R = ^MN=> ASMN vuong 

tai S => MSN = 90°. 



Vay ((S,a),(S,b)) = 90°. 


2. Titthgocgiua (S,a),(S,b) khi MON = 90°. 


Gpi E la giao diem cua a va b, ta co 
SE = (S,a)n(S,b) , vi MON = 90° nen 
tu giac OMEN la hinh vuong 


a 1 OM 
alSO 



l(SOM) 


a 1SM => ASME vuong tai M . 

Tuong tvr tam giac SNE vuong tai N . 

Ggi H la hinh chieu vuong goc cua M len SE . 

MNIOE , Ej^MNlSE. 

MN1SE v ' 

SE1MN , x 

\ => SE 1 (MNH) 

[SE1MH v ' 

((S,a),(S,b)) = (HM,HN) 

Hai tam giac vuong SEM va SEN co SE chung EM = EN = R nen chiing 
b3ng nhau suy ra hai dudng cao tuong ling MH va NH bang nhau. 

Tam giac SOM co SOIOM ,SO = OM = R nen tam giac SOM vuong ca 11 

tai O suy ra SM = R>/2 

_ aJe 

Tam giac vuong SOE cho 


1 1 
— + — 


1 + —= — 


MTr SM OM' 


2a 2 a 2 


MH = 


2a 


Cty TNHH MTV DVVH Khattg Viet 


dung djnh li ham so cosin trong tam giac MHN ta dupe 
I MN 2 = MH 2 + NH 2 - 2MH.NH.cosMHN 


K)’ - 


/ 


re) 


\ 


/ 


/ 


re) 


V 


/ 


2 

-2 

V 


a%/6 


\ 


/ 


2 4a 2 4a 2 

2a =- 


cos MHN 


1 


cos MHN => cos MHN = --=> MHN = 120° 
3 2 


=> (HM,HN) = 180° -120° = 60°. 
Vay ((S,a),(S,b)) = 60°. 


112 . 

I Chung minh H Id turn cua dudng trdn ngi tiep taut giac ABC. 
G<?i D,E,F lan lupt la hinh chieu 
vuong goc cua H len cac canh 
AB, AC, BC. 

Ta co: 



AB 1 HD, AB 1SH => AB 1 (SHD) 

(SHD)n(ABC) = HD,(SHD)n(SAB) = SH 

=> ((SAB),(ABC)) = (HS,HD) = SDH 

(do ASHD vuong tai H nen SDH la 
goc nh(?n.) 

Tuong tu ((SAC),(ABC)) = SEH , ((SBC),(ABC)) = SFH . 

Theo gia thiet SDH = SEH = SFH = 60° => ASHD = ASHE = ASHF 
=> HD = HE = HF. 

Hon nira H 6 trong tam giac ABC nen H la tam cua dudng trdn n<?i tiep 
tam giac ABC. 

r ‘nh SH. 

Gpi p la niia chu vi cua tam giac ABC thi 


p = ^(AB +AC + BC) = i 


/ 


a + 


\Aa 2 - 


\ 


a 2 + 2a 


V 


/ 


= 13 . 73 ). 


Goi r la ban kinh cua dudng trdn npi tiep tam giac 
r = HD = HE = HF. 

I 1 

Dipn tich cua tam giac ABC: S ABC = —AB.AC = p.r 


ABC thi 




































Phan loai va phircmg phdp giai Hinh hoc 11 


T = 


ABAC 


S 


2 p 3(3+73) 73+1' 


n a r- a(3-V3) 

Trong tarn giac vuong SHD, SH = HD tan 60 = —= - 73 = —- - 

73 + 1 2 

!. Tttth goc giua hai mat pitting (SAB) va (SAC). 

Trong mat phing (ABC), HD va AC cung vuong goc voi AB 
HD H AC . Tuong tu HE // AB. I 

giac ADHE co HD // AC, HE // AB,A = 90°, HD = HE nen la hij 
vuong suy ra DE1 AH . 


ni'n 


nr* f • / 

Tu eia 


DEI AH 
DE1SH 


DE 1 (SAH) => DE 1SA (l) 


Dung DIlSA(leSA) (2). 


Tu (1) va (2) => SA 1 (DIE) SA 1 El ((SAB),(SAC)) = (lD,IE). 


Dat canh cua hinh vuong ADHE = x voi x = 


75+r 


Trong tarn giac vuong SHD, SD = 


1 


HD 


cos 60° 


= 2x. 


1111 
+ —- = — + - 


Trong tam giac vuong SDA, di 2 ad 2 sd 2 x 2 4x 2 4x 2 


DI = 


2x 

71' 


Hai tam giac vuong SDA va SEA bang nhau (c.g.c) => El = DI. 
Djnh li ham so'cosin trong tam giac DIE cho 


DE 2 = ID 2 + IE 2 - 2ID.IE.cos DIE 


H *f - 


2x 


75 




-2 


' 2 x' 2 

v75. 


.cosDIE. => 2x = 


2 8x 2 8x 


cos DIE 


1 — ( 1 
cos DIE = — => DIE = arccos 

4 


\ 


7 


71 

> — 
2 


(ID, IE) = 7t — arccos 


1 N 


V ^ 


/ 

Vay ((SAB),(SAC)) = 7t- arccos 






Ct\/ TNHH MTV DWH Khan$ Viet 


ii 3 


ratling mirth SO vuong goc voi (ABCD). 

Tam giac SAB vuong tai A=>AB±SA (1) 
Tam giac SCD vuong tai C => CD 1 SC 
AB // CD AB 1 SC (2) 



ftr(l), (2) => AB 1 (SAC) 

=> ((SAB),(ABCD)) = (AS, AC) 

(do SAC nh<?n). 

Tuong ty ((SCD),(ABCD)) = SCA = a. 

Suy ra tam giac SAC can tai S, SO la trung tuye'n SO 1 AC 
AB 1 (SAC) => AB 1 SO. 


SO 1 AB 
SOI AC 


SOI (ABCD) 


I Chung minh hai mat phattg (SBC) va (SAD) ctutghopvoi (ABCD) mot goc p 

G<?i H, K lan luyt la hinh chie'u vuong goc vuong goc cua O len AD va 
BC, ta co O la trung diem cua HK. 


AD ISO 
ADI OH 


AD 1 (SHK) => ((SAD),(ABCD)) = (HS,HK) = SHK 


Tuong ty ((SBC),(ABCD)) = SKH . 

Tam giac SHK co trung tuye'n SO 1 HK nen tam giac SHK can tai S 
=>SHK = SKH. 

Vay ((SAD),(ABCD)) = ((SBC),(ABCD)) = P . 
hung minh cotp = cota.cot(p. 

Hai tam giac vuong ABC va OKC dong dang (co goc nhpn C chung) 



AB 

OK 

OK 

SO 


BC 

OC 
OC AB 


OK = 


AB.OC 

BC 


SO BC 


cotp = cot a. cot <p. 
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Phan loai va phuxnig phdp giai Hinh hpc 11 


114. 


1. Chung minh AA' = 


2a cos a 


^cos(7i-2a) 


G<?i D la trung diem cua canh BC, ta co 
AD 1BC (do AABC vuong can tai A) 
AD IBB'(do BB7/AA', AA'l(ABC)) 

=> AD 1 (BB'C’C) => AD 1 B'C 
Dyng BElB’C(EeB’C). 


B'C 1 DE 
B'C 1 AD 


B’Cl(ADE) 





Lai co (ADE)n(AB'C) = AE,(ADE)n(BB'C'C) = DE, tam giac ADH 
vuong tai D nen AED nh<?n, suy ra ((AB'C) ; (BB'C'C))=(EA,ED) = AED = a. 


Trong tam giac vuong ADE, 


r 


DE = ADcota = acota 


1 


\ 


v 


do AD = — BC = a 

2 


/ 


Hai tam giac vuong CED va CBB' co goc nhq>n C chung nen dong dang 
DE BB’ BB' 

suy ra 


CD BC VbB' 2 + BC 2 


acota 


BB’ 


.2 BB' 
cot a = 


3 V BB’ 2 +4a 2 
BB' 2 |l - cot 2 a j = 4a 2 cot 2 a 

dd ,2 4a 2 cot 2 a 4a 2 cos 2 a 

DD = 


BB' 2 + 4a 2 


2 *2 2 
1 - cot a sin a - cos a 

4a 2 cos 2 a 4a 2 cos 2 a 


AA’ = BB' = 


-cos 2a cos(n-2a) 
2a cosa 


Jcos(7t-2a) 


* 

2. Titth goc giiia hai mat phfing (AB'C) va (A'B'C). 
Dung AH 1A’C(H e A’C), ta co 


B'A’l A'C 
B'A'IAA' 


B'A'±(ACC'A')=>B'A'± AH 
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Cty TNHH MTV DWH Khang Viet 


AH-L(B'A'C')=> AH 1 B’C 


AH1B’A'_ 

AH 1 A'C “ 
fB'Cl AH 

B'C 1 AE (do B'C 1 (ADE)) 


B'C±(AHE)=>B'C±HE 


M 


((AB’C),(A'B'C)) = (EH,EA) = AEH . 


Tam giac vuong A'AC cho 


1 


1 


1 


2 2 
sin a-cos a 

+ 


1 


AH 2 AA' 2 AC 
AH = 2a cos a. 


4a 2 cos 2 a 2a 2 4a 2 cos 2 a 


Trong tam giac vuong ADE, AE = — 


AD 


sin a sin a 




Trong tam giac vuong AHE, 


. -r-rrj AH 2acosa . 

sin AEH =-=-= 2cosasin a = sin2a 

AE a 


AEH = 


sin a 


2a 

7t-2a 






2 2 

M5t khac do BB' 2 = — C ° S a > 0 cos 2a < 0 => 2a > — 

-cos2a 2 

Va vi AEH la goc nhQn nen AEH = n - 2a. 




Vay ((AB'C),(A'B'C)) = 7t- 2a. 


115. 


1. Tilth x detain giac OA'B' vuong tai O. 
; Gia sir tam giac OA'B' vuong t^i O. 

| Khi do ta co 

OAIOB 
OA 1 BB' 

OB’ 1OA 
OB'lOA’ 


OA±(OBB')=> OAIOB’ 
> OB' 1 (OAA') (1). 



S Lai co < 

I 


OB 1 OA 
OBI AA' 


OB l(OAA')(2) 


Tir(l) va (2) => OB = OB' => B' = B => x = 0. 

Dao lai khi x = 0 thi OB' = OB=>OB’l(OAA') 

vuong tai O. 

V?y tam giac OA'B' vuong tai O o x = 0. 


OB'lOA’=> AOA'B' 
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Phan loqi va phumtg phap gidi Hinh hoc 7 7 
2. Ttnh A'B',OA', OB'tfieo a va x. 

Tam giac vuong OAB cho: OA 2 = AB 2 - OB 2 = 4a 2 - a 2 = 3a 2 => OA = aV3 
Trong tam giac vuong OAA', OA 2 =OA 2 + AA’ 2 =a 2 + 3a 2 =4a 2 =>OA' = 2a 

Trong tam giac vuong OBB', OB’ 2 =OB 2 + BB’ 2 = a 2 +x 2 
G<?i H la hinh chieu vuong goc cua A' len 
A'H = AB = 2a, BH = AA' = a . 


OB’ = Va 2 + x 2 

BB', ta co 


Trong tam giac vuong A'HB', 

A'B' 2 = A'H 2 + B'H 2 = 4a 2 + (x-a) 2 = x 2 -2ax+ 5a 2 

=>A'B' = yjx 2 - 2ax + 5a 2 . 

Chuitg to tam giac OA'B' khong the vuong tai B'. 

Tam giac OA'B' vuong tai B' <=>OA' 2 = A'B' 2 + OB' 2 

<=> 4a 2 = x 2 - 2ax + 5a 2 + a 2 + x 2 o x 2 - ax + 2a 2 = 0 (3) 

Phutmg trinh (3) vo nghiem nen tam giac OA, AB, AC khong the vuong tai B'. 
Dinh x tie tam giac OA'B' vuong tai M,E,F. 

Tam giac OA'B' vuong tai A'oOB' 2 =OA' 2 + A'B’ 2 

<=> a 2 + x 2 = 4a 2 + x 2 - 2ax + 5a 2 <=> x = 4a. 

3. Khi x = 4a, chuitg mitth CA' vuong goc voi A'B'. 

Khi x = 4a thi tam giac OA'B' vuong tai B'=> A'B’ 10A' (4) 

OC1AB 
OC1 AA ,_ 


OCl(ABB'A )^OCl A'B'(5) 


Tir (4), (5) suy ra A'B' 1 (OCA') => A'B' 1 CA'. 

Ttnh gocgiua hai mat phdng (OA'B') va (P). 

Khi x = 4a thi A'B' = aVi3. 

Dipn tich tam giac OA'B': S OA . B . = ioA .A’B' = —2a.a>/l3 =a 2 Vl3. 

Di?n tich tam giac OAB: S OAB = |oA.OB = i aN /3.a = 

Hinh chieu vuong goc cua tam giac OA'B' len mat phSng (P) la tam giac 
OAB,g<?i a la so'do cua goc giira (P) va (OA'B') taco 

a 2 

Sj 

Sqa'B' a 2 '/l3 26 26 


a ~Ji 

cos a = — OAB -2- 


2 >/l3 26 


v/39 739 

=> a = arccos 
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116 . 

j Chung minh giao tuyeh d ciia hai mat 
phdng (ABC) va (MC'D) qua mqt 


diem codjnh . 

Trong mat phang (BCC'B'),C'D cat 
CB tai E, trong mat phang (ACC'A'), 





C'M ciiit AC tai F thi E,F la hai diem 
chung cua hai mat phang (ABC) va 

(MC'D) 

Suy ra giao tuyeh d cua hai m3t ph5ng nay la duong thang di qua E va F 
va vi E co djnh nen d qua diem co djnh E. 

2. Tap hpp hinh chieu vuong goc cua C' ten d khi M di dQitg tren cqnh AA'. 
Gpi H la hinh chieu vuong goc cua C' len d, ta co : 

dlCC , v 

=>dl(C'CH) 
dlCH v } 


=>dl CH => CHE = 90° 

; Trong mat phang (ABC),CHE = 90° 

=> H di dong tren duong tron (C) duong 
kinh CE chua trone mat phang (ABC). 



1 


Hon nua trong tam giac ECC',BD^CC' va BD = —CC’ nen B la trung 

diem cua CE,BA = BC = a do do duong tron (C) co tam la B va qua diem 
A, ban kinh cua (C) b3ng a . 

Cioi han . 

F la giao diem cua C'M voi CA, suy ra khi M di d<?ng tren doan A A' thi 

i F di d<?ng tren tia At n3m tren duong thSng CA va cung chieu voi CA. 

H la giao diem thu hai cua duong tron (C) voi EF suy ra khi F di dpng 

tren tia At thi H di dpng tren cung nho AE cua duong tron (C). 

Phan ddo(ban doc tu gidi). 

Vay tap hap cac diem H la cung nho AE cua duong tron (C). 
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Phan loai va phuxnig phdp gidi Hinh hoc 1 J 


Gia tri lan nhdt, gia tri nhd nhdt cua dien ttch tain gidc MC'D. 

Vi CHld,C'Hld nen CHC la goc giua hai m$t phing (MC'D) V a 

(ABC), gpi so do cua CHC la a 


/ \ 

0 < a < — 

2 


\ 


/ 


Hinh chieu vuong goc cua tam giac MC'D len m|t ph3ng (ABC) la tam 


giac ABC suyra S MCD = ^Ag£- = a ^ 

cos a 4 cos a 


L^i co: 


1 


cos 2 a 


= 1 + tan 2 a 


cos a = 


1 


Vl + tan 2 a 


’MC'D 


a 2 J3|l + tan 2 a) 


Suy ra: S MC . D Ion nhat o tana Ion nhat, 

S mc -d n ho nhat o tana nho nhat. 

Trong tam giac vuong C'CH (vuong tai C) 

4 CC 2a 

tana --=-. 

CH CH 

Do do tana Ion nhat o CH nho nhat o H s A 
tana nho nhat <=> CH Ion nhat o H = E 

,2 

Suy ra max tan a = 2 => maxS MC D = 


CH = a 
CH = 2a . 


a~>/l5 


min tana = 1 => minS MC - D = 


a 2 V6 


117. 


1. Chungmitth (SIj)l(ABCD). 

I/J lan lupt la hinh chieu vuong 
goc cua S len AB,CD suy ra 
AB1 SI, CD 1SJ . 


AB // CD 
SJ 1 CD 

AB1SI 


AB1SJ 


AB1SJ 





AB 1 (SIJ), AB c (ABCD) => (SIj) 1 (ABCD). 


2. Chutngminh (SAC)l(ABCD). 

G<?i E,F lan lirpt la hinh chieu vuong goc cua S len AD va BC 


B 
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Chung minh tuong tp nhu cau 1) ta co (SEF) ± (ABCD). 




Goi O la giao diem cua EF va IJ, ta co 


SO = (SEF) n (SIJ) 

(SEF) 1 (ABCD),(SIJ) 1 (ABCD) 


SO 1 (ABCD) 


AB = (SAB) n( ABCD) 

[ ^ (SIJ) -L AB 

(SAB)r> (SIJ) = SI, (SIJ) n(ABCD) = IJ 

((SAB) / (ABCD)) = (SI / Ij) = SIO (do O 6 trong doan IJ va tam giac SOI 

vuong tai I nen SIO nhon) 

Theo gia thiet SIO = a . 

Tuong tir ((SAD),(ABCD)) = SEO = a. 

Hai tam giac SOI va SOE vuong tai O va co I = E = a nen chung bang nhau 
=>OI = OE 

Khoang each tir O den hai canh AB va AD biing nhau 
O thupc duong phan giac cua DAB 

Ma AC la duong phan giac cua DAB (tinh chat hinh vuong) do do 
Q€AC=>SOc(SAC). 


Hon nua SO 1 (ABCD) =>(SAC)l(ABCD). 
Tinh d(S,(ABCD)). 

d(0,(ABCD)) = S0 
Dat SO = x,OF = y . 

I Tam giac vuong OCF cho: OC = y 'll 


Tam giac vuong SEO cho: EO = 
Mat khac: EO = EF - FO = a - y 


SO 


tana tana 


Suy ra a - y = 


tana 


y = a- 


tana 


(i) 


Hinh chieu vuong goc cua SC len (ABCD) la CO 
=> (SC,( ABCD)) = (SC,OC) = SCO = p. 
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Phan loai vd phucnig phdp giai Hath hoc 11 


Tam giac vuong SOC cho : SO = OCtanp= y V 2 tan p (2) 

a\fl 


T it (1) va (2) suy ra x = 


V?y d(0,(ABCD)) = S0 = -^= 


■ . . ■ ■ —■ 

yjl cot a + cot P 

ay/2 


cota + cotp 


118. 


2. (SAB) 1 (SBC) <» ISK = 90°. 

O la tam dudng tron ngoai tiep tam 
giac ABC,SA = SB = SC va I la trung 

diem cua AB suy ra SO 1 (ABC) va 
OI1AB. 


JABIOI 
AB1SO 


ABl(SIK)=> AB1SK 



Do do neu ISK = 90° thi SK 1 SI. 

SK1 AB . . 

SKI SI ^ SK1 ( SAB )' SK< =(SBC) 

Neu (SBC) 1 (SAB), khi do ta co 




(SAB) 1 (SBC) 


SK = (SIK)o(SBC) 

(SIK) 1 (SAB),(SBC) 1 (SAB) 

> SK 1 SI => ISK = 90° 


SK 1 (SAB) 


Vay (SAB) 1 (SBC) O ISK = 90°. 

2. Chung minh rang dieu kifn can vd du 
de hai mat phattg (SAB) vd (SBC) 

vuong goc vox tihau la tam giac ABC 

co ha goc nhon vd tan a. tan P = —. 

4 

Ap dung ket qua cau 1) ta co 

(SAB) 1 (SBC) <=> Tam giac ISK vuong 

tai SoO 6 trong doan IK va 

OI.OK = SO 2 = 4R 2 (do SO la duong 
cao cua tam giac ISK ). 
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Ctif TNHH MTV DVVH Khang Viet\ 


K la giao diem cua IO vai BC . 

Neu ABC la goc tu thi K 6 tren tia Bt nSm tren duong thang BC (xem 
hinh ve ben) 

Khi do O 6 ngoai doan IK ma O phai o trong doan IK nen ABC khong 
the la goc tu. 

Neu ABC vuong thi OI // BC khi do diem K khong ton tai ,v?y ABC 
khong the vuong. 


Do do ABC la goc nhc?n. Khi do co hai kha nang xay ra. 


K thupc doan BC, truong hop nay khong 
the xay ra vi OI<R,OK<2R 

=> OI.OK < 4R 2 . 

Vay K phai thuoc tia Cy n5m duong 
thing BC (xem hinh ve dudi) 



B 



Vi O va C d cung mot phi'a doi vdi dudng thang AB nen goc ACB nhon . 


Tam giac AKB can tai K => KAB = ABC ,vi BAC < BAK = ABC ms 


ABC nhon nen BAC nh<?n. 

Vay tam giac ABC co ba goc nhon. 


Dat OI = x(x > 0), OK.OI = 4R 2 O OK = 


4R 



Taco P = ACB = -AOB = -AOI. 
r 1 1 


AI 


Trong tam giac vuong AIO: tan P - —- => AI — x tan p . 
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Phatt loni va phircmg phap giai H'mh hoc 11 


ABC = 7i - (BAC + ACB j = n - (a + p) => tan ABC = - tan (a + p) 

- KT 

Trong tarn giac vuong BIK, tan ABC = 


IB 


^-t a n(»-,p) = H-Q. 1 . + OK ^ . tan a + tanp 

IB IA tanatanP-1 

o4R 2 tanatanp = 4R 2 + x 2 tanp+ x 2 (l) 


x + 


4R 


4R 2 + x 2 


xtanp x 2 tanp 


Lai co :x 2 tan 2 p + x 2 = IA 2 +OI 2 =OA 2 = R 2 


Do do (1)0 4R 2 tan a. tan() = 5R 


tan a.tanP = —. 

4 


119. 


1. Xac djnh ro mat pitting (P). 


BC1SA 
BC1 AB 


BC1 (SAB) 


EF H BC (tinh chat duong trung binh) 
=> EF1 (SAB) => (P) = (EFM) 


Xac dinh thiet dien . 

M e (P)n(ABC) 

EF // BC 

EF c (P),BC c (ABC) 



(P) n(ABC) = MN // EF // BC(N € AC) 


Suy ra thiet di?n cua (P) voi hinh chop da cho la tu giac EFNM, tu giac 

nay co EF // MN va EF 1FM (do EF 1 (SAB)) nen thuong la hmh thang 

vuong tai F va M (tu giac la hinh chu nhat khi M la trung diem cua AB.) 
Dipt tick thiet dipt. 


EF = 


-BC 

2 


a 

2 


.... AM.BC 
MN =-= x. 

AB 


MN _ AM _ 

BC ~^B " 

Tam giac vuong SAB (vuong tai A) co AB = a, SA = aS nen la mpt nira 
tarn giac deu, suy ra SBA = 60" va SB = 2a. 
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Cty TNHH MTV DVVH Khmig Viet 
Ap dyng djnh li ham Cosin trong tarn giac FMB, ta co: 

2 i 

FM 2 = BM 2 + BF 2 -2BM.BF.cos60° =(a-x) +a 2 -2(a-x).a.- = a 2 -ax + x 2 


FM 




ax + x 


MN) 


2 Jim tap haft ede diem K 

Dung SK vuong goc FM tai K . Ta co: SK J.FM ,SK J.EF (do EFl(SAB), 
SKc(SAB) ),suy ra SK ±(P) tuc la K la hinh chieu vuong goc cua S len (P) 

Trong mat ph5ng (SAB), SKF = lv, suy ra K thupc duang tron (C) co 
djnh duong kinh SF chua trong mat phang (SAB). 

Giai han 

K la giao diem thu hai cua MF voi 
(C) suy ra 

Khi M trung voi A thi K trung voi 
Kj(Kj la giao diem thu hai cua AF 


voi 


(C)). 



B 


Khi M trung voi B thi K trung voi S. 

Khi M di dong tren canh AB thi K di 
dpng tren cung nho SK, cua duong 

tron (C). 

Phan dao. Lay diem K bat ky thupc cung nho SK, cua (C), ta chung minh 
ton t#i mpt diem M tren canh AB sao cho K la hinh chieu vuong goc cua 
S len mat phang (P). 

Dyng M la giao diem cua FK voi canh AB, goi (P) la mat phSng (EFM), 
do EF 1 (SAB) nen (P) la mat ph^ng chua EM va vuong goc voi (SAB). 
Mat khac SK 1 EF,SK 1 FM nen SK l(P) suy ra SK la hinh chieu vuong 
goc cua S len (P). 

Vay tap hpp cac diem K la cung nho SK, cua duong tron (C). 
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120 . 

l.Xdcdjnh (P). 

(SAB) va (SAD) cung vuong goc vdi 
(ABCD) suy ra SAT (ABCD). 


AB1 AD 
AB1SA 


AB 1 (SAD) 



B 


H 


Goi F la trung diem cua SB thi: 

EF H AB suy ra EF l(SAD) 

=> EF1 (SAD). Vay (P) a (EFM) 

2. Xdc itinh thiet dien . 

Qua M dung duong thing d // AB // EF cat BC tai N , ta cd MN thupc 
(P) suy ra thiet di£n cua (P) vdi hinh chop S.ABCD la tugiac EMNF 

Tu giac EFNM cd EF // MN, EF 1 EM nen thudng la hinh thang vuong tai 
E va M (Khi M trung D thi thiet di?n la hinh chir nhat). 

trh thipt dirti. 


lien tick thiet di£n . 

EF = -AB = a. 

2 

Gpi J la trung diem cua AB, tu giac AJCD la hinh vuong , g Q i K la giao 
diem cua CJ vdi MN, ta cd 

mic - rn _ , 


MK = CD = a 
KN CK DM a-x 


KN = 


(a-x)jB (a-x)a 


JB CJ DA a a 

=> MN = MK + KN = a+ a- x = 2a-x 
Tam giac vuong EAM cho 


= a - x 


EM 2 = EA 2 + AM 2 =— + x 2 

4 

Di«*n ti'ch thiet dien 


em= vt +x2 


^efnm - 2 (EE + MN)EM = ^-(a + 2a - X )]J~ + ** = ——— ^ + 

% 

3.Tap hcyp hinh chieu vuong goc cua D len (P) 

Goi H la hinh chieu vuong goc cua D len EM, taco 
[DH1EM 

DH1 EF ^ DH 1 ( P )- V ^ H *3 hinh chieu vuong goc cua D len (P) 
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Trong mat phang (SAD), DHE = 90°suy ra H thupc dirong tron (C) 
dirang kinh DE chua trong mat phang (SAD). 


q\o\ han . 

H la giao diem thir hai cua EM voi 
(C), suy ra khi M di dong tren doan 

AD thi H di dpng tren cung nho AD 
cua duong tron (C). 


Phan dao (ban dpc tir giai). 

Vay tap hop cac diem H la cung nho 
AD cua duong tron (C). 


121 . 



I, (P) qua tain O ciiaddy ABCD, trung diem M ciia SD vd vuong goc voi (ABCD). 



Xdc dink thiet dien . 

Goi E la trung diem cua AD, ta co ME H SA (tmh chat duong trung binh ), 


SA 1 (ABCD) => ME 1 (ABCD) .Vay (P) = (MOE). 


Goi F va I lan luot la trung diem cua BC va SC, ta co FgOE,MI^EF 


(cung song song CD) suy ra MIc(P) do do thiet dien cua (P) voi hinh 


chop da cho la tu 1 giac MEFI. 


Tu giac MEFI cd MI // EF,MI = - a,ME 1 EF nen la hinh thang vuong tai 


M va E. 


0 i 


H’n tich thiet dien . 




1 


EF = a,MI = —a,ME 

I 2 


-SA 

2 


1 

—a 

2 
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Suyra S MEFI = ^(MI + EF).ME = I 


a 

- + a 
2 


N a 3a 2 


/ 


8 


2. (P) qua A, trung diem N cua CD va vuonggoc vai (SBC). 


Xdc dinh thiet dii>n . 
BC1SA 


BC1 AB 


BC 1 (SAB) 


GqI E la trung diem cua SB thi AEJ.SB 
(do tam giac SAB vuong can tai A) va 
AE1BC, suy ra AEl(SBC) va (AEN) = (P). 

Ggi K = BCnAN va F = EK nSC. Noi 
NF. Thiet di£n can tim la tir giac ANFE. 

AE 1 (SBC), EK c (SBC) => AE 1 EK 

=> tam giac AEK vuong tai E. 

Di(>n tick thiet dii>n . 

Di£n tich tam giac AEK : S AKK = r AE.EK 


AB 


CN H= -, suy ra C la trung diem cua 


BK va N la trung diem cua AK . 

Xet tam giac vuong KBE (vuong tai B), 

/ /—\2 

ke 2 = be 2 + bk 2 = a 




\ 


+ 


/_ \2 2a 2 
(2a) =-+ 4a^ 



e 


y 


Xet tam giac vuong SAB, ta co AE = isB = ^ 


1 aV2 3a 2 


AEK 


Do do S 

2 2 2 4 

SC,KF la hai dirong trung tuyen cua tam giac SBK nen giao diem F cua 

KF 2 
KE " 3 


chung la trong tam cua tam giac SBK, suy ra 


S^ = KF KN _ 2 l__\_ 
S KFA ~ KE ' KA ” 3'2 " 3 






Ct\j TNHH MTV DVVH Khmtg Viet 


Suy ra di£n tich thiet di£n : S 


AEFN 


-is 


a 


kai-: 


122 

« Ttnh d(DE,AB') 

Cac mat ben cua hinh lang tru la cac 
hinh vuong canh a suy ra cac canh ben 
cua hinh lang tru nay vuong goc voi 
mat phang day (ABB'A', ACC'A' la cac 
hinh vuong) 

t; =>AA’l AB,AA'lAC=>AA’l(ABC) 

va hai day la hai tam giac deu canh a . 
EF//A'B' 



FD // BB' 


(DEF) // (ABB'A), DE c (DEF), AB' c (ABB'A) 


Laico DEc(DEF),AB’c (ABB'A) 

=> d(AB',DE) = d((DEF),(ABB’A’)) = d(E,(ABB'A')) 

Goi I la trung diem cua A'B', ta co 

jC'IlA'B'_ 

C'l 1 AA' " 


C'Il(ABB'A')=>C’I = d(C’ / (ABB'A')) 


s 


A'B'C' la tam giac deu canh a => Cl = 

■ 

C'En(ABB'A)-[A'] ^ d ( E,(ABB A )) _ AE _ ^ 

Wr 1 } { 1 d(C',(ABB'A')) AC 2 

ft => d(E,(ABB' A')) = id(C’,(ABB'A')) = ^CI = ^ => d(DE,AB') = 

2. Ttnh d(A'B,B'C'). 

B'C7/BC^B'C7/(A'BC) / A'Bc(A'BC) 
d(A'B,B'C') = d(B',(A'BC)) 


S 


Goi D la trung diem cua BC,K la hinh chieu vuong goc cua A len A'D,taco 

BC 1 AD 
BC1AA’ 

jAKlBC 
AK 1 AD 
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BC 1 (ADA’) => BC ± AK 

• AKl(A’BC)=> AK = d(A,(A'BD)) 
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Trong tam giac vuong A'AD: 
1 


1 1 
+- 


L 1 _ 7 

AK 2 AA’ 2 AD 2 3a 2 


AK = 


V21 


V 


/ 


Trong hinh vuong ABB'A',AB' cat A'B tai trung diem H cua moi doan 
H cung la giao diem cua AB' voi (A'BC) suy ra 


= 1 


d(B',(A'BC)) = d(A / (A'BC)) = 


d(B',(A'BC)) HB' 
d(A,(A'BC)) HA 

lr\ 

Vay d (A'B, B'C') = —- • 

3. Tmh d(DE, A'F) 

A'F//AD => A'F//(ADE) 

=>d(A'F,DE) = d(F,(ADE)) ‘ 

Trong mat phang (ACC'A'),AE cat CC' 

tai M, vi EC//AC, EC = ^ AC nen EC la 

dirong trung binh trong tam giac ACM 
suy ra C' la trung diem cua CM. 


V21 




Trong mat phang (BCC'B'),DM cSt B'C' tai 0,0N = ^CD 
Goi N la hinh chieu vuong goc cua F len DM, taco 

JAD1BC _ 

AD ICC’ - 


a 

4 


ADl(BCC’B’)=> AD1FN 


FN IDMc(ADE) 


FN 1 AD 


FN 1 (ADE) => FN = d (F,( ADE)) 


Trong tam giac vuong FOD,FN la dirong cao suy ra 
1 


M 



_ 1 1 

FN 2 FD 2 FO 2 


1 1 

2 2 — 2 

' a > a 


17 FN = ^^^d(F,(ADE)) 


v.4/ 


17 


\f\7 

17 


Vay d(A'F,DE) = 


a yfV7 
17 


OCA 
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123 . 

i'Tttth d(AA',(BCC'B')). 

I AA'// BB'=> AA'//(BCC'B') 

1 => d(AA',(BCC'B')) = d( A,(BCC'B')) 
Dyng AH 1 BC(H e BC), ta co 


AH1BC 
AH IBB’ 


AHl(BCC’B’) 


AH = d(A,(BCC’B’)) 



Tam giac vuong ABC vuong tai A,BC 

AB.AC a 2 >/3 aV3 


= 2a, AB = aV3 => AC = a, 


AH = 


BC 


2a 


2 

aV3 


Vay d(AA',(BCC'B')) = 

2 . Tmh d(A,(A'BC)). 

Dvng AElA’H(EeA’H) 


BC 1 AH 
BC1 AA’ 

AE1BC 
AEIA’H 

Trong tam giac vuong A'AH, 

1 


BC 1 (A’AH) => BC ± AE 
AEl(A’BC)=> AE = d(A,(A’BC)) 


1 1 

— +- 


4 1 


3a 


AE 2 = 


3a 


■ AE AH AA U 3a a" 
l => AE = d(A,(A’BC)) = ^y^- 

3. Chung mink ABl(ACC’A’). 

jABlAC =>AB1 ( ACC . A .) 

ABIA’A v ' 

Tmh d(A',(ABC')). 

Tu giac ACC'A' la hinh ch u nhat co AC = AA' = a nen la hinh vuong, suy 
ra AC' 1 A'C , gQi O la giao diem cua AC' va A'C , ta co 
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COX AB 
COX AC* 


De thcYy CO = 


A'Cn(ABC') = {0) 
d(A’»(ABC')) oa 


CO 1 (ABC') => CO = d(C(ABC')) 




d(C(ABC)) OC 


= 1 


d(A'(ABC')) = d(C,(ABC')) = 




125. 


1. d(A,(SBC)),d(C(SBD)). 
Dung AH ±SB(H eSB), ta co 


1 


BC1SA 
BC1 AB 

AH 1 BC 
AH 1 SB 


BC 1 (SAB) => BC 1 AH 
AH 1 (SBC) 



AH = d(A,(SBC)) 


Trong tarn giic vuong SAB, 


1 


1 I 

+ — 


•> 4a' 

AH 2 = 


5 


AH = 


AH 

2A\fs 


SA 2 AB 2 4a 


1 I S 

2 + a 2 _ 4a 2 


V|y d(A,(SBC)) = 


2a 75 


Gpi O la giao diem cua AC va BD, dung AK1 SO,(K € SO). 


BD1AC 
BD ISA 

AK 1 SO 
AK 1 BD 


BD 1 (SAC) => BD 1 AK 

AK 1 (SBD) => AK =d (A,(SBD)) 


Trong tam giac vuong SAO, 


1 


1 1 
— + — 


1 


1 


AK 2 SA 2 AO 2 4a 




tt 


4a 


j 


AK 2 = 


4a 


AK = d(A,(SBD)) = 


2a 
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4( - , SRnl fo) : d ( c -< SBP )) OC 
AC (SBD) (O) j ( A,(SBD)j _ OA 


2a 


I =>d(C,(SBD)) = d(A / (SBD)) = 

2 .Chuitg minh MN // (SBD), tinh d (MN^SBD)). 

MN H BD (tinh chat duong trung binh) MN U (SBD) 
=c d(MN,(SBD)) = d (M,(SBD)) 


AMn(SBD) = {B} 


d(M,(SBD)) BM 
d(A,(SBD)) BA 


2 

2 


d(M,(SBD)) = Id(A,(SBD)) = f 


V?y d(MN,(SBD)) = - 
3. Tinh d(S,(P)), dipt tich tugiac BCFE. 

AD // BC => AD //(P) d(AD,(P)) = d(A,(P)) = 

Gpi I la hinh chieu vuong goc cua A len AE . 

AIX BC , . . / / w a 72 

=> AI±(P)=> AI = d(A,(P)) = — 
All BE v ’ \ ’\ U ? 




Trong tam giac vuong BAE, 


1 


Al 


1 1 
+ — 


1 


AB 2 AE 2 


i —\2 

av2 


J 


1 1 
— + — 


AE 


1 


1 


AE 2 a 2 


AE = a E la trung diem cua SA 


BC // AD, EF = (P) n (SAD) => EF // AD // BC 

=> EF = ^ AD = ^ (tinh chat duong trung binh) 

BC 1 (SAB) => BC 1 BE 

Do do tu giac BCFE la hinh thang vuong tai B va E. 
Dipn tich hinh thang vuong BCFE. 


s kfe=^(BC + EF).BE = 1 


a 

a + — 

2J 


7a 2 +a 2 = 


3a 2 72 
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126 . 

1. Chung mitth OH _L (MBC). 


Gpi E,F lan lugt la trung diem cua cac 
canh BC va AB;L la giao diem CO va 
MB ta co 


BC 1 AE 
BC1MA 


BC 1 (MAE),OH c (MAE) 


OH 1 BC 
JCFl AB 
CE 1 MA " 

MB 1 CF 
MB 1 CL 


CF±(MAB)=>CF±MB 
MB 1 (CFL) 


=> MB 1 OH (do OH c (CFL)) 
J OH 1 MB 



OH 1 BC 


OH 1 (MBC) 


2. Tim tap hgp diem O khi M di dong tren (d). 

OH => OH 1 ME => HOE = 90° 

Trong mat phang co djnh (E,(d)),HOE = 90°, suy ra tap h^p cac diem O 
duong tron (C) duong kinh HE loai bo diem E. 

3 . Chung minh tudien BCMN co cac cap canh dot vudnggoc . 

MN 1 (ABC) => MN 1 BC 


MB INC 


MB 1 (CFL) 

NC c (CFL) “ 

MC 1 OH (do OH 1 (MBC)) 
MCI BO 


MC 1 (OBN) => NC -L MB 


Vay tu di£n BCMN c 6 cac cap canh doi vuong goc . 
4.Chung minh AM.AN khong doi. M 


0,EA la hai duong cao trong tarn giac MEN 

•n H la trirc tarn cua tarn giac nay . 

ai tarn giac vuong AHN va AME dong dang 

AM AH ...... AlT . _ 

-=-=> AM.AN = AH.AE 

AE AN 


r ra 






CM/ TNHH MTV DVVH Khnng Viet 


Mat khac tarn giac ABC la tam giac deu canh a,H la true tarn cua tarn giac 


2 2 

ABC suy ra AH.AE = — AE" = — 

J v 1 


'aS* - 2 


V 


> 


ll 


Vay AM.AN = y khong doi. 


fitth AM, AN de do ddi MN nho nhd't . 

Cauchy 

MN = AM + AN > 2VAMAN 

rz 

MN =a\f2 <=> AM = AN = —— 

| 2 

Vay gia trj nho nhat cua MN la a%/2 dat dupe khi va chi khi 
k a sll 


-1 


a 


= a >/2 


AM = AN = 


127 . 


l.Chungmitth (SAM) vudnggoc (SBM). 


BM1MA 
BM ISA 


BM 1 (SAM),BM c(SBM) 


(SBM) 1 (SAM) 

2.Chung minh tugiac BHKM noi tiep. 

AK c (SAM),MB 1 (SAM) AK 1 MB(l) 


Lai co AK ISM (2) T 

Tir ( 1 ) va (2) suy ra AK 1 (SMB) => AK 1 SB 

SB 1 AK _ 

SB 1 AH ~ 



B 


SB 1 (AHK) => SB 1 KH 


Trong mat phang (SBM ), tu giac BHKM co M = H = 90° nen noi tiep dupe. 
Giao diem T cua HK va BM d tren mot duimg thing co djnh. 


Ta co 


ATc(P)=> AT1SA 
| AT c (AHK) => ATI SB 


AT 1 (SAB) 


Vay T di dong tren duong thang co' dinh la duong thang qua A va vuong 
goc voi mat philng (SAB). 
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3.77m gid trj ctia a de diett tick tam giac AHK 1cm tihat. 

Trong mat phang (AHK), AKH = 90° nen K di dpng tren duong tron ([} } 
duong kinh AH. 

Dipn ti'ch tarn giac AHK: S AHK ==^-AH.HE 

Vi AH co do dai khong doi nen S AHK 

Ion nhat khi va chi khi HE ldn nhat 
<=> K la trung diem cua cung AH 
<=> Tam giac AKH vuong can tai K . 

Tam giac vuong SAB co SA = AB = 2R nen vuong can tai A 



=>SB = 2lW2 r>AH = -SB = RV2 

2 


Tam giac AKH vuong can tai K <=> AK = 


AH 

VI 



Trong tam giac vuong AMB cho AM = AB.cosa = 2Rcosa 

Trong tarn giac vuong SAM, = -V— + —o^- = —+ —- 1 

AK 2 SA 2 AM 2 R 2 4R 2 4R 2 .cos 2 a 

1 3 2 1 1 1 

» —--— = —- <=> cos a = — o cosa = - 7 =■ o a = arccos— 

4R 2 cos 2 a 4R 2 3 V3 3 

% 

1 

Vay S AHK Ion nhat » a = arccos — 

3 

128. 


1.Chung minh: A,B,R thcing hang vd A,D,S thanghang. 


J BC 1 AB 
{BC1MA 


BCl(MAB) 


GQi dj la duong thang qua M vuong 
goc voi (SBC), ta co 

d, !BC=>d, c(MAB) 

R = d,n(P)=>Re(MAB)n(P) 
ma (MAB)n(P) = AB 

Vay A,B,R thanghang. 

Tirangtij A.D^ thanghang. 


y 





1 
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2,Tdp h?p trung diem I cua RS khi M di d$ng tren tia Ax . 

[ MR -L (MBC) =e> MR ± MB => Tam giac BMR vuong tai M ,MA la duong 

f cao cua tam giac nay => MA = AR.AB 
I Tuong ty MA 2 = AS.AD 

I Suy ra AR.AB = AS.AD AR = AS (do AB=AD) 


ASAR vuong can tai A 

RS // BD va trung diem I cua RS thupc duong thang AC 


Gioi han : Vi M di dong tren tia Ax va MR 1 MB nen R di dpng tren tia Ay 


' ' ■» 

n3m tren duong thang AB va cung huong voi BA, tuong tv S di dpng 


- • 

tren tia Az n3m tren duong thang AD cung huong voi DA, suy ra I di 


9 

dpng tren tia At nam tren duong thang AC cung huong voi CA. 

Dao lai : Gpi I la mot diem tuy y tren tia At, ta phai dpng diem M tren tia 
Ax de duong th3ngqua M vuong goc voi (MBC) clt (P) tai R, duong thang 


(MDC) 


Qua I dung duong thiing song song voi BD cat hai tia Ay,Az lan lupt tai R 
va S thi I la trung diem cua doan RS va tam giac RAS vuong can tai A. 
Trong mat ph3ng (B,Ay) dpng duong tron (C) duong kinh BR dit tia 


Ax tai M . Khi do 


fMRIMB 


IMRIBC (do BCl(MAB),MRl(MAB)) 


MR 1 (MBC) 




MS c (MAD), DC 1 (MAD) => MS 1 DC 


Tam giac RAS vuong can tai A => AS = AR => AS.AD=AR.AB 
Tam giac MSD vuong tai M => MS 1MD 


= MA 


MS1MD 


MSI DC 


MS 1 (MDC) 


I Vay tap hop cac diem I la tia At. 

3. Chung minh AH vuong goc voi mat pitting (MRS). 


BD1 AC 


BD 1 MA 


MAI (MAC) 


RS // BD => RS 1 (MAC), AH c (MAC) 
AH 1 MI 


RSI AH 


AH IRS 


AH 1 (MRS) 
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H Id true tdm cua tain gidc MRS. 
MI c (SAC) ^ MI IRS 
MR 1 AH 

MR 1 BC, AD // BC => MR ± AD ' 


MR 1 (HAD) => MR 1 HS 


Vay H la tryc tam cua tam giac MRS. 

130. 

l.Chirngmitth BC vuong goc v&i SA va tilth SO,SA,SH theo a. 

BC 1 SO 
BC1 AH 

BC 1 SA 

Tam giac deu ABC co duang cao 

2AH 


BCl(SAH) 


AH = 3a => BC= 


75 


= 2a75 



OS = BC=>OS = 2a75 

Tam giac vuong SOA . 

SA 2 = SO 2 + OA 2 = (2aSf + a 2 = 13a 

Tam giac vuong SOH. 

2 

SH 2 = SO 2 + OH 2 = (2a75) + 4a 2 = 16a 2 => SH = 4a 
2.Tinh ((SAB),(SAC)). 

Qua O dyng dirong thang song song voi BC cStcaccanh AB,AC lan lirot 
tai E va F, g<?i K la hinh chieu vuong goc cua O len SA . 

EF // BC, BC 1 (SAH) => EF 1 (SAH) => EF ± SA 
SA 1 EF 


SA 1 OK 


SA 1 (EFK) => ((SAB),(SAC)) = (KE,KF) 


KO 1 EF tai trung diem O cua EF nen tam giac KEF can tai K 

EF AO 1 I?r 2a75 

-=-= — => hr = — BC =- 

BC AH 3 3 3 


Trong tam giac vuong SOA, 


1 


1 1 
+ 


1 


1 


13 


12a 2 + a 2 = 12a 2 


OK 2 = 


OK 2 

SO 2 AO 2 

II 

fM 

rz 

fM 

> OK - 2a ^ 

13 

Jn 


( 2 a 75) 


1 1 

- 2 + ~2 

a 


070 


Cty TNHH MTV DVVH Khmtg Viet 

a\[3 


1 


EF 


. rm °E 2 _ 3 _ 7l3 

Trong tam giac vuong KOL tan EKO = — = - — 


0 


M 

^ EKF = 2arctan— <90° =>((SAB),(SAC)) = 2arctan^ 


EKO = artan 

6 6 
3.Chung minh MNPQ la hinh thang can. 
a 1 OH, BC 1 OH => BC // a 


a II BC 

an(ABC) = MQ => MQ//NP//BC(l) 
an(SBC) = NP 

I la trung diem cua MQ,g<?i J la giao diem cua NP va SH thi J la trung 

diem cua NP. 

SO 1 OH,a 1 OH SO // a 

IJ = a n(SAH) =>IJ //SO=>IJ ±MQ,IJ ±NP(2) 


Tir (1), (2) suy ra MNPQ la hinh thang can. 

4.Dien tick MNPQ theo a vd x = AI. 

I e Oi l => a < x < 3a 

x.BC 2ax75 2x75 


MQ AI _jc_ 
BC “ AH ~ 3a 

IJ HI 3a - x 


MQ = 


AH 


3a 


SO HO 
MP SJ 


IJ 


2a 

OI x - a 


BC SH OH 2a 
Dien tich thiet dii?n MNPQ: 


2 a v ’ 

2a 75 (x — a) r-. . 

=> MP =---- = 73(x -a) 


’MNPQ 


= 7(MQ + NP)IJ=- ^^ + 75(x-a).75(3a-x) =i(5x-3a)(3a-x) 


Xac (tilth x de tent tihat . 


MNPQ 


.. \_UUVJiy ^ 

—(5x - 3a)(l5a - 5x) S - 


Cauchy ^ f 5x - 3a + 15a - 5x 


\2 


10 


V 


18a 


/ 


^MNI’Q 


18a 2 (5x-3a = 15a-5x 9a 

-<=> < . . o X = 


X 6 


(a,3a) 


Vay S 


MNI'Q 


Ion nha’t <=> x = 


9a 
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aHUE>& 


ung dung cAc phep bien hInh 

TRONG MAT PHANG DE GlAl 

toAn hInh hoc 

Phep nghich dao 

A.TOM TAT GIAO KHOA. 

1. Djnh nghia. 


Cho diem O codjnh va mpt so thyc k*0 . Phep bien hinh bien moi diein 

M khac O thanh diem sao cho M' thupc duong th^ng OM va OM.OM' = k 
dupe gQi la phep nghjch dao cue O, phuong tfch k . 

Ki hipu phep nghjch dao cue O, phuong tich k la f k . 


Vay f ( k (M) = M* 


M’eOM 


OM'.OM = k 


Khi M tien lai gain cue nghjch dao O thi M' tien cang ra xa O, nghia la 
M -> O thi f l k (M) = M’->x. 

2. Tinh chat. 

Tinh chat 1. 

Phep nghjch dao co tinh chat dol hpp, tuc f ( k (M) = M' <=> (M') = M (trong 

chuyen de nay ta dung ki hipu f thay cho f k neii khong gay hieu nham) 


Tinh chat 1 la hien nhien vi f(M) = M'oOM.OM' = k 
<=> OM'.OM = k <=> f(M') = M . 

Tu tinh chat tren ta co f : (M) = fof(M) = f(M') = M=>f : la phep dong nhat. 
Neu f(M) = M thi M dupe gpi la diem kep cua f. 


Tinh chat 2. 


Neu k < 0 thi hien nhien f khong co diem kep . 

Neu k > 0 thi tap hpp cac diem kep cua f la duong tron (0;\/k). Duong 
tron nay dupe goi la duong tron nghjch dao cua f. 
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Th?t vay, f (M) = M o OM.OM = k > 0 OM = 7k <=> M e (O; Vk). 

Tir djnh nghia ta thay anh cua mpi diem M thupc duong thiing d di qua 
C yc O la mpt diem M' thupc d vi vay f(d) = d va ta noi d la duong thSng 

kep cua f. 

Neu hai duong tron (C) va (C')co chung diem A thi goc giua hai Hep 
tuyen cua (C) va (C') cat nhau tai A,B . Gpi d,d' Ian lupt ta tiep tuyen 
cua (C) va (C') tai A. Goc giua hai duong thang d va d' dupe gpi la goc 
giua (C) va (C). Neu goc giua hai tiep tuyen d va d'bSng 90° thi ta noi 

(C) va (C') la hai duong tron true giao. 

Tinh chat 3. 

• Neu f(M) = M' thi mpi duong tron di qua M va M' deu la duong tron bat 
bien, nghia la f(C) = C. 


Neu P 0 , (c) = k thi (C) bat bien qua f. 


• Neu duong tron (C) true giao vdi duong tron (O,%/k) thi (C) bat bien qua f. 




Cluing minh: 

• Giasu f(M) = M' va (C) la duong tron di 
qua M,M'. 

Lay dierr. N bat ki thupc (C), gpi N' la 
| giao diem cua ON vdi (C). 

Ta co ON.ON'= OvLOivf = k =>f(N) = N' 

I => (C) bat bien. 

• P =k. Lay M bat ki thupc (C), gpi 


O 



OM.OM' = k = P 0/(c) o M' € (C) 



M' = f(M)c 
I => (C) bat bien. 

2 

• Vi (C) va (0;\/k) true giao nen P tv(C ) = (^) c *° (^) b£,t bl ^ n ‘ 

Tinh chat 4. 

• Anh cua mot duong thang di qua cue bien thanh chinh no. 

• Anh cua mpt duong th5ng khong di qua cue bien thanh duong tron di qua aK 


: i 7' 






























Phan loni zfd ph ircrng phdp giai Hhth hoc 7 7 



Chung minh: Y thu nhat thi hien nhien, da dirge chung ta nhic tci trong^ij' 

myi duong thang qua cue deu la duong thSng kep. Ta se chung minh tinh 
dung dan cua y thu hai. 1 

G<?i A la hinh chieu cua O tren A, gpi 


B-f(A). 

Lay diem Me A, gia sir N = f(M) thi ta co 
OA.OB = OM.ON = k => A, B, M,N ciing nam 



O 


tren myt duong tron => BNM = BAM = 90° 
hay N thuyc duong tron duong kinh OB.Khi 
M chay tren A thi N chav tren duong tron 
duong kinh OB. Vay anh cua A la duong 
tron duong kinh OB. 

(hinh ve ben ung voi trirong hop k >0) 

Tinh chat 5. 

» 

• Anh duong tron qua cue la myt duong th^ng khong qua cue va 

vuong goc voi duong kinh xuat phat tir eye cua duong tron do. 

• Anh cua mot duong tron khong qua eye la myt duong tron. 

Chung minh: 

• Gia su duong tron (C) di qua eye va A la diem do! xung cua O qua tam 
duong tron (C). 

Goi B = f(A), lay M bat ki thuyc (C) 

(di nhien la M*A). Goi N = f(M)khi do 

OM.ON = k = OA.OB suy ra A,B,M,N ciing 

nan tren mpt duong tron => ABN = aIvIO = 90°. / 

Vay quy tich N la duong th3ng di qua B va 
vuong goc voi OA . Hay anh cua (C) la duong 

thang d khong di qua O va vuong goc voi 
duong kinh cua duong tron xuat phat tu eye O. 

Gpi (I) la duong tron khong di qua eye O, M la diem bat ki cua (i). 



O 


Gpi 


N -OMn(l). Dat p = OM.ON thi p = P 0/(|) khi do (i) bat bien qua f/’.Goi 


M’ = thi OM.OM’ = k 


OM’ k 


ON p 
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OM' = —ON . Vay M' la anh cua N trong phep vi ty tam O, ti so — . 

P P 


Dao lai neu M' la anh cua N trong 


phep vi tu tam O, ti so — thi 

P 


OM' = —ON => OM' = —ON 
P P 


OM.OM' = —ON.OM = k 

P 


=>M’ la anh cua M qua phep 
nghjch dao f t7 . 



Vay anh cua (l) qua phep nghjch dao la duong tron (I ) -anh cua (I) trong 


phep vj ty tam O ti so — = ^ 


P P, 


0 /( 1 ) 


Luu y: f (7 (i) ^ I' 


Tinh chat 6 . 


Tich cua hai phep nghjch dao ciing eye f ( *' va la mot phep vj tu tam O 

. k 


t * > 


ti so — 
k. 


Chung minh: Gia sir $ :M->M,,f^ :M, ->M' thi OM.OM, =k, va Q,M,M 


th3ng hang ; OM ,OM' = k 7 0,M ,M’ thang hang, suy ra 


OM' k. 


OM k 


va 


0,M,M thang hang, do do V, >:M->M . 

o.^r 

Lj 


vay di’-G'-v. 


o. 


) 


O;-*- 




Hnh chat 7. Neu phep nghjch dao cue O, phirang tich k bien A,B thanh 


Ik 

? irncr thi A'R'zr- L. 


A', B ’ tuong irng thi A' B' = 


OA.OB 


.AB. 


-hung minh: 

Neu A,Bv 6 i eye O thang hang thi A’,B' nam tren true OAB va 
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OA.OA' = OB.OB' = k => A'B' = OB'-OA' 
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(oa-ob) = 


OB OA OA.OB' ' OA.OB 

Neu A,B,0 khong thang hang thi tu: 


•(- ab ) 


iki 

A’B' = —U—.AB. 
OA.OB 
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OA.O A' = OB.OB ’ = k => OA.OA ’ = OB.OB' 


OA OB 


OB' OA’ 


AOAB-AOB'a 


A'B' OA' OA.OA' 


A'B' = 


.AB. 


AB OB OA.OB OA.OB OA.OB 

Ta noi goc tao boi mpt duong thang va mpt duong tron la goc tao boj 
dirong thang do voi tiep tuyen cua duong tron tai diem chung cua chung. 

Tinh chat 8 . Goc tao boi dirong thang d va duong tron (C) ciing di qua eye 

nghjch dao co so do bang goc tao boi anh cua chung trong phep nghjch dao 
do.( Ban dpc ty chung minh tinh chat nay) 


B. LUYEN K1 NANG GIAI CAC DANG BAI TAP. 

• • • 

Bai toan 01: LfNG DUNG PHEP NGHJCH DAO TRONG BAI TOAN 
CHLfNG MINH DANG THlfC VA TINH TOAN 
CAC VI DU 

Vi dy 1. ( Djnh li Ptole mee) Cho tir giac ABCD . Chung minh ABCD npi tiep 
khi va chi khi AB.CD + AD.BC = AC.BD. 


Lot giai 

Xet phep nghjch dao tarn A, phuong tich k *■ 0 bat ki. 


Goi B',C /D lan lupt la anh cua A,B,C qua f,. 


Vay A,B,C,D nam tren dirong tron (O) o B' ( C',D' nam duong thang 


d (anh ciia (O) qua f*). 


Vay ABCD npi tiep khi va chi khi B'C'+C'D’= B’D' (*) 


Ma B'C' = 


AB.AC 


.BCX'D' = 


AC.AD 


.CD, 


B’D' = 


AB.AD 


.BD 


Do d 6 (*) 


IN ,bc+ IN 


AB-AC 


ACAD 


.CD = 


IN 


AB.AD 


.BD 


BC CD 
+ 


BD 


AB.AC AC.AD AB.AD 


o BC.AD + CD.AB = AC.BD 
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Vi dy 2. Trong m<it ph^ng cho tarn giac ABC npi tiep trong duong tron (O). 
I Gia sir M la mpt diem n3m trong duong tron (O), cac duong thSng 
I MA,MB,MC lan lupt cat (O) tai cac diem A',B',C’. Chung minh 


S A .„.i MA'.MB’.MC' 

API 


ABC 


MA.MB.MC 


v ^ • • t • 

Lai giai 

Xet phep nghjch dao circ M, phuong 


tich k = P, 


m/(o) * 


Do MA.MA' = MB.MB' = MC.MC = k (l) 


nen f k : A -> A’,B -* B',C C', vi vay 


A'B' = 


MA.MB 


.AB, B'C' = 


MB.MC 


BC, 


A’C' = 


.AC(2). 



MA.MC 

Mat khac theo cong thuc tinh di£n tich tarn giac ta co 


ABC 


AB.BC.CA A'B’.B'C.C'A' _ S ABC A'B'.B'C.C'A’ 

4 R ' A BC 4R ° S ABC ~ AB.BC.CA 


(3). 


Tir (1),(2),(3) taco 


S 

i lJ ABC _ 


MA'.MB’.MC’ 


ABC 


(MA.MB.MC)' 


MA.MB.MC 


-.(dpcm) 


Bai toan 02: l/NG DUNG PHEP NGHICH DAO TRONG BAI TOAN 
CHU’NG MINH ThAnG HANG VA DONG QUY. 

CAC VI DU 

Vi dy 1 . Cho duong tron (0;R) noi tiep tarn giac ABC, tiep xuc voi cac canh 
5 BC,CA,AB lain lupt tai A^B^C,. Gpi A 2 ,B 2 ,C 2 la cac giao diem thu hai 
( cua AA^BB^CC, voi (O), M,N,P lan lupt la trung diem cua 
BjC^CjA^AjB, . Chung minh: 

a ) Duong tron ngoai tiep cac tarn giac MAjA^NBjB^PCjCj di qua O. 

b) Ba duong tron tren co diem chung thu* hai. 

w \ • • t • 

■ Lot giai 

a ) De chung minh duong tron ngoai tiep cac tarn giac MAjAj/NBjBj, 
PC,C 2 di qua O. Ta chi ra co phep nghjch dao eye O, phuong tich k nao 

f 

do bien cac duong tron nay thanh dirong thang. 
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Xet phep nghich dao f ( '* . 

De thay A,M,0 thang hang, tam giac 
AB,0 vuong tai B, co dudng cao B,M 


nen OM.OA = OB; =R 2 


fo : M 


A. 


Mat khac (0;R)la duong tron nghjch dao 

cua f* nen moi diem cua (O) deu la 
diem kep. Do do 



f K ‘ - A 
r o • 


A, C 

A t ,A 2 -*A 2 . Vay duong tron (MA,A,) co anh di q Ua 


A^^Aj.Day la m<?t duong thang nen (MA,A,) phai diquacycO. 

Tuong tu cac dudng tron (NBBj^PCC,) cungdiqua O. 

b) De chung minh ba duong tron tren co chung diem thii hai ta chi can chung 
minh ba dudng thang anh AA^BB^CC, dong quy. 

De thay .^£.£^- = -1 nen theo dinh li Cesva thi AA^BB^CC. dong 

A,C. B,A C,B 1 1 1 b 

quy tai diem I, khi do ba duong tron tren cung di qua diem I' la anh cua I 

qua phep nghjch dao f* J . 

Vi dy 2. Cho dirong tron (O) dirong kinh BC . Mot diem A nam ngoai duong 
tron. Goi B 0 ,C () la cacgiaodiem cua AC,AB vdi (O).Goi M,N Ian lugi la cac 
tiep diem cua tiep tu yen ve tir A den (O). Chung minh H,M,N thSnghang. 


w \ • • f • 

Lai giai 

De chung minh cac diem H,M,N thSng 

hang ta chung minh no la anh cua ba diem 

% 

nam tren mot duong tron di qua cue trong 
mgt phep nghjch dao nao do. 

Xet phep nghjch dao cue A, phuong tich 
k = AM 2 = AN 2 . 


Ta co f* M ‘ :M 


M,N —> N nen: 


f 


AM 2 



:(AMN)->MN. Gpi A () la anh 
cua H trong phep nghjch dao nay. 

De chung minh H,M,N thang hang ta can chung minh A u g(AMN). 


Cty TNHH MTV DVVH Khang Vift 


Ma AILAA^ = AN = AB 0 .AC nen tu giac A l) CB () H noi tiep =>HA l) C=CB o H=90P, 
do do diem A 0 nhin doan OA dudi mot goc vuong suy ra A 0 g(AMN) vi 

vay f * N1 (A 0 ) = HgMN, hay H,M,N thang hang. 

yj dy 3 . ChoA,B,C,D la bon diem phan bi£t nam tren mot duong thang va 
dirge sap xep theo thu tir do. Cac dudng tron duong kinh AC,BD cat nhau 
tai cac diem X, Y. Dudng thang XY cat BC tai Z. Cho P la mpt diem tren 
dudng thang AB khac Z. Dudng thang CP cat dirong tron. dudng kinh 
AC tai diem thu* hai M , dudng thang BP cat dudng tron dudng kinh BD 
tai N . Chung minh AM,DN,XY dong quy. 

■ Lai giai 

De chung minh ba dudng thang dong quy thudng ta co hai hudng sau: 

. Chung minh no la anh cua ba dudng tron trong phep nghjch dao cue O, 
phuong tich k nao do ma ba dudng tron do co diem chung I khac O, khi 

do ba dudng thang nay dong quy tai I' = f k (i). 

- Chirng minh hai dudng thang la anh cua hai dudng tron cat nhau trong 
phep nghjch dao cue O, phuong tich k nao do va dudng con lai di qua circ 
O, dong thdi la true dang phuong cua hai dudng tron do, khi do ba dudng 
thang se dong quy tai diem I' ( I' la anh cua giao diem (khac eye) cua hai 
dudng tron) 

Dua vao sir phan tich nay ta co ldi giai sau kha tir nhien |D 
Gcpi (C,),(C,) lan luot la dudng tron dudng 

kinh AC va dudng tron dudng kinh BD va 
A’ = PAn(C I ),D‘ = PDn(C : ). Do P nam 

tren XY ( true dang phuong cua (C,) va 

(C 2 ))nen P p/(Ci , =P p/(Cj) 

=> PB.PN = PC.PM = k . Xet phep nghjch dao 
circ P, phuong tich k. Ta co 

f p :MhC,AhA' =>(PA'C)h> AM. 



Tuong tir f p k :Nn B,Dh-> D'=>(PBD')h* NB. Do f p k :XY^XY nen de 
chung minh AM,DN,XY dong quy ta se chung minh XY .a true dang 
phuong cua hai duong tron (PA'C) va (PBD). 
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Do PZC = PA 7 C = 90°=>Ze(PA”C). Tuong tu Ze(PBD') suy ra PZ 4 
tryc dang phuong cua hai duong tron (PA'C) va (PBD ). 

Vyy AM,DN,XY dong quy. 


Bai toan 03: ifNG DVNG PHEP NGHICH DAO DE GIAIBAITOAN QUY TICH. 
CAC VI DU 

Vi dy 1. Cho duong tron (O) va day cung AB co djnh, P la mpt diem thay 
doi tren (O). Goi (C) va (C') la hai duong tron qua P lan lup* tiep xuc v6j 
AB tai A va B. Tim quy tich giao diem thu hai cua hai duong tron nay. 

T * • • » • 

Lai giai 

Goi Q la giao diem thu hai cua (C) va (C), va I la giao diem cua PQ voi 


AB, khi do ta co IQ.IP = IA : = P 


'/(c) 


I la trung 


IQ.IP = IB 2 = P |/(c) 

=> IA 2 = IB 2 => IA = IB 
diem cua AB. 

Xet phep nghjch dao eye I, phuong 
tich k = IA 2 ta co f k :Q/- 4 P, ma 

Pe(O) nen quy tich diem Q la anh 

cua (O) qua f k .Vi I g (O) nen anh 

cua (O) la duong tron. 



Vi f, 1A ' = V, 


1 . 


IA 




"IA 2 J 


= V/ (a2 x = Vj, } y do phep vj tu tarn I, ti so ~1 chmh la 

I* • 


phep doi xung tarn I, do do anh cua (O) la duong tron (O') anh cua (°) 
trong phep doi xung tarn I. 

Vi dy 2 . Cho duong tron (O) va diem S n3m ngoai duong tron (O). Hai cat 

tuyen luu dong qua S lan lupt cat (O) tai A,A' va B,B‘. G<?i M la giao 

% 

diem thu hai cua duong tron ngoai tiep cac tarn giac SAB’ va SBA'. Tim 
quy tich diem M . 

Leri giai 

Xet phep nghjch dao cue S, phuong tich k = P S/(C1) , khi do ta co: 


000 
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£ ; (o) i -4 (O) (theo tinh chat 3b). 

L?i co SA.SA' = P s/(0 ) = SB.SB' nen 
A->A',Bh 4 B' do do (SAB')i- 4 A'B 


va (SBA')i -4 B'A . Do do giao diem M 

cua hai duong tron (SAB ) va (SA B) 

bien thanh diem M' = AB'nA'B. 

Ve tiep tuyen ST cua (O), gQi H la 

giao diem cua SO voi duong thang A 
di qua T vuong goc voi SO ta co 
M'e A. 

Vay quy tich diem M la duong tron duong kinh SO ( duong tron nghjch 
dao), day la anh cua A qua phep nghjch dao tren. 



CAC BAI TOAN LUYEN TAP 

1 . Cho AABC npi tiep duong tron (O). G<?i B 0 ,C 0 lan lupt la hinh chieu cua 

B,C tren Ac,AB. Chung minh tiep tuyen cua duong tron (O) t^i A song 
song voi B 0 C 0 , tu do suy ra OA1B 0 C 0 . 

2. Cho duong tron (O) duong kinh AB. Diem I tren doan AB( khac A,B). 
Mot duong thang d thay doi qua I cat (O)tai P,Q (dkhong trung voi 

AB). Duong thang AP,AQ c3t tiep tuyen m tai M,N; trong do m la tiep 
tuyen cua (O) tai B. Chung minh duong tron (AMN) di qua diem co djnh 

thu hai, suy ra tarn cua (AMN) nam tren mpt duong thang co djnh. 

3. Cho ba diem A,B,C nam tren mpt duong thSng . Qua A,B va mpt diem E 
bien thien cua duong trung true A cua AB ta dpng duong tron (ABE). 

Duong thang CE cat duong tron do tai M . Tim quy tich diem M khi E di 
dpng tren A. 

L Ol GIAI - Hl/ONG DAN - DAP SO 

thay B,C 0 ,B 0 ,C cung nam tren mpt duong tron. Do do 

AB.AC 0 = AC.AB 0 = k. Xet phep nghjch dao epe A,phuong tich k ta dupe 


B 


0 


C/C 0 -> B 


B 0 C ^ (O). Gpi t, la Hep tuyen tai A cua (O) thi trong 

3S3 
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phep nghjch dao nay t t -»d . Mat khac t, tie'p xiic voi (O) nen t i // B q 
tir do ta co OA _L B^C,, . 

2. Xet phep nghjch dao circ A, phuang tich AB : thi (0)-»m do ^ 
P-> M,Q -* N . Do do d ->(AMN). Mpt khac I -> I’ co djnh, ma led ne n 
I’e(AMN).Vay (AMN) di qua diem I codjnh. 


(AMN) di qua hai diem co djnh A,T nen tarn cua no nam tren duong truru> 

* O 


true cua doan AI’. 

3. Xet phep nghjch dao eye C phuang tich k = CA.CB, ta dupe M thup c 
duong tron duong kinh CD. 


Tu dien 

« 


A.TOM TAT GIAO KHOA. 

1. Cong thurc tinh duong trpng tuyen. 

Doan thang nol dinh voi trpng tarn cua mat ddi dien dupe gpi la duong 
trpng tuyen cua tu dipn. 

Cho tir dien A BCD co DA =a,DB = b / DC = c < BC = a,,CA = b,,AB = c,. 

Gpi m tl la duong trpng tuyen xua't phat tir dinh D. 


„ , , a 2 + b 2 +c 2 a 2 +b 2 + c? 

Ta co m. -- '■ -!-L. 

d 3 9 

Chung minh: 

G<?i D 0 la trQng tarn tarn giac ABC va N la trung diem cua BC 
Dat DN = p, AN = q, DD^N = cj>. 

Ta co DN 2 = D 0 D 2 + D 0 N 2 - 2D U D.D 0 N cos ND^D 


2 = m 2 +3—2m. — 


P' = m d + ^"“^ m d3 COS< t > 0) 


Tuong tu AD 2 = D 0 D 2 + D 0 A 2 -2D 0 D.D 0 AcosAD ( ,D 


2 2 4 2 2o 

a = m, + -q + 2.— 1 
d 3 


Tu (l) va (2)ta co 


m d cosc)> ( 2 ) 
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2 p 2 + a 2 = 2 (m 2 + %- - 2 m. 3-cos cj>) + m 

9 3 


2 

d 


—q 2 + -^-m. coscj) => 3mJ = a 2 + 2 p 2 — ^ 


+ 9 ^ 3 


Mat khac p 2 = 


b 2 +c 2 a! 


2.-2 -2 


, . 2 b +c 

-L va q = — - L - 

2 4 1 2 


2 a 2 +b 2 + c 2 a 2 +b, +c, / ^ 3 

nen m‘. =-----( dpcm). 


D 



_\_ — — ->*> C 


2 . Mpt so cong thuc ve dipn tich. 

Dinh li 1. 

i Gpi S,,S 2 la dipn tich cac mat ABC va ABD, a la goc nhj dipn canh AB, 
I cj) la goc giua hai duong thang AB va CD. Gia sir AB = a,CD = b. 

K , , (absincj )) 2 

Ta co S 2 + S 2 - 2S,S 2 cosa = ^ 


Cltting minh: 

Xet mat phang (P) vuong goc voi canh 

i AB tai B'. GQi H,K la chan duong cao 
[ cac tarn giac CAB va DAB . 

Chieu tir dipn len (P)theo phuong AB ta 

dupe A,B,H,KhB', Ct- 4 C‘, DhD', 

* nen tir dipn ABCDco hinh chieu la tarn 
1 giac B'C'D'. 

[ Taco B'C' = HC = ^ i ; B'D’ = DK = ^l 
■ a a 

I va C'D' = DE = CDsin(}) = bsin(t) 

I Ap dyng djnh li co sin cho tarn giac BCD' ta co 
I C'D ' 2 = B’C ,2 + B'D' 2 - 2 B'C'.B , D , cosC'B'D' . 



<4> 


4S? 4S 2 _ 2 S, 2 S 


1 +-iri_2^^. := ^-cosa = (bsincf>) «S,+S 2 -2S,S 2 cosa - 


I a a a a 
Djnh li 2. Trong tir dipn A,A 2 A 3 A 4 ta co : 

• S, = S 2 coscj), 2 + S 3 cosef), j + S 4 cost}), 4 (l). 

• S, =S;+S 2 ,+S 2 -2S ; S,cos(f) 23 -2S 2 S 4 coscj) 34 -2S,S 4 cos(f) J4 (2). 


4 

(absincj)) 

4 
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rJtmTTi >< 7 / va pFiinvitf pH tip giai Hinh hoc 11 


Trong do cf» j ( la gdc nhj dien tao bdi mat doi dien vdi dinh A, va cac mat 
doi dien vdi dinh A ( , S, la dien tich cua m^t doi dien vdi dinh A,. 

Chung minh: 

• G<?i H la chan ditdng cao cua tu dien ABCD. 

Theo cong thuc hinh chieu vdi chu y gdc giua hai mat phang b3ng hoac bu 
vdi gdc giua hai nhj dien ta co A 

S =S 

J IIA,A, J 2 


IIA A 


= S 


COS(|) I2 

s = s 

'^I1AjA 4 

COSCj),, 

cosc |), 4 

• 



Neu 2 < 90" thi H va A 2 n3m cung phia 


doi vdi A,A 4 va khi do S MA Aj =S 2 cos(J), 2 . 

Neuc|> 12 =90 n ^ H €AA=>S MA)A) =0. 


Neu <}>,,> 90° thi H va A, n3m khac phia 



*4 


doi vdi A 3 A 4 va khi do S HAjA) = -S 2 cos<J> u . 

Ta cung co cac ket qua tuong tu dot vdi cac tarn giac HA 2 A, va HA 2 A 4 
Truong hop 1. 

Ca ba gdc <J),5 0 khi do S, = S MAjAj +S IIAjAj + S H a,a 4 


= S 2 cosc|>, 2 + S 3 cost}),, + S 4 cosc|) l4 . 

Truong hgp 2. 

Co hai gdc khong tu, ching han cj),, <90°,(|) l3 <90°,(}) l 4 >90° khi do 

S l =S I1 AjA 4 + S IIA,A 4 "SllAjAj = + ~( - S/} > M ) 

= s 2 C °S (|),. 2 + S, cost }),3 + S 4 cosc|), 4 . 

Truong hop 3. 

Co mpt gdc khong tu , ch3ng han 4 >,, < 90° khi do 

S' = S|ia,a 4 ~S HA A) -S IIA Aj = S 2 <j), 2 — (—SjtJi, 3 ) — (—S 4 <|> 14 ) 

= S 2 cost}), 2 + S 3 cosc|>, 3 + S 4 cost}), 4 . 


R5 rang khong the co trudng hop ca ba gdc khong nhQn do do ta co (dpcm) 
Luu y: Co the chiing minh cong thuc (l) bang each sir dyng phuong phap vec 
to va djnh li con nhim nhu sau. 
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Goi (i = 1,2,3,4) la cac vec to don vj vudng gdc vdi mat doi dien cua dinh 
A, thi ta co S,e,+S 2 e,+S,e,+S 4 e 4 =6 


<=>S,e, - (S 2 e,+S,e 3 + S 4 e 4 ). 


Nhan vo huong hai ve vai e, va luu y 

(e,,e ( )+<l),j=180 u =>cos(e.;e i ) = -cost|) l4 
(j=2,3,4) ta dugc: 

S, =52 006(1),, +53 008(1^ ^+ S 4 CX)S(]) |4 . 

Ta chung minh cong thuc (2) bang phuong phap 
vec to,ta co 

S,e, + S 2 e 2 4 -S^e, + S 4 e 4 = 6 <=>S,e, =-(S 2 e 2 H-S^e, +S 4 e 4 j 
Binh phuong vo huong ket hgp voi =^cos(e,;e ( j = -coscj) t ( (i * j,i,j = 2,3,4) 



ta co dieu phai chung minh. 

3. Mpt so cong thuc ve the tich cua tu dign. 

3. 1, Goi S,,S 2 la dien tich cac mat ABC va ABD, a la goc nhj dign canh 

■ A 

AB = a. The tich tu dien ABCD la V = — L S i. sin il 
| 3a 

Chung minh: 

Goi H la chan dudng cao ha tu C cua tu 
dien, ke HK 1 AB thi CHK = <t. 

Taco V = -CH.S., ma CH = CKsina =- 2 ^- SI ' - ‘ - T -. 

1 3 2 a 

r. 2S,S,sina 

Suy ra V = ——-. 

■ 3a 

He qua: Mat phang phan giac cua gdc nhj diyn 
canh AB cat tu dien theo thiet dien co dien 



- >0 


, . 2 S,S, a 

tich S = ———cos— 

S.+S, 2 


Chung minh: 

Goi E la giao diem cua mat phang phan giac 
cua goc nhj dign canh AB, ta co 


B 



V = V + V 

ABCD v ABEC v ABED 
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Phan lorn vd phucmg phdp gidi Hinh hoc 11 


rjc q . 2 S.Ssin~ 2S 2 Ssin- 
2 b,b 2 sin a _ 1 2 2 2 



3a 


3a 


3a 


a 


2S,S 2 cos 

<=> 2 S,S, cos—= (S, +S,)S -»S =-2 

12 2 v ' 1] S.+S, 


(dpcm). 


3.2. The tich tu dien ABCD la V = ^AB.CD.d.sinc|), trong do d la khoang each 

giira hai duang thang AB va CD, <j> la goegiua chung. 

Chirtig mirth: 

Dyng hinh hop AEBF.CMDN ngoai tiep tu* 
dr^n ABCD ( nhu hinh ve). 


1 


B 


Taco EF//CD nen (AB,EF) = (AB,CD) = a. 
Vi AEBF la hinh binh hanh nen 

S AEBF = ^AB.EFsina = i AD.CDsina 

Do duang cao cua hinh hop la: 
h = d((AEBF),(CMDN)) = d(AB,CD) = d 



nen the rich khol hpp la V hh = ^AD.CD.dsinn . 


De thay V ABCD =—V hh = — AB. AD.d sin a (dpcm). 

3 6 


3.3. Goi S |/ R | va 1. (i = l,4) la dien tich cac mat, ban kinh duang tron ngoai 
tiep cac mat do va khoang each tir tarn cac duang tron do den cac dinh doi 


, Zsf(if-R') 

dien cua tu dipn thi V = — v— --- 

Chung mhth: 

Truoc tien ta xet tarn mat cau ngoai tiep nam 
trong tu dipn. 

Goi R^hjdi/d, Ian luot la ban kinh dudng 

tron ngoai tiep tarn giac ABC, dudng cao 
DH , va khoang each tu tarn dudng tron 
ngoai tiep tarn giac ABC den d. Goi 0,0, 


D 
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lan lupt la tarn mpt cau va tarn dudng tron ngoai tiep tarn giac ABC, H, la 
hinh chieu cua O tren DH . Dat OO, =d, va R la ban kinh mat cau. 


Ta co O.H 2 = O.D 3 - DH 3 =\]-h 


OH? =OD : - DH, = R 2 — (h, — d,) 


R 2 -d 2 + 2h,d, -h 3 . 

Vi O.H = OH, nen R 3 -dJ + 2h,d 


-h 3 =1? -h 2 <=>1 3 -R 3 +d 3 = 2 h,d,. 


Lai co R 2 - d? = OA 2 - OO? = AO, = R? nen I 2 -R; =2h,d,. 


Tuong tp I 3 -R 3 = 2h,d, (i = 2,3,4). 


Do do (I? -Rf) = I>’h,d, = X2(S,h.) 


/ . \ 


i=l 


M 


i=l 


V J 


=yi8v 


' 


i =1 


k, 


m±i 

i = 1 " 


I _ 


1 n8 " V = 3( 2- 


Cho tu dipn ABCD co the tich V va ban kinh mat cau ngoai tiep tu dipn 
blng R. Chung minh rSng AB.CD; AC.DB; AD.BC la so do ba canh cua 
mpt tarn giac nao do. Goi S la dipn tich tarn giac do. Chung minh S = 6VR 
(cong thuc Crelle) 

Zhxcng minh: 

G<?i O la tarn mat cau ngoai tiep tu di£n ABCD va A la diem doi xung 
cua Aqua O. H la trung diem cua AO. Gpi (P) la mat phang qua H va 


vuong goc vdi AO, B',C,D* lan lupt la giao diem cua (P) vdi AB, AC, AD. 


Ta co cac tarn giac vuong AHB, ABA' dong dang nen: 


^ = — => AB.AB' = AH.AA' = !r.2R = R 2 
AH AB 2 


AB.AB' = R 2 . 


Tuong tir ta cb : AC.AC' = AD.AD -R 2 
AB.AB' = AC.AC' = AD.AD' 


AABC - AA'B'C' 




B’C' = 


BC.AC' BC. AC. AC. AD AD.BC.R 


B 


AB 


AB.AC.AD AB.AC.AD 


B’C' 


R 


AD.BC AB.AC.AD 



_ _ A £> 





































Phan loai va pinning phap giai limit hoc 11 

B'C' CD' D'B 



Tuong tn tn co: 

AD.BC AB.CD AC.DB AB.AC.AD 
Vay la 3 canh cua mot tarn giac dong dang voi tarn giac A B'C'. 


Ta co 


AB.AC.AD i 


AB C IV 




R 




S = 


AB.AC.AD 
R : 


\2 


/ 


AHCX 




\ 


AB.AC.AD'l 


R : 




3V 


(AB.AC.ADV V 

— ^ '_/_ v A B'C" D 


A HC D 

AH 

2 


R s 


V 


A BCD 


v u (AB .AC.AD) AB’AC'AD' 
' AHU ’ R' AB.AC.AD 


.V 


AB.AB' AC.AC’ AD.AD' r* 

= 6- £ ---V = 6— r V = 6VR . 

R R s 

4. Djnh li sin trong tu diyn 

Cho tu diyn ABCD, co AB = a, BC = b,CD = c,DA = d,AC = e, BD = f. Goi 
rt,p,y,6,<|),A Ian luqt la goc nhj diyn cac canh AB,BC,CD,DA,AC,BD thi 
ac bd ef 


sinasiny sinpsinb sincj)sinA 
Cluhtg mitth: 

Dat S ( |i = l,4) Ian luqt la diyn tich cac mat 

doi diyn voicacdinh A,B,C,D. 

* 

\, 25^ sin a , 2S,S, siny 

1 a co V = ——-- va V = —1—i l -L 

3a 


B 


3c 


4S,S 2 S^S 4 sinrtsiny , 


9ac 

ac__ 45 , 5 , 835 ^ 


= V 


sin a sin |3 9V 2 

Tuong tu - bd = 1 S ] S - S A_ = 4S ! S ; S 3 S 4 



Vay - 


sin|3sin6 9V J sin<J)sinA 9V* 
ac bd ef 


sinasiny sinflsinb sind>sinA 
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vuong 


a .tom tat giao khoa. 

1, Djnh nghia. 

[ Tu diyn OABC co OA.OB.OC doi mpt vuong goc du<?c goi la tu diyn 
f vuong. Sau day la mQt so tinh chat va cong thuc lien quan den tu diyn vuong 
ma co nhieu hy thuc tuong tir nhu cong thuc luong trong tarn giac vuong. 

2. Tinh chat. 

Cho tu diyn OABC co OA, OB. OC doi mot vuong goc, OA = a, OB = b, OC = c, 
dirong cao OH = h . 

I Ta co: 


1 . H la true tarn tarn giac ABC 


2 . 


1111 


h 2 a 2 b 2 c 2 


3. 


S’ ■ = S 2 oab + S 2 (WC + S 2 (X . a ( djnh li Pitago) 


4. 


S’ =S AAB c-S aiiab ( Cong thuc hinh chieu) 


5. Goi a,p,y lagoegiua OH voi OA,OB,OC thi cos 2 a + cos 2 (3 + cos 2 y = 1 


6 . 

7. 


Goi A,B,C la ba goc cua tarn giac ABC thi a 2 tan A = b 2 tanB = c 2 tanC 
Dq dai doan thing noi trung diem cac cap canh doi being nhau. 


8 - S AABt - = ^Va 2 b 2 + b 2 c 2 + c 2 a 2 


9. V = — abc, S. = — (ab + be + ca + \/a*b 2 + b 2 c‘ + c 2 a 2 

ft 'f 2 V 


10. Ban kinh mat cau ngoai tiep R = — >/a‘ + b‘ + c 


R = — \[< 


Chung mitth: 

• Ta co OA 1 (OBC) => OA 1 BC, lai co OH 1 (ABC)=> OH 1 BC 


BCl(OAH)=>BClAH. 



Tuong tu AB ± CH, do do H la true tarn tarn giac ABC. 

• Goi I la giao diem cua AH va BC. 

1 11 1 11 1111 

+ 


Ta co 


1 1 1 
+ —- + 


OH 2 OA 2 Ol 2 OA' OB 2 OC 


— = — + 1 
h 2 " a 2 + 


— + -r*. 

b‘ c 
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Phan loai va phu'cmg pihap giai Hinh hoc 2 2 


1 


2 d /-2 . 1 /^ vr 20/^*2 


o 


= -OA 2 BC 2 +-OPBC 
4 4 

= -OA 2 (OB 2 + OC 2 ) + — OI 2 BC : 


= s 2 + s 2 + s 2 

<\OAH T J AOBC' T J AOCA • 

S OAB =^-OA 2 OB 2 =1(AH.AI)(BI.BC) 


/ 


\ 


Tir 


— AI.BC 
2 


1 


\ 


/ 


/ 


\ 


- AH.BI 
2 


\ 


= s s 

AABC *^AHAB 


/ 


1 


+ 


1 


1 

+ su y ra 





OH 2 OA 2 OB 2 OC 

<=> cos 2 a + cos 2 (3 + cos 2 y = 1 
* 

Ap dung djnh li co tang ( djnh li co sin mo rong) ta ^6 


cot A = 


_ AB 2 + AC 2 - BC 2 a 2 + b 2 +a 2 +c 2 -(b 2 +c 2 ) 


4S 


ABC 


4S 


ABC 


2S 


ABC 


a 2 tan A = 2S 


ABC 
1 1 2 


ABC • 


Tirong tu ta co tanB = c 2 tanC = 2S 
Vay a 2 tan A = b 2 tanB = c 2 tanC. 

Su dung cong thuc tinh duong trung tuyen va djnh li Pitago ta co ngay 

, Ja 2 + b 2 + c 2 
d ---. 


Theo tinh chat 3 ta co S 2 ^ = S 2 +S* + S 2 _- 1 - 2u2 ■ 1 7 1 


. 2^2 


AABC AOAB AOBC ^AOCA 


= -a b + — b 2 c 2 + —c 2 a 


= >S AABc = ^ a2b2 + b 2 c 2 +c 2 a 2 . 

Hien nhien 

Tu’ trung diem I cua BC ke duong thang A 
vuong goc voi mat ph3ng (OBC), goi J la 

giao diem cua A voi mat phang trung true 
cua doan OA thi J la tarn mat cau ngoai tiep 
tir di£n OABC va ban kinh 

R = > /oi 2 + IJ 2 = —Ja 2 + b 2 +c 2 . 

2 



->c 
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3. 


■ 

JAC BAl TOAN LUYEN TAP 

I 4 , Cho tu di0n ABCD co AB,AC,AD doi mot vuong goc va Ab = AC +AD. 
Tinh ABC + DBC + CBD. 

» Cho tu dipn OABC co OA,OB,OC doi mpt vuong goc. GQi H la true tam 
i cl j a tam giac ABC va A,B,C ba goc cua tam giac ABC. Dat 

(% = AOH,(3 = BOH,y = COH. Chung minh r3ng: Sin = Sm ^ = S ‘ n I. ■ 

■ sin2A sm2B sin2C 

Cho tu dipn OABC co OA,OB,OC doi mpt vuong goc, 
AC = 20B,BC = 20A . Gpi D la trung diem cua AB, E va F la chan duong 
cao ke tu A cua cac tam giac OBC va OAC . 

■ . , tan* 003 EF , 

tan OCA AB 

4. Cho tu dipn ABCD co AB,AC,AD doi mot vuong goc, goi H la true tam 
tam giac ABC. Dat « = DAH,(3 = DBH,y = DCH,c]> = AHB. 

sin y 

Chung minh sincb =- ! — va coscj) =-tanot tanp. 

■ ^ cos a cos p 

LOI GIAI - Hl/ONG DAN - DAP SO 
1. Tren cac tia AC,AD lay cac diem P,R 
sao cho AP = AR = AB, dung hinh 
vuong APQR. Ta co AC = DR, 

AB = QR nen AABC = ARQD . Tung 
tu AABD = APQC, suy ra 
ABCD = AQDC. 

Vay tong cac goc phang tai dinh B la 
PQC + CQD + DQR = PQR = 90° 

Cach 2: Ta co a = CBD,p = ADB,y = ABC. 


B 



cos a = 


+ DB 2 —CD 2 AB" + AC" + AD" + AB 2 —(AC 2 + AD" j 


2BC.BD 2BC.BD 

AB 2 AB(AC + AD) AB AC AB AD 


+ 


ft BC.BD BC.BD BD BC BC BD 
I\ =cos(3siny + sin(3cosy = sin(p + y)=> a + {i + y = 90°. 

^•Gpi A, la giao diem ciia AH va BC, ta co AAOA, vuong tai O va co OH 

AH 2 AH 2 AH 



la duong cao nen sin 2 a = 


OA 2 AH.AA, AA 


w 
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Phan loai vh phinnig phap $iai Hnth hoc 11 


Goi I la tarn duong tron ngoai tiep tarn 
giac ABC va M la trung diem cua BC 

thi 2IM = AI 1 va BAC = BIM do do 
sin2A = 2sin AcosA 
2BM.IM BC.AH 

Tir (l)& (2) suy ra 

sin-a R 2 R 2 

sin2A 1 . * ur S’ 

AA..BC 

2 

(S la di<?n tich tam giac ABC) 

„ r sin 2 B sin : v R 2 

Tirana Ur ta co-— =- - = — . 

sin2B sin2C S 
v4ij sin 2 a _ sin 2 (3 _ sin 2 y 
9y sin2A " sin2B " sin2C ’ 

3. Dat OA = a,OB = b,OC = c thi BC = 2a,AC 

Taco OA 2 +OC 2 = AC 2 =>a 2 +c 2 =4b 2 (l) 
OB 2 + OC 2 = BC 2 => b 2 + c 2 = 4a 2 (2) 

Tir (l)& (2) suy ra a = b,c = aV3 . 

Tir do de dang tinh dirge BE = ^-,AF = ^ 

0 

Do CA = CB = 2a, AF = BE = - nen: 

2 

CE = CF => EF//BC va — = 

BC 4 

tanOCD = , tan OCA = -\= 

oc 2 V 3 & 


o 






B 


Tii do ta co 


tan 4 OCD EF , 
tan 4 OCA AB 


4. Do H la true tam tam giac ABC 
nen DH l(ABC). 


Goi I = AH n BC .Tam giac ADI vuong 
t ^ I l co duong cao DH non 
DH 2 = AH.HI = -AH.BHcosijr 


_ , DH DH 

=> cosO =-.-= - tana tanB 

AH BH h 



on a 


Ct\j TNHH MTV DVVH Khmig Viet 
Goi K = CIlnAB thi ta co DKC la goc giira hai mat phang (ABC) va (ABD). 
Theo cong thuc hinh chieu ta co S HAn =S ABn cosCKD (l) 

Taco cosDKC = siny nen tir (l) suy ra ^HA.HBsinc{> = ^DA.DBsiny . 

[ . DA DB siny 

=>sincb =- .7— .siny =- ! -. 

HA HB cos a cos (3 


Tu dien gan deu 


A.TOM TAT GIAO KHOA. 

1. Djnh nghia. 

Tii dipn co cac cap canh doi bang nhau duoc gpi la tu dipn gan deu. 

Nhan xet: Tu djnh nghia ta thay tu dien gan deu co bon mat la cac tam giac 
being nhau. 

2. Mpt so dieu kipn can va du de mpt tu dien la tu dipn gan deu. 

Moi dieu kipn sau day deu la mot dieu kipn can va du de mpt tii dipn gan deu. 

• Tong cac goc phang 6 moi dinh being 180° 

• Moi duong noi trung diem cua ede cap canh doi la duong vuorg goc chung 
cua Celp canh tuong ling dcS. 

Bon melt cua tu dipn la cac tam gidc co dipn tich being nhau. 

Tu dipn co hai tryc doi xung. 

Bon duong cao cua tu dien bang nhau. 

• Tam mat cd'u noi tiep va tam mat cau ngoai tiep being nhau. 

• Tclm melt Ccl'u ngorii tiep va trpng tam trung nhau. 

• Tam melt cau noi tiep Vel trpng telm trung nhau. 

• Tong co sin ciia Cede nhj dipn dura ciing mpt melt bang cua tu dipn being 1 

• Goc nhj dien cua Celc Celp canh doi being nhau. 

fitting mink: 

Neu ABCD Id tir dipn gei'n deu thi de 
dang chiing minh dupe tong c\1c goc 
phelng 6 moi dinh being 180°. Gia sir 
ngupc lai, tii tir dipn ABCD co tong cac 
goc 6 moi dinh being 180°, trai Celc melt 
cluia D ciia tu dipn len (ABC). 




D / 



D 
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Phan loni va phi tang phap giai Hinh hoc 11 


Gia sir cac mat DAB, DBC, D AC khi trai xuong (ABC) ta duQc cac 

(D,AB),(D,BC),(DjAC). De thay tong cac goc 6 moi djnh bangl80° rier, 
cac diem A,B,C thuoc cac canh cua tam giac D,D 2 D 3 . 


Taco D,A = DA = D,A, BD, = '3D, = BD, CD 2 =CD 3 =CD nen A,B,C l| n 

1 

luQt la trung diem cua D^^D-^D^ do do AB = — D,D 3 =CD 2 =CD* 

tuong tu AC = BD, AD = BC . Vay ABCD la tu di£n gan deu. 

Gia sir ABCD la tu dien gan deu va 
I,J Ian luQt la trung diem cua cac canh 
AD,CD. 

Do AB = CD, AC = BD, BC = AD nen 


AABC = AABD IC = ID, tir do ta co 
IJ1CD, tirong tir IJ1 AB hay I] la 
duong vuong goc chung cua AB va 
CD. Li luan tuong tu ta duoc doan 
thang noi trung diem cua hai cap canh 
doi con lai cung la duong vuong goc 
chung cua chung. 

Dao lai, gia sir doan IJ la doan vuong 
goc chung cua AB va CD, khi do IJ la 
duong trung true cua AB va CD nen 
phep doi xirng true qua IJ bien 
A -> B,C -> D => AC -> BD => AC = BD 


n 



Tuong tu ta cung co AD = BC,AB = CD nen ABCD la tu di£n gan deu. 

Gia sir ABCD la tir di£n gan deu thi cac mat cua no la cac tarn giac bang 
nhau nen co dien tich bang nhau. 

Ngugc lai, gia su tu dien ABCD co cac mat co di£n tich bSng nhau. 

Goi E la trung diem cua CD, H,K,F lan luQt la hinh chieu vuong goc cii a 
C,D,E tren AB. Ta co E la trung diem cua CD nen F la trung diem cu* 1 
HK, mat khac 


1 


1 


S. ^ AB.CH, S AABO = ^ AB.DK, 


AABC 


Cty TNHH MTV DVVH Kitting Viet 


Saabc = S AABD =* CH = DK suy ra hai tam giac vuong ACHF va ADKF 


b3ng nhau, do do CF = DF => AFCD can tai F=>FE±CD, vay duong 
vuong goc chung cua AB va CD di qua trung diem cua CD. 

Do vai tro binh d3ng giua AB va CD nen F cung la trung diem cua AB. 
Vay EF la true doi xung cua tu di^n ABCD nen AC = BD,AD = BC. 

Tuong tv AB = CD, vi vay ABCD la tu di£n gan deu. 

Hien nhien moi true doi xung phai di qua trung diem cua mQt cap canh doi 
nen no la duong vuong goc chung cua cap canh doi do theo tinn chat 2 ta co 
(dpcm). 

Neu ABCD la tu diyn gan deu thi theo tinh chat 3 ta co difn tich cac mat 

1 i 

bing nhau, ap dyng cong thuc V = — hS (l ta co ngay bon duong cao cua tu 

3 

dien bang nhau. 

Ngugc lai neu tu di£n co bon duong cao bang nhau thi cung lir cong thuc 
V = ^ hS, ta co di£n hch bon mat cua bang nhau, theo tinh chat 3 ta c ing co dpcm. 

Gia su O la tam mat cau ngoai tiep tu di£n gan deu ABCD ta se chung 
minh O cung la tam mat cau n<?i tiep tu di£n ABCD . That vay, gQi 0,,0 2 

lan luQt la hinh chieu cua O tren cac mat ABC va DBC, khi do la 

tam duong tron ngoai tiep cac tam giac ABC va DBC. GQi I la trung diem 
cua BC. Ta co AABC = ADBC ^0,I = 0 2 I, OO, =00 2 . Tuong tir ta se 

chung minh dugc O each deu cac mat cua tu di£n, do do O la tam mat cau 
noi tiep. Nguoc lai, gia su tu di£n ABCD co tam mat cau nQi tiep va ngoai 
tiep trung nhau. Goi 0,,0 2 la cac tiep diem cua mat cau nQi tiep voi cac 

mat ABC va DBC thi 0,,0 2 la tam duong tron ngoai tiep cac tam giac 

ABC va DBC va A0,BC = A 0 2 BC=>B 0 jc = B 0 ^C =>BAC = BDC. Hoan 

toan tuong ty ta co CAD = CBD, BAD = BCD suy ra tong cac goc phSng tai 
dinh A cua tu* di£n ABCD bang 180°, va dieu nay dung clio tat ca cac 
dinh cua tu di£n, vi vay theo tinh chat 1 thi ABCD la tu di£n gan deu. 

Gia sir ABCD la tu dien gan deu, goi M,N lan lirot la trung diem cua AB, 
CD va O la trung diem cua MN thi O la trQng tam cua tir di£n ABCD. 
Ta chung minh O la tam mat cau ngoai tiep tir di£n ABCD. 

That vay, ta co MN la duong trung true cua AB va CD nen 

I - . ^ -y VaB 2 + MN 2 

OA = OB,OC = OD, lai co OA = VMA 2 + OM" =--- 
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D 


OD = . ^51^ 

2 

Ma AB = CD => OA = OD , vay: 

OA = OB = OC = OD nen O la tarn 
mat cau ngoai tiep tu dipn ABCD . 

Ngupc lai neu tam mat cau ngoai tiep 
va trpng tam trung nhau thi dudng 

t 

thang di qua trung diem cua cac cap 
canh doi chinh la dudng vuong goc 
chung cua chung nen theo tinh chat 2 
ta co dpcm. 

Tinh chat nay dupe suy ra tir hai tinh chat 6 va 7. 

Gia sir ABCD la tu dien gan deu khi do theo D|nh li 2 §2 ta co 

S A»c =S PAB cosa + S i>hc cos(3 + S IMC cosy trong do a,|3,y Ian lupt la goc nhj 

dien cac canh AB,BC,AC. 

Mat khac S ABC = S I)AU = S I}BC = S I)AC nen rosa + cos|3 + cosy = 1. 

Ngupc lai, gia sir ABC la m^t co di£n tich Ion nhat va 
cosa+cos|3 +cosy = 1 vdi a,(3,y lan lupt la goc nhj dien cac canh AB, Be, 

AC khi do tir: 


S ,\HC = S l >AH 006(1 + S l WC + S 1 >AC 005 Y 


S AMC < S AHC (cosa + cos(3 + cosy) = S 


A HC 


do do S A1 „. = S...„ = S._ = S.=> ABCD la tu dipn gan deu. 


ABC 


dab 


DHC 


DAC 


Gia sir A,A 2 A 3 A 4 la tir dien gan deu S,,S 2 ,S V S 4 la dien tich cac mat doi di£n 
vdidinh A ( .Gpi a,(3 lan lupt la goc phang nhj dien canh A,A 2 va A 3 A 4 . 

Dung hinh hop A | A 4 A 2 A 3 .A,A 3 A 2 A 4 . 

Gpi S la dipn tich cac mat cua tir dipn 

* 

Ap dyng cong thuc: 


S 2 + S; - 25,5, cosa = 


(absin c|>) 
4 


/ 


ta co dipn tich hinh chu nhat A, A, A, A., 


la S' 2 = 2S" -2S 2 cosa va di?n tich hinh 


chu- 
••2 


nhat 

S" z = 2S 2 -2S 2 cos(3 




la 



A* 


i 


ma S' = S"=>cosa = cospoa = (3( do 0 n <a,p<180°). 
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I 


Hoan toan tuong tir ta cung chung minh dupe goc phang nhj dipn ciia cac 
c£p canh doi con lai bang nhau. 

Ngupc lai,gia sir tu dipn A,A 2 A 3 A 4 co goc nhi di£n cac cap cc.nh doi bSng 

nhau, khi do ap dung cong thuc V = —“-ta co 

3a 

S = S, = = S 4 => ABCD la tir di£n gan deu (tinh chat 3). 


C AC bai toan luyen tap 

5 # Chung minh rang trong tir dien gan deu tong cosin ciia cac goc nhj di£n 
bang 2. 

6. Tinh the tich cua tir dien gan deu ABCD co cac canh AB = CD = a, 

I AC = BD = b, BC = AD = c. 

7 . Tinh ban kinh ciia mat cau ngoai tiep tir di£n gan deu ABCDco cac 
canh AB = CD = a, AC = BD = b, BC = AD = c. 

8. Cho tirdipn ABCD co bXc = ABD = ACD = BDC. Chung minh ABCD la 

f J • A A* A 

tu dipn gan deu. 

9. Chung minh trong tir dipn gan deu tat ca cac goc phang deu nhpn. 

10. Cho tir dipn gan deu OABC co a,(3,y la cac goc nhj dipn ciia cac canh 

thupc mat ABC vdi (0 < a,(3, y <90"). Tim gia trj Ion nhat ciia bieu thuc 


P = cosrx + ^cosacos|3 + ^c os a cos [3 cosy . 

hl/ong DAN - LOl GIAI - DAP so 

5. 

Ciic/r 1: Xet tir di^n A,A 2 A 3 A 4 .Goi n t| (i * j,i,j = l,4) la cac goc phang nhj di£n 
cua cac canh thuoc mot mlt doi diC'n vdi dinh A t . 

■ 

Theo tinh chat 9 thi ta ccS £ cosa, ( = 1 nen tong cac co sin cua cac goc nhj 


I l.|'» 


di^n la i X Z COSrt u = 2 - 
^ 1=1 


C«c/, 2: Gpi e, (i = 1,4) la cac vec to don vj co huong vuong goc voi mat doi 



dipn ciia dinh A co huong tir mpt diem trong tu dipn ra phia ngoai tu 
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di§n, S, la dien ti'ch cua mat doi di£n voi dinh A t , theo djnh li con nhi'm 

S,e, + S 2 e, + S 3 e 3 +S 4 e 4 =6=>e, + e 2 + e, + e 4 =0. 


Binh phuong hai ve ta dirge 4 + 2 ]T cos(e i/ e ) j = 0 .Luu y r3 n 




'8 


cosfe^ejss-cosa^ ;i*j . Tir do ta co dpcm. 


6. Dirng hinh h(?p AGBH.ECFD 

Vi ABCD la tir dien gain deu nen hinh 
hop ngoai tiep no la hinh hop chir nhat. 
Dat AG = x, AH = y, AE = z thi: 


V 


1 


1 


abcd = 3 v hh = 3 X Y Z - 


2 2 2 
x + y = a 


Lgi co < 


y 2 + z 2 =b 2 => x 2 +y 2 +z 2 =-(a 2 + b 2 +c 2 ) 



z 2 + x 2 = c 2 


T . ... - ,b 2 +c 2 -a 2 /a : +c 2 -b : /a 2 +b 2 -c 2 

Tir do ta co x = ./-,y = J - ; -,z = 


Nen V 


Alien 


| (a 2 + b 2 -c 2 )(a 2 +c 2 -b 2 )(c 2 + b 2 -a 2 ) 

72 


7. Theo bai 6, ta co hinh hpp ngoai tiep la hinh hop chir nhat co dirong cheo 

. n 2 2 I a 2 + b 2 +c 2 

d = v x + y + z‘ = 

Mat cau ngoai tiep tir diijn ABCD cung chinh la mat cau ngoai tiep hinh 

h<?p AGBH.ECFD nen ban kinh mat cau la R = — = a+ ^ +c 

2 


8. Gpi S,K,L,M, N theo thir tir la trung diem 
ciia BC,AB, AC,CD,BD. 

De thay KLMN la hinh binh hanh. 

Tir gia thiet ta suy ra duyc: 

KSL = LSM = MSN = NSK ket hap vai 
KLMN la hinh binh hanh ta co duyc 
KLMN la hinh thoi suy ra 

AD = 2KN = 2MN = BC .Ta co SK = SM va 
SL = SN suy ra AC = BD va AB = CD : 
Vay ABCD la tir di£n gain deu. 
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, Dung hinh hop AGBH.ECFD ngoai tiep tir di<?n ABCD, gia su cac kich 
thirdc ciia ba canh la AG = x, AH = y, AE = z khi do vi AGB11.ECFD la hinh 

hop chir nhat nen AIL = CD' = x‘ + y‘ ,BC" = AD' = y" +z‘, AC' = BD' = x' +z" . 

Xet cac goc phang tai dinh A ta co 

ab-'+ac 2 - bc 2 x '+ y 2 +y J + z ' - ( x '+) 


cos B AC = 


y 


2AB.AC 


y/(x’+y : )(y : +z : ) 



>o. 


X 2 + 


y 2 )(y 2 +z 2 ) 


Tinh toan tuang tir cho tat ca cac goc phang con lai ta dirge dpcm. 
lO. Theo tinh chat 9 ta co cos<\ + cos(3 + cosy = 1 . 1 


* l ---— cos a + 4 cos B 

yjcosaAcosp <--- 


^cos a.4 cos p. 16 cos y = 


coso + 4cos(3 + 16cosy 

3 


I ] 4 

P< oonx+- (a** x+4 cosfd)+—(cot* x + 4cos(d+16cosy) = —. R 

16 4 1 

Dang time xay ra khi cosix =— ,cosB =—,cosy = —. 

b . 21 1 21 21 

Vay GTLN ciia P la i. 



I) 


c 


■ Tu dien true tam 

• • 

A.TOM TAT GIAO KHOA. 

1. Dinh nghla. 

. Tu dien co cac duong cao ( hoac phan keo dai cua chung) cat nhau tai mot 
diem dirge goi la tu di£n true tam. 

2. Mot so dieu kien can va du de mot tu di£n la tu di£n true tam. 

Moi dieu kien sau la mot dieu kien can va du de mot tu di£n la tu di£n 
tryc tam. 

1 Mot tir dien co hai cap canh doi vuong goc. 
f Cac doan thang noi cac cap canh dot bang nhau. 

* r Pong cac binh phuong cua cac cap canh doi bang nhau. 
llTich cac cosin cua cac goc nhj cua cac cap canh doi bang nhau. 

HlCac goc giua cac canh doi bang nhau. 

Chan duong cao ha tu dinh xuong mat doi dien la true tam cua mat do. 


Am 
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Chung mink: 

• Gia sir tu di£n ABCD co bon duong cao cat 
nhau tai H, khi do AH _L CD,BH JL CD nen 

CD 1 (ABH) => CD 1 AB . 

Tuong tu AD 1 BC, AC 1 BD. 

Ngu<?c lai, gia su tu di£n ABCD co cac cap 
canh doi vuong goc. Gpi AI la duong cao 
cua hinh chop va E la giao diem cua BI va 
CD. Ke BK±AE,KeAE, goi H la giao 
diem cua Al va BK. Khi do CD 1 AB va 



r>% :-— \-- 


b 


CD ± BI CD _L BK . 

Tu day suy ra BK ±(ACD). Hay duong cao 
xuat phat tu cac dinh A va B cat nhau tai 

H . Lap lunn tuong tu ta du<?c bon duong cao cua tu di£n doi mot cat nhau, 
khi do bon duong cao hoac dong phang hoac dong quy, mat khac bon 
duong cao cua tu di£n thi khong the dong phang nen chung dong quy. 

Goi K,L,M,N theo thir tu la trung diem cua AB,BC,CD,DA thi KLMN la 
hinh binh hanh. Ta thcYy AB 1 CD o KLMN la hinh chu nhat o KM = LN 
(vi hinh binh hanh co hai duong cheo b5ng nhau khi va chi khi no la hinh 
chu nhat). 

Vi vay ta co doan thang not trung diem cac cap canh doi bang nhau khi va 
chi khi cac cap canh doi vuong goc 
<=> ABCD la tir di£n true tarn (TCI) 

Dat AB = a,BC = b,CD = c . Ta chung 
minh tong binh phuong cua hai cap canh 
doi bang nhau khi va chi khi cap canh 
con lai N vuong goc. That vay, gia su 
AC 2 + BD 2 = BC 2 + AD 2 


<=> 


a -i- b 


+ 


b + c 


+ 


a + b + c 


B 


oac^Oo AB 1 CD . 


iy tu di£n ABCD co tong binh phuong 
c cap canh doi bang nhau » tu di£n 
BCD cac. 



- 9D 


nh doi bang nhau » tu di£n 

cap canh doi vuong goc <=> ABCD la tu dien true tarn (TCI) 


Cty TNHH MTV DVVH Khang Viet 


Ki hi£u AB la goc phang nhj di(*n canh AB. Theo djnh li sin trong tu di£n 

ABCD AC.BD 

ta co-—-— =--V 1 ) • , 

sin AB.sin CD sin AC.sin BD 

Mat khac theo djnh li Bretsnay 'Trong tu di$n ABCD vdi cap canh doi 
a,bva a,p la goc phang nhj di(’n tuong ung cua chung thi 




I s;s; -is: 

V I 1 i 4 


9V 


(khong doi); trong do S t (i = 1,4) 




a 2 + b 2 + 2abcot<xcot|3 = 

la dien tic cac mat va V la the tich cua tu di£n." 

Taco AB 2 + CD 2 + 2AB.CDcotAB.cotCD 
= AC 2 + BD 2 + 2 AC.BDcot AC.cot BD (2). 

Tir (l) va (2) suy ra cosAB.cosCD = cosAC.cosBD 
« AB 2 +CD 2 = AC 2 + BD 2 . 

Tu do ta co tich cac cosin cua cac goc nhi cua cac cap canh doi bang nhau 
khi va chi khi tong cac binh phuong cua cac cap canh doi bang nhau.Dieu 
nay tuong duong voi ABCD la tu dien true tarn dung theo tinh chat 3. 

Ta chung minh goc giiia cac canh doi bang nhau khi va chi khi cac cap canh 
doi vuong goc. 

GQi a la so do goc giua hai 
canh doi ( cua tat ca cac cap 
canh doi) 

Gia su a *90°. Ta chung minh 
trong ba so AB.CDcosa, 

CB.ADcos a, ACBDcosa co mot 







so bang tong cua hai 
Dung hinh hop ngoai tiep tu 
di£n ABCD ma moi mat cua 
hinh hpp di qua mpt canh va 
song song voi canh doi di£n (hinh ve). 

Dat AD* = x,D'B = y, gia sir x > y khi do theo djnh li co sin ta co: 

AD* 2 = OA 2 + OD’ 2 -20A.OD’cos(7T-a) =OA 2 + OD’ 2 + 20 A.OD’cosa 

hay 4x 2 = AB 2 + CD 2 +2AB.CDcosa (l). 

I • 

Tuong tu 4y 2 =AB ! +CD’-2AB.CDcosa (2).Tir (l) va (2) suy ra 
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AB.CDcosa = x 2 - y ’. Thiet lap cac he thuc tirong tu nun ta th j dupe bn S( v 
AB.CDcosa, CB.ADcosa, ACBDcosa co mot sobbing tong cua hai so con 

• * < 

Gin sir AB.CDcosa = AD.BCcosa + ACBDcosa <=> AB.CD = AD.BC + AC.B | } 
(vo li), cong thuc Crelle thi AB.CD, AD.BC, AC.BD la ba canh ciia mot t lU|) 

giac). Vay a =90° do do ABCD co cac cap canh doi vuong goc. Theo ti'nk 
chat 1 ta co dieu can chirng minh. 

• Neu ABCD la tit dien true tam thi de dang chirng minh dupe chan duong 
cao ha tir dinh xuongmat doi dien la true tam cua mat do. 

Ngupc lai neu chan duang cao ha tu dinh xuong mat doi dipn la true tain 
cua mat do thi ta chirng minh dupe cac cap canh doi vuong goc, vi vay ti> 
dien nay la tir dien true tam (tinh chat 3). 

CAC BAI TOAN LUYEN TAP 


11. Chung minh trong tu dipn true tam cac duong vuong goc chung cua cac 
cap canh doi dong quy. 

12. Chirng minh rang trong tir di(’n true tam: 

a) Tat ca cac goc phang tai mot dinh hoac deu nhon hoac deu vuong hoac deu tu. 

b) Co it nhat mot mat la tam giac nhpn. 

13. Chirng minh trong tir dipn true tam OH 2 = 4R 2 -3d 2 trong do O la tam 
mat cau ngoai tiep, H La diem dong quy cua bon duang cao va d la 
khoang each giua hai trung diem cua cac cap canh doi. 

14. Chirng minh rang trong tu dien true tam cac mat phang di qua trung diem 
mot canh va vuong goc voi canh doi di£n dong quy tai giao diem cua cac 
dirong cao.( Diem nay ggi la diem Monggio cua tir di£n) 

15. Chirng minh trong tu di^n true tam trong tam cua cac mat, trirr tam cua cac 
mat va cac diem chia cac doan noi giao diem cac duang cao vai dinh, theo ti 
so 2:1 ke tu dinh nam tren mpt mat cau ( mat cau 12 diem) 

LOI GIAI - HL/ONG DAN - DAP SO 

11. GQi AA’ la duang cao cua tir di£n true tam ABCD, the thi A' la true tan 
cua tam giac BCD. 

Gpi E = BCnDA' va H la diem dong cjuy cua bon duong cao, F~EHoAD 

BC1 DA ’ 


Khi do 


BCl AA’ 


BC1EF. Lai co H la true tam cua tam gidc ADE ni’ n 


EF1 AD dieu nay chirng to duong vuong goc chung EF cua dip canh do' 
AD,BC di qua H . Di nhien cac duong vuong goc chung cua hai cap c? nh 
con lai cung di qua H . 
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Vay trong tu dien true tam cac duong vuong goc chung cua cac cap canh doi 
dong quy. 


12. a) Xet tir di£n trirc tam ABCD,ta chiing minh cac goc tai dinh A cung 
nhgn hoac cung vuong hoac cung tu. That vay, theo tinh chat 3 ta co 

AB 2 + CD 2 = AC 2 + BD 2 = CB 2 + AD 2 (l). 

Ap dung djnh H co sin ta co 
2AB.ACcos BAC = AB 2 + AC 2 - BC 2 (2) 

2AB.ADcosBAD = AB 2 + AD 2 - BD 2 (3) 

2AC.ADcosCAD = AC 2 + AD 2 - CD 2 (4). 

Tir (l),(2),(3)&(4) suy ra: 

AB.AC.cosBAC = AB.ADcosBAD = AC.ADcosCAD nen cac goc tai dinh 
A hoac cung nhon , hoac cung vuong hoac cung til. 
b) Neu tat cac cac goc a moi dinh deu nhon thi khang djnh cua bai toan dung. 
Neu co mot goc nao do khong nhQn thi khong giam tong quat, gia su 

BAC >90° khi do cac goc ABC va ACB nhon, dan den DBC va BCD 

nhpn. Lai co DAC>90° => ADC nhon = 
chirng to tam giac BCD nhon. 

13. Truoc het chung ta de y trong tir dien true tam 
thi giao diem H cua bon duang cao, trong tam 
G va tam mat cau ngoai tiep O thang hang va 

^ G la trung diem cua OH, do do gpi K,L lan 
lupt la trung diem cua AB va CD thi KHLO 
la hinh binh hanh tam G . 


BDC nhpn. Tir cac dieu tren 


Toco OK = ^|R 2 -^-,OL = ^R 2 -^- 

Trong hinh binh hanh KHLO ta co 
OH 2 + KL 2 = 2 (OK 2 + OL 2 ) 


/ 


o OH 2 = 2 




R 2 - 


AB 


V 


2 ' 


/ 



b r - 


/ 


+2 




2 \ 




-d 2 =4R 2 -d 2 - 


AB 2 +CD 


/ 
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Theo cong thuc dudng trung tuyen ta c6: 
4LK 2 =2(LA 2 + LB 2 )-AB 2 


/ 


AC 2 + AD 2 - 


CD 


V 


2 \ 


/ 


/ 


BC 2 + BD 2 - 


CD 


2 \ 




-AB 


J 


« 4d 2 = AC 2 + AD 2 + CB 2 + BD 2 -CD 2 - AB 2 = AB 2 + CD 2 


. AB 2 + CD 2 /r , 
<=> d =-(Do 


trong 


tu 


di£n 


true 


tarn 



AB 2 + CD 2 = AC 2 + BD 2 = BC 2 + AD 2 ). V£y OH 2 = 4R 2 - 3d 2 . 

14) Vi AB1CD nen ton tai mat phang (a) di qua AB va vuong goc vdi CD, 

9 

mat phang nay chua giao diem hai duang cao tu* A va B. 

i* 

Li luan tuong ty ta dupe cac mat phang con lai cung di qua H . Hay cac mat 
phang nay dong quy t$i H . 

15) Gpi A^B^C^D, la chan cac dudng cao ha tir cac dinh A,B,C,D; 

M,N,P,Q la trong tarn cac mat doi di^n vdi cac dinh A,B,C,D va I,J,K,F 
la cac diem tren cac dudng cao AH,BH,CH,DH sao cho 

HI HJ HK HF 1 
HA HB " HC “ HD “ 2 ' 


Gpi S la diem ddi xirng vdi A qua O va E 
la diem xacdjnh bdi HE=3HA, (l). 

Sir dyng tich chat H,0 dol xirng nhau qua 
G va bieu thj vec to ta co HS = 3HM (2). 

Tf (1)*(2) suy ra A,M//ES ma 
A,M 1AA, =^SE 1AE hay E thupc mat 
cau (O) ngoai tiep tir dii?n ABCD. 

Ta co V/ ... :S->M,E-> A.,A ->I ma 

K) 

S,E,A thupc m|t cau (O) nen NLA,,! 

thupc mat cau (O') anh cua mat cau (O) 
qua V, y 

\ He t 



Li luan tuong tu dol vdi cac mat con lai ta dupe 12 diem 
A^B^C^D^NLN^Q.LLICF cung thupc mat cau (O'). 


106 


I 


kJjIuc duo 


Chu de: Phep bien hitth 

phep tjnh tien. 3 

Phep do! xirng true. 14 
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